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Resumo 

A inversão probabilística de dados de reflexão sísmica é fundamental para prever a 

distribuição espacial das propriedades petro-elásticas e fácies na sub-superfície e a relativa 

incerteza, em tarefas de exploração energética e monitorização ambiental. A plausibilidade 

geológica e a precisão das previsões dependem largamente da física das rochas adoptada para 

ligar os domínios rochoso e elástico. Entretanto, estes modelos não podem ser utilizados 

diretamente para a caraterização da permeabilidade, uma vez que podem representr 

approximações irrealistas da realidade. Além disso, os métodos convencionais de inversão 

geoestatística não dispõem de meios para quantificar a incerteza associada a estes modelos, o 

que conduz a previsões parciais e a uma incerteza mal representada.  

Esta tese propõe duas abordagens de inversão geoestatística iterativa para resolver estas 

questões. A primeira aborda a incerteza da física das rochas através da integração e exploração 

do erro de calibração, estimado na localização do poço. A segunda restringe as previsões de 

permeabilidade geoestatística utilizando simultaneamente a similaridade dos dados sísmicos e 

informações baseada na física das rochas na atualização da perturbações do modelo.  

Este trabalho também explora soluções baseadas na aprendizagem profunda para a 

modelação inversa estocástica, superando os desafios da quantificação da incerteza e do custo 

computacional ao fim de melhorar a eficiência e a qualidade da previsão de fácies. Duas redes 

neurais, variational autoencoder e generative adversarial network, são propostos para as 

previsões de fácies e correspondente impedância acústica. Eficiencia e precisão dos métodos 

em inversão simsica são demonstrados usando tecnicas de inferência avançadas. O trabalho 

propõe ainda uma generative adversarial network para a modelação inversa de distribuições 

fácies numa única fase de treino, evitando a complexidade das abordagens em dois passos 

convencionais.  

Todas as metodologias propostas são demonstradas em aplicações sintéticas e reais e 

comparadas com métodos de base. Os resultados mostram que os métodos propostos melhoram 

a precisão da previsão da inversão e a quantificação da incerteza, superando as metodologias 

de referência. 

 

Palavras-chave: Aprendizagem profunda, Caracterização da sub-superfície, Inversão 

sísmica, Modelação de fácies, Modelação da física das rochas 
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Abstract 

Probabilistic inversion of seismic reflection data is a fundamental step to predict the 

spatial distribution of the subsurface petro-elastic properties and facies, and their uncertainty, 

in energy exploration and environmental monitoring tasks. The geological plausibility and 

accuracy of the predictions are highly dependent on the rock physics adopted to link the rock 

and elastic domains. Nonetheless, rock physics models may not be used directly for the 

characterization of permeability, as they may represent an unrealistic approximation of reality. 

Besides, conventional geostatistical rock physics seismic inversion methods lack a means to 

quantify uncertainty associated with the adopted rock physics models, leading to biased 

predictions and misrepresented uncertainty. Besides, these models  

This thesis proposes two iterative geostatistical inversion approaches to address these 

issues. The first constrains geostatistical permeability predictions simultaneously using seismic 

data misfit and rock-physics-based information, improving model perturbation updates. The 

second addresses rock physics uncertainty by the integration of the calibration error, estimated 

at the well location, within the iteratively geostatistical seismic rock physics inversion 

procedure.  

To improve the efficiency and quality of facies prediction, this thesis further explores 

deep learning solutions for stochastic inverse modeling, overcoming challenges related to 

uncertainty quantification and computational cost. Variational autoencoder and generative 

adversarial network are proposed for full-stack seismic data inversion directly for facies and 

facies-dependent acoustic impedance. These modeling methods are coupled with a state-of-the-

art inference method for efficient inverse modeling. The work further proposes a generative 

adversarial network for the inverse modeling of complex facies distributions in a single training 

step, avoiding the complexity of two-steps approaches.  

The methodologies are demonstrated on synthetic and real case application and 

compared to baseline methods. Results show that the proposed solutions enhance inversion 

prediction accuracy and uncertainty quantification, overcoming reference methodologies. 

 

Keywords: Deep learning, Subsurface characterization, Seismic inversion, Facies 

modeling, Rock physics modeling 
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Reality is frequently inaccurate. 

  

Douglas Adams, The Restaurant at the End of the Universe
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1.1. Motivation  

Predicting the spatial distribution of geological heterogeneities and rock properties in 

the subsurface is a fundamental step in natural resources and geo-energy exploration (e.g., CO2 

geological storage) (e.g., Doyen, 2014). Numerical models of facies distributions and 

petrophysical properties are used, for example, for the quantification of reserves potential (e.g., 

hydrocarbon, water, or geothermal) and in planning the drilling of new wells. These models 

further provide the framework for fluid flow predictions, wells production estimations, or the 

monitoring of CO2 gas plumes injected in reservoirs (Avseth et al., 2010; Doyen, 2014; Grana 

et al., 2021). In reservoir characterization, the direct investigation of the subsurface, through 

well-logging or coring, provides sparse data and is often integrated with spatially continuous 

seismic reflection data. Subsurface parameters predictions are hence carried out by solving a 

geophysical inverse problem (Tarantola, 2005; Sen, 2006), assuming that the observed 

geophysical data (ἬἷἪἻ) is linked to the subsurface parameters (ἵ) by a known physical relation 

(Ὢ) : 

 ἬἷἪἻ Ὢἵ Ἥ, (1.1) 

where Ἥ represents errors in the measurement and approximations to the physical system. In 

seismic inversion, the forward model Ὢ comprises the propagation of a source wavelet within 

the elastic subsurface, and rock physics models describing the elastic behavior of rocks given 

their facies and petrophysical setting (Avseth et al., 2010; Mavko et al., 2020; Grana et al., 

2021). Due to the approximation in the assumed models and errors in the observed data, seismic 

inverse problems are ill-posed and allow for multiple solutions problem (Tarantola, 2005; Sen, 

2006). Popular probabilistic inversion frameworks predict the inverse problems solutions and 

quantify the relative uncertainty either through Bayesian inference (e.g., Buland & Omre, 2003; 

Tarantola, 2005; Grana & Della Rossa, 2010; Grana, 2016; Laloy et al., 2017; De Figueiredo 

et al., 2018; Mosser et al., 2020; Lopez-Alvis et al., 2021) or stochastic optimization (e.g., Haas 

& Dubrule, 1994; González et al., 2008; Sen & Stoffa, 2013; Doyen, 2014; Azevedo & Soares, 

2017; Laloy et al., 2019; Azevedo et al., 2020; Grana et al., 2021; Levy et al., 2023). 

Geostatistical simulations methods are often used as model generation and update 

techniques in stochastic optimization approaches to model complex subsurface scenarios, 

reproducing the marginal and joint distributions of well-logs and the data spatial uncertainty 

patterns (e.g., Deutsch & Journel, 1998; Soares, 2001; Strebelle, 2002; Mariethoz et al., 2010). 

These inversion methodologies constrain the inversion solutions on these prior parameters and 

converge towards the observed data by iteratively updating the modelsô perturbation, based on 
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an objective function. The latter generally accounts for the minimization of the seismic data 

misfit (González et al., 2008; Azevedo & Soares, 2017; Azevedo et al., 2019; Grana et al., 

2022).  

Nonetheless, these methods are limited when applied for the prediction of rocksô 

permeability distributions, used for example, in fluid flows predictions. This property is 

characterized by large variability within a given facies and weak correlation to the elastic 

domain (e.g., Pride et al., 2003). Geostatistical co-simulation methods can reproduce its 

statistical correlation with rock properties that are better linked to seismic amplitude variations 

(e.g., porosity). Nonetheless, not accounting for the underlying non-linear physics relations can 

bring to erroneous predictions (Hirsche et al., 1998; Bosch et al., 2010). Few rock physics 

equations were developed for this purpose (e.g., Carman, 1997; Mavko & Nur, 1997; Glover et 

al., 2006), but represent poor approximations when sufficient information on rocksô textural 

features is missing; their application in geophysical inversion is challenging.  

Several rock physics models can be used to link the elastic and the rock property 

domains, depending on the subsurface geological scenario and prior information, for cases of 

multivariate predictions of other petrophysical properties key in reservoir characterization, such 

as porosity, fluid saturation or volume of minerals. However, their parameters are generally 

calibrated on the available sampled geology (i.e., well-log data) (Avseth et al., 2010; Mavko et 

al., 2020) therefore can approximate, with sufficient accuracy, only solutions near the well 

locations. The use of such calibrated models in seismic inversion, without accounting for errors 

and unsampled geological scenarios, can lead to inaccurate predictions for distances far from 

direct observations. This is a common limitation for conventional iterative geostatistical 

methods (Azevedo et al., 2019, 2020; Cyz & Azevedo, 2021), which condition subsurface 

predictions applying deterministic rock physics models. 

Significant improvements to subsurface characterization are obtained by accurately 

describing the distribution of facies in reservoirs, as it conditions the application of rock physics 

models and defines the distribution of geological features in the subsurface. Integrating prior 

geological information through accurate facies modeling is therefore advantageous (Bosch et 

al., 2010; Linde et al., 2015). To this purpose, geostatistical simulation methods based on 

multiple-point statistics (MPS) are often adopted but their applicability in seismic inversion is 

limited by the large computational costs of the parametersô optimization and the need for large 

training data (e.g., Emery & Lantuéjoul, 2014; Li et al., 2016). In recent years, deep learning 

methods based on generative modeling (Goodfellow et al., 2014, 2016; Chai et al., 2021) were 

recently proposed as alternatives methods for complex facies modeling (Laloy et al., 2017, 
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2018; Dupont et al., 2018; Zhang et al., 2019; Azevedo et al., 2020; Zhang et al., 2021; Adler 

et al., 2021; Song et al., 2021b). These methods encode the prior geological information of large 

complexity into a low-dimensional latent space, enabling faster and less computationally 

demanding geophysical inversion. The solutions of the inverse problems can be indeed 

retrieved from the low-dimensional latent space, within a Bayesian framework through 

sampling or optimization methods (Laloy et al., 2017; Chan & Elsheikh, 2019; Mosser et al., 

2020; Levy et al., 2023). Nonetheless, the inversion algorithms proposed for facies inverse 

modeling do not account for the spatial uncertainty associated to continuous facies-dependent 

properties (i.e., the facies classes are linearly mapped into constant collocated elastic and 

petrophysical properties). Moreover, this type of inverse method requires a two-step approach 

(i.e., training of the network and subsequent actual inversion) resulting in a time-demanding 

approach. Both these factors are important limitations to the applicability of these methods in 

real case scenarios. 

This thesis explores ways for petrophysical and facies predictions from seismic 

reflection data through stochastic optimizations, by tackling critical aspects of rock physics and 

facies modeling. The work focuses on four main aspects: (i) implementing ways to account for 

rock physics prior information to improve permeability predictions through geostatistical 

seismic inversion; (ii) develop an approach to integrate and optimize the prior uncertainty on 

rock physics modelsô estimations used in multivariate petrophysical reservoir characterization; 

(iii) enhance deep generative modeling techniques for the inclusion of both facies and 

collocated continuous propertiesô spatial uncertainty representation in stochastic inversion; and 

(iv) improve the efficiency of two-steps methods of stochastic geophysical inversion with deep 

learning, leveraging on state-of-the-art solutions for machine learning. 

 

1.2. Objectives 

The main objective of this thesis is to develop and implement methods to improve 

petrophysical and facies predictions in stochastic seismic inversion, in terms of accuracy, 

uncertainty assessment and algorithmsô efficiency. To reach this objective the thesis follows a 

two-fold approach. First, the work explores ways to improve petrophysical predictions within 

the framework of iterative geostatistical inversion using rock physics modeling. Second, deep-

learning-based solutions are investigated for stochastic inverse modeling of facies distributions. 

This is achieved by proposing different methodologies, each addressing specific challenges:  
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¶ integrate rock-physics-based conditioning in a geostatistical seismic inversion 

framework to improve subsurface permeability predictions;  

¶ account for the errors associated to rock physics models predictions and account for 

unsampled geological scenarios in multivariate geostatistical seismic data inversion;  

¶ implement generative adversarial networks (GANs) and variational autoencoders 

(VAEs) architectures for multivariate modeling of facies and facies-dependent petro-

elastic properties spatial along with their uncertainties, for parametrical inverse 

modeling through variational Bayesian inference;  

¶ implement a single-step stochastic seismic inversion method based on GAN, to reduce 

the computational costs of two-step deep-learning-based methods, while accounting for 

the spatial uncertainty of facies-dependent properties in the predicted solutions. 

 

1.3. Outline of the thesis and main contributions 

This Ph.D. thesis is divided into seven chapters, divided as follows. 

Chapter 1 introduces the main motivation of this work, describes its objective, and the 

structure of the thesis. 

Chapter 2 provides a theoretical background of this work, including the definition of 

the seismic inverse problem, stochastic seismic data inverse methods for rock properties 

predictions and the use of deep learning for geological modeling and inversion. 

Chapter 3 describes a geostatistical seismic inversion method for rocks permeability 

predictions integrating rock-physics-based constraints. The method is applied to real and 

synthetic data sets and compared to conventional geostatistical inversion methods. 

Chapter 4 presents an iterative geostatistical method for petrophysical properties 

prediction, accounting for rock physics modelôs prior uncertainty, which is iteratively explored 

and updated. The method is demonstrated on both synthetic and real case studies and validated 

against analogous iterative geostatistical methods. 

Chapter 5 proposes two deep learning methods based on GAN and VAE architectures, 

for facies and facies-dependent properties modelling, honoring, simultaneously, multiple-point 

and two-point statistics. The methods are applied to the inversion of fullstack seismic data in a 

variational Bayesian inference framework. 

Chapter 6 proposes a deep learning method based on GAN architecture, for the 

prediction of facies patterns from fullstack seismic reflection data, conditioned on the spatial 
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uncertainty of facies-dependent elastic properties. The method combines training and inversion 

in a single step. The validation of the method is done on both synthetic and real data. 

Chapter 7 concludes the thesis, discussing the contributions of the proposed 

methodologies. The work is debated in a larger context, highlighting the potential future 

developments of this research. 

The contributions presented in Chapters 3, 4, 5 and 6 correspond to scientific works 

published in peer-reviewed journals and presented in several international conferences. Chapter 

3 was published in Geophysics (Miele et al., 2023). Chapter 4 was published in IEEE 

Transactions on Geoscience and Remote Sensing (Miele et al., 2022). The work in Chapter 5 

was published in Computers & Geosciences. The work presented in Chapter 5 was published 

in Scientific Reports (Miele & Azevedo, 2024). All the methods proposed are implemented in 

Python code; publicly available software was published under open-source licenses for 

Chapters 4 and 5, in  https://github.com/romiele/. References to the individual projects, both 

peer-reviewed publications and presentations in scientific conferences, are available in the 

corresponding chapters. 

 

https://github.com/romiele/
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2.1. Seismic and rock physics modeling 

In seismic reflection data inversion, the data acquired is assumed to be the result of the 

convolution of a known source wavelet signal with a series of reflectivity coefficients (Russell 

& Hampson, 1991; Grana et al., 2021). The latter is defined by the contrasts of elastic or 

acoustic properties within the layered subsurface geology, that is, P-waves and S-waves 

velocities (ἤἜ and ἤἡ, respectively) and density ( ), or acoustic impedance (ἓἜ). When using 

fullstack seismic data, we assume that the recorded reflections of acoustic waves occurred 

following normal incidence. The calculation of the reflectivity coefficient series (Ἲ) for this case 

is defined by  

 ἺὭ
ἓἜ   ἓἜ

ἓἜ   ἓἜ
ȟ (2.1) 

where Ὥ and Ὥ ρ represent the two contiguous geological layers along the incident wave 

direction. In reservoir characterization, empirical correlations between ἓἜ and rocks porosity  

can be derived from well-data, although such relationships may vary significantly with lateral 

variations of subsurface geology (Avseth et al., 2010; Mavko et al., 2020). 

More informed characterization of the subsurface is possible considering seismic data 

at different incident angles (—), using pre-stacked seismic data or partial angle stacks (Russell, 

1988; Russell & Hampson, 1991; Yilmaz, 2001). In this case, the reflectivity coefficients can 

be calculated through the Zoeppritz equations (Yilmaz, 2001) or, more commonly, through their 

linear approximations, proposed for example by Aki and Richards (Aki & Richards, 2009) and 

Shuey (Shuey, 1985). These equations are accurate under the conditions that — τπЈ, and the 

contrasts of elastic properties are small (Yilmaz, 2001). Shueyôs approximation was used under 

the scope of this work and can be described as (Shuey, 1985) 

 Ἲ— Ἲπ ╖ ίὭὲ— ╕ÔÁÎ— ÓÉÎ—ȟ (2.2) 

where Ἲπ is the reflectivity for normal incidence (Shuey, 1985) 

 Ἲπ
ρ

ς

ɝἤἜ
ἤἜ

ɝ
ȟ (2.3) 

ἑ is the gradient of amplitude variation with angle (Shuey, 1985) 

 ╖ Ἲπ
ɝἤἜ
ἤἜ

ρ

ς

ɝἤἜ
ἤἜ

τ
ɝἤἜ
ἤἜ

ῳἤἡ
ἤἡ
ȟ (2.4) 

and the ╕ is the reflectivity for far angles (Shuey, 1985) 

 ╕
ɝἤἜ
ςἤἜ
Ȣ (2.5) 
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where ɝ identifies the variation of ἤἜ, ἤἡ,  between adjacent layers. In this linear 

approximation, the values of ἤἜ, ἤἡ,  are averaged within each layer.  

The elastic parameters of a specific facies can be determined by a combination of 

petrophysical properties and structural/textural features. The relationship between the rock and 

elastic domains can be described through rock physics models (Avseth et al., 2010; Mavko et 

al., 2020), generally included as part of the forward model (Ὢ in Eq. 1.1), jointly to the seismic 

wave propagation (e.g., Grana et al., 2021). The number of existing rock physics models is 

large, of variable complexity, and generally classified into theoretical, empirical and heuristic 

(Avseth et al., 2010). Theoretical models approximate the physics of continuum mechanics for 

elastic, poroelastic, or viscoelastic means, describing the interactions between a mineral 

framework and saturating fluids in the pores. The propagation velocity of P- and S- seismic 

waves is defined as (e.g., Mavko et al., 2020) 

 
ἤἜ

ἕ
τ
σ

ȟ 
(2.6) 

 

ἤἡ ȟ (2.7) 

where ἕ  and  are the bulk and shear modules of a saturated rock, respectively, and ” is 

the bulk density of the rock defined as (e.g., Mavko et al., 2020) 

 ρ  ȟ (2.8) 

where  and  are, respectively, the density of mineralsô matrix and saturating fluids. ἕ  

and  are commonly derived by first calculating the corresponding parameters for a dry rock 

ἕ  and ‘  (effective modules). The saturated conditions are modeled in a second step using 

the Gassmann's equations (Mavko & Mukerji, 1995; Mavko et al., 2020)  

 ἕ ἕ
ρ
ἕ
ἕ

ἕ
ρ
ἕ

ἕ

ἕ

ȟ (2.9) 

where ἕ  is the bulk modulus for the rockôs matrix, ἕ is the bulk modulus for the saturating 

fluids, and . Popular theoretical models for the calculation of effective modules are 

the contact models (e.g., Mindlin, 1949) and inclusion models (e.g., Berryman, 2013). Contact 

models describe a rock as a set of separate grains in contact, while inclusion models consider 

the rock structure as a continuous mineral matrix framework perturbed by pores (i.e., 

inclusions) (Avseth et al., 2010; Mavko et al., 2020). An example of inclusion model and their 



12 

 

application is detailed in Chapter 4. The use of any contact or inclusion model requires 

assumptions on specific ideal pore shapes or textures. Without this information, it is still 

possible to calculate the effective modulesô upper and lower bounds (i.e., maximum and 

minimum values possible) of a mixture of phases (e.g., Hill, 1952; Mavko et al., 2020). 

Empirical models represent an alternative approach based on assuming specific functions that 

can reproduce the correlation between petrophysical and elastic properties observed at well 

locations. These models can be simple regressions or more complex equations based on 

laboratory analyses. Finally, heuristic modeling links rocks parameters to the elastic domain 

without a rigorous theoretical background, but through equations that approximate intuitively 

the physics in the subsurface (e.g., Carman, 1997; Mavko & Nur, 1997). An example on the 

use of empirical and heuristic models is showed in detail in Chapter 3 for the prediction of rocks 

permeability. Based on the expected and/or sampled rocksô facies class, it is possible to consider 

specific models, each with different parametrization.  

Facies in reservoir characterization categorize rock types based on the available data and 

their seismic signature, and may not necessarily represent geological formations (e.g., Grana et 

al., 2021). Therefore, the parameters can average values of different rocks textural features, for 

theoretical models, or simply be those of a regression function for empirical models. Accurate 

modeling of rock physics is generally achieved by calibrating these parameters using the 

available well data. The process can be summarized as follows: (i) select an initial set of 

parameters and model per facies (ii) calculate synthetic elastic logs from existing rock property 

logs and (iii) compare and fit these synthetic logs with the real ones (Avseth et al., 2010; Grana 

et al., 2021). Nonetheless, the calibration can be non-representative for unsampled locations of 

the subsurface and accounting for such limitations (i.e., statistical rock physics) significantly 

improves the seismic inversion predictions (Mukerji et al., 2001).  

  

2.2. Seismic data inversion  

Several seismic inversion methods were proposed to predict the spatial distribution of 

subsurface parameters ἵ (Eq. 1.1), given the assumed physics models (Section 1.1). Generally, 

these methods are classified into deterministic and probabilistic. Deterministic approaches rely 

on the optimization of the modelsô parameters in order to obtain a most likely solution that 

minimizes an objective function (Russell, 1988; Russell & Hampson, 1991; Sen, 2006). Despite 

the general efficiency of these algorithms, an evaluation of the prediction uncertainty is limited 

(Bosch et al., 2010; Grana et al., 2022). Probabilistic methods allow for prediction of a 
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distribution of possible solutions (i.e., a posterior distribution), given prior known data (Sen, 

2006; Sen & Stoffa, 2013; Doyen, 2014; Azevedo & Soares, 2017; Grana et al., 2022).  

Common probabilistic approaches use the Bayesô rule to infer the posterior distribution 

of the model given the observed data, ὖἵȿἬ, as 

 ὖἵȿἬ
ὖἬȿἵ ὖἵ

ὖἬ
ȟ (2.10) 

where ὖἬȿἵ  is the likelihood of the geophysical data given the predicted ἵ, ὖἵ  is the 

prior probability of ἵ, and ὖἬ is the marginal distribution of the data. The latter is often 

referred to as evidence and defined as ὖἬ ὖ᷿Ἤȿἵ ὖἵ Ὠἵ (Sen & Stoffa, 1996; Grana 

et al., 2022). Nonetheless, the computation of the evidence is particularly challenging for many 

practical applications, due to the large dimensionality of inverse problems. Analytical solutions 

are hence possible assuming Gaussian, or multi-gaussian, distributions describing ὖἵ , and 

using linearized physics models (e.g., Sen & Stoffa, 1996; Buland & Omre, 2003; Grana & 

Della Rossa, 2010; Grana, 2016; De Figueiredo et al., 2018). These assumptions limit the 

modelôs ability to assess the uncertainty and subsurface complexity. Approaches based on 

Markov chain Monte Carlo (MCMC) (Sen & Stoffa, 2013; De Figueiredo et al., 2018, 2019) 

overcome these limitations by directly sampling the posterior distribution through formalized 

rules, although at higher computational costs. MCMC sampling can be combined with 

geostatistical modeling (Deutsch & Journel, 1998; Soares, 2001; Strebelle, 2002; Mariethoz et 

al., 2010) to generate complex subsurface scenarios, honoring prior spatial continuity patterns 

(e.g., Bosch et al., 2009; De Figueiredo et al., 2017; Grana et al., 2017). Recently proposed 

methods explore the use MCMC in combination with deep learning methods for subsurface 

modeling, in a Bayesian framework (Laloy et al., 2018; Chan & Elsheikh, 2019; Mosser et al., 

2020; Lopez-Alvis et al., 2021). Here, the posterior distribution is represented by a set of 

subsurface realizations instead of a probability distribution function. 

Alternative solutions to the geophysical inverse problems are represented by stochastic 

optimization methods (e.g., Sen & Stoffa, 2013; Doyen, 2014; Azevedo & Soares, 2017; Grana 

et al., 2022). Here, an initial prior distribution of subsurface parameters is modelled (e.g., 

through geostatistical modeling or deep learning methods) and iteratively updated based on a 

given objective function, integrating the misfit between ἬἷἪἻ and predicted geophysical data 

(Ἤ). The perturbation of such models is generally global; to this purpose, different inversion 

algorithms use simulated annealing (e.g., Mosegaard & Vestergaard, 1991; Sen & Stoffa, 

1991), particle swarm optimization (e.g., Sen & Stoffa, 2013; Shaw & Srivastava, 2007), 

neighborhood algorithm (Sambridge, 1999), geostatistical modelling (e.g., Curtis & Snieder, 
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1997; Azevedo et al., 2015; Azevedo & Soares, 2017; Soares et al., 2007) or methods based on 

deep learning (e.g., using variational inference) (Laloy et al., 2018; Adler et al., 2021; Grana et 

al., 2021; Levy et al., 2023) for the modelsô perturbation update.  

 

2.3. Iterative geostatistical seismic inversion  

2.3.1. Geostatistical acoustic inversion 

The concept of geostatistical seismic inversion was first proposed by Bortoli et al. 

(1993) and Haas and Dubrule (1994) for the prediction of subsurface acoustic impedance (Ὅ) 

using a trace-by-trace approach. The basic principle in this class of methods is the use of seismic 

data misfit for the conditioning of sequential geostatistical simulations of the subsurface 

parameters. In geostatistical sequential simulations methods, the subsurface properties are 

considered as spatially correlated random variables, which values distribution is defined by a 

probability function (e.g., modelled on well-logs and core data). The spatial correlation is 

priorly modelled using two-points statistics (i.e., a variogram model) determining the 

correlation between two distinct locations. Stochastic sequential simulation algorithms visit 

each point of an inversion grid following a random path. At each location, the variable is 

sampled from a distribution function that is conditioned on the observed values, the previously 

simulated values at other location and the correlation model. These distributions are defined 

using the local kriging estimate and kriging variance (e.g., Deutsch & Journel, 1998). 

Soares et al. (2007) proposed a global stochastic inversion framework where the model 

perturbation is carried globally (i.e., for the whole inversion grid at once). The geostatistical 

simulation method used is the direct sequential simulation (DSS) (Soares, 2001) and co-

simulation (co-DSS) (Horta & Soares, 2010). Contrarily to other popular methods (e.g., the 

sequential Gaussian simulation method; Deutsch & Journel, 1998), DSS and co-DSS use the 

kriging estimate and variance to sample directly from the probability distribution retrieved from 

the experimental data, avoiding the transformation of the original variable. At each iteration of 

the inversion algorithm, a set of Ὅ realizations is first generated for the whole inversion grid. 

Each realization is then used to compute the corresponding synthetic seismic data, which are 

then compared to the real seismic data on a trace-by-trace basis, using a similarity coefficient. 

For each location of the inversion grid, the simulated Ὅ values providing the highest similarity 

is stored in an auxiliary model, together with the corresponding similarity. At the following 

iteration, the auxiliary data is then used to condition a new generation of subsurface realizations, 

through co-DSS, and then updated integrating the higher local similarity coefficients obtained. 
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This process iterates until a given threshold value of correlation is reached (Azevedo & Soares, 

2017; Soares et al., 2007). 

 

2.3.2. Petrophysical predictions through geostatistical seismic inversion 

The iterative geostatistical seismic inversion method was extended for subsurface 

petrophysical properties prediction by Azevedo et al. (2019). Here the well-log data is used to 

determine the types of subsurface facies from the sampled petrophysical parameters and define 

a corresponding prior distribution. The parameters of the rock physis models assumed are then 

calibrated using the existing well data. At each iteration of the inversion algorithm a set of N 

geostatistical realizations of different petrophysical parameters are first generated using DSS 

and co-DSS. The co-DSS assures the reproduction of the joint probability distributions between 

the different properties, as derived from the well-log data. Using these realizations as evidence, 

a set of N facies realizations is then obtained through Bayesian classification (Eq. 2.10). The 

calibrated facies-dependent rock physics models are then applied for each point of the inversion 

grid to the N realizations, to obtain an estimation of the corresponding subsurface elastic 

properties. The latter are used to compute the reflectivity coefficients for each partial angle-

stack, and a set of N synthetic seismic data volumes are finally computed. Similarly to the global 

geostatistical inversion, at each iteration the seismic data misfits and petrophysical realizations 

providing the largest match are used for the stochastic perturbation of the petrophysical models. 

 Although the method proposed allows for the joint inversion of petrophysical and elastic 

properties simultaneously, the facies are classified directly from the simulated petrophysical 

values at each location of the inversion grid and not directly perturbed. Azevedo et al. (2020) 

proposed an alternative iterative geostatistical inversion method where, at each iteration, the 

facies are first simulated, and then to condition locally the geostatistical simulation of 

petrophysical properties. The facies are sampled from 1-D first order Markov chains; facies 

prior and transition probabilities are priorly estimated from well-log data and available 

geological information. DSS and co-DSS with multi-local distribution functions (Nunes et al., 

2017) are used to condition the simulation of petrophysical properties locally. After generating 

the facies and petrophysical realizations, the elastic propertiesô distributions are estimated with 

pre-calibrated rock physics models. The synthetic seismic data are finally computed and 

compared to the observed seismic. Here, the local similarity values representing the best seismic 

data fit at each trace, and the corresponding set of facies and petrophysical properties, are used 

to update the probability distribution of facies, and build the auxiliary variable for the 
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continuous properties model perturbation. The main drawback of this method is the lack of 

horizontal spatial correlation when generating facies. The following section discusses ways to 

overcome such limitations by integrating geological realism in facies modeling.  

 

2.3.3. Geological realism in geostatistical inversion methods  

The integration of prior geological information in subsurface predictions is important 

for retrieving accurate and geologically meaningful solutions (e.g., Linde et al., 2015). When 

no simulation algorithm is considered, quantitative facies models are classified using prior 

information (e.g., well log data) (e.g., De Figueiredo et al., 2017; Grana et al., 2017; Azevedo 

et al., 2019). Direct facies modelling using prior data from well logs may account for 1-D 

Markov chains (e.g., Connolly & Hughes, 2016; Azevedo et al., 2020) for the simulation of 

facies along vertical direction, resulting in computationally expensive methods. The lateral 

continuity of the facies is mainly dependent on the predicted distribution of the continuous 

facies-dependent properties (e.g., Azevedo et al., 2020) but can still be poor in geological 

features representation. 2-D or 3-D geostatistical simulation of facies are possible using 

sequential indicator simulation modeling (SIS) (Journel & Gómez-Hernández, 1993), which 

uses variogram modeling to reproduce the spatial continuity patterns of discrete variables. 

Nonetheless, two-point statistics is generally not sufficient for the reproduction of large-scale 

and complex continuity patters (Strebelle, 2002). Geostatistical simulation methods based on 

multiple-point statistics (MPS) (e.g., Strebelle, 2002; Mariethoz et al., 2010; Tahmasebi & 

Sahimi, 2016) overcome this problem. Following a random path along the inversion grid, MPS 

modeling methods simulate facies by sampling the local probabilities from a given training 

image (TI), given the observed and simulated facies values in a determined neighborhood. The 

modelled facies are realistic and honor the desired patterns, showing significantly improved 

characteristics when compared to (e.g., Markov-chain-based or SIS simulations). The use of a 

TI allows for the integration of prior expected geological spatial patterns of the facies and the 

consequent conditioning of solutions in seismic inversion (Tahmasebi, 2018; Strebelle, 2021). 

Geostatistical inversion frameworks based on MPS were proposed (e.g., González et al., 2008) 

but are generally computationally demanding, and their iterative optimization is complex due 

to the large number of parameters to update. 
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2.4. Deep learning in geophysical inversion 

2.4.1. Introduction to deep learning 

Deep learning is a branch of machine learning used to tackle specific tasks (e.g., 

classification, regression, or generative) using available data. (Goodfellow et al., 2014, 2016; 

LeCun et al., 2015). Deep learning algorithms generally represent complex models, Ὢ, and the 

learning process consists in the optimization of the modelsô parameters —, given an objective 

function.  

The basic computational model for deep learning algorithms is the neural network (NN) 

(Goodfellow et al., 2016), consisting of several nodes, or neurons, structured in multiple layers. 

The structure can be seen as a series of nested functions, with each layer representing a set of 

transformations of its input that can be represented by a hierarchically higher complex function. 

When all the neurons are interconnected within subsequent layers, this is defined as a multi-

layer perceptron (MLP). Common structures, or architectures, of deep neural networks (DNN) 

comprise an input layer, multiple intermediate (hidden) layers and an output layer.  

Within a layer of an MLP, the neurons represent non-linear, parametric transformations 

of the data. The input features (ὀ) are first averaged through a weighted sum, then a bias () is 

added, and the resulting value is fed to an activation function Ὣ (i.e., a known non-linear 

function). The output can hence be defined as 

 ὁ Ὣ Ἷὀ  ȟ (2.11) 

where Ὧ is the number of features of the input data and Ἷ  is the weight of the Ὥ-th feature. The 

parameters Ἷ and  are those updated during the training, based on the objective function.  

When handling data structured in space (e.g., images) or time (time series), 

convolutional neural networks (CNNs) are mostly used, as they provide significant advantages 

in terms of features extraction and preserve the spatial structure of the data (LeCun et al., 2015; 

Goodfellow et al., 2016). The learned features can be used for classification, regression or for 

the further generation of new data samples sharing the same input features (Laloy et al., 2018; 

Adler et al., 2021; Chai et al., 2021). Differently from MLPs, the layers of the CNN apply a 

convolution operation to the input data and the result is passed to an activation function. The 

convolution is done using several filters, or kernels, of smaller size than the input, representing 

the weights of the operation; these are systematically shifted across the data, performing 

element-wise multiplication and summation at each position. The sum can further include 

biases. The step size of the sliding operation is determined by the stride, and padding may be 
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added to ensure proper coverage, especially at the edges of the structured data. An additional 

element to reduce the dimensionality of the output is the pooling layer, which scans the output 

of the convolutional layer with shifting windows of a given size and retrieves the maximum 

values for each scan. Kernels and biases are the parameters updated during the training of CNN-

based networks, while stride and padding are generally fixed (LeCun et al., 2010). 

 

Training process 

The learning process is usually carried out in a supervised or unsupervised framework, 

depending on the type of task (Goodfellow et al., 2016). In supervised learning, the algorithms 

are trained to associate a specific input data to the corresponding output (or label). This requires 

the use of a training set of ὔ input-output pairs examples in the form ὀȟὁ ȟȣȟὀȟὁ , 

where ὀ are the features input vector and ὁ are the corresponding labels. The objective is the 

minimization of cost function ὐ— 

 ὐ—
ρ

ὔ
ὒὪ ὀȟὁȟ (2.12) 

where ὒ is a loss function (e.g., the mean squared errors) measuring the misfit between the 

predicted output, Ὢ ὀ, and the true labels ὁ. This type of learning framework is mostly used 

for classification or regression tasks (Goodfellow et al., 2014; LeCun et al., 2015). In 

unsupervised learning, the objective is to discover inherent patterns, structures, or 

representations within the data without being provided with specific guidance on the correct 

output for each input. Here, the loss function is a measure of discrepancy between the input and 

its representation from the deep learning algorithm; therefore, typical tasks of unsupervised 

learning are data clustering and dimensionality reduction (Goodfellow et al., 2014; LeCun et 

al., 2015; Adler et al., 2021). 

The update of the parameters is generally carried out through a training process using 

backpropagation. This involves feeding input data forward through the model to make 

predictions, calculating the loss between predictions and actual targets, and then adjusting the 

model's weights and biases by iteratively applying the chain rule to compute gradients and 

minimize the loss. This process is repeated through multiple iterations (i.e., epochs) to optimize 

the model's parameters and improve its ability to make accurate predictions. The 

backpropagation algorithm efficiently updates weights by propagating the error backward from 

the output to the input layers, updating parameters using gradient descent or variants to find the 

optimal values for accurate predictions. A common issue in trained algorithms is overfitting: 
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this occurs when the model captures not only the intrinsic patterns of the training data but also 

the extraneous noise and outliers. This leads to a model that exhibits high accuracy on training 

data but demonstrates poor generalization to novel, unseen data. Mitigation strategies for 

overfitting include the application of regularization techniques (e.g., L1 and L2 regularization), 

the implementation of dropout layers, the reduction of model complexity, early stopping during 

the training process, and augmenting the training dataset's size and diversity (LeCun et al., 

2015; Goodfellow et al., 2016). 

 

2.4.2. Generative networks for facies modeling 

In the context of probabilistic modeling with deep learning, generative networks based 

on CNN play a major role (Laloy et al., 2017, 2018; Azevedo et al., 2020; e.g., Adler et al., 

2021; Song et al., 2021a; Zhang et al., 2021). The general objective of these deep learning 

models is to parametrize a distribution, defined by a training data set, either implicitly or 

explicitly, and encode the information into a latent space of lower dimensionality.  

The variational autoencoder (VAE) represent (Kingma & Welling, 2014) a type of DNN 

used in facies modeling (Laloy et al., 2017; Lopez-Alvis et al., 2021). They are composed of 

two CNN: one transforms the input data (ἦ) into a low-dimensional latent vector (ὂ) through a 

series of convolutions, the other maps the latent into a high-dimensional image through a series 

of transposed convolutions. These two transformations are respectively defined as ή ὂȿἦ and 

ὴ ἦȿὂ. By iteratively updating the parameters — and Ὸ, the VAE is trained to encode the 

features of the training data into a Gaussian latent vector and then map the input image from 

this latent space. The VAE is used as a surrogate model to approximate the desired distribution, 

hence trained through variational inference; this requires an objective function corresponding 

to the maximization of the evidence lower bound (ELBO) (Kingma & Welling, 2014)  

 ὒ—ȟῸ ◑ȿ╧ ÌÏÇὴ ἦȿὂ Ὀ ή ὂȿἦᴁὴὂ ȟ (2.13) 

where the first term is the misfit between input and output high-dimensional data and the second 

term is the Kullback-Leibler (KL) divergence (Kullback & Leibler, 1951) between the encoded 

latent vector and a standard normal distribution.  

An alternative to the VAE for complex subsurface facies modeling is the generative 

adversarial network (GAN) (Goodfellow et al., 2014). These networks were proposed for their 

improved accuracy and versatility in facies modeling, compared to VAEs (e.g., Laloy et al., 

2018; Song et al., 2021a, 2021b; Zhang et al., 2021). GANs consist of two networks, a generator 

(Ὃ) and a discriminator (Ὀ). The first maps an image (ἦ) from a Gaussian latent space, using 
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transposed convolutions. The second network reads both the training images and ὀ, and applies 

a score to each. The two networks are trained in an adversarial framework: using the scores of 

the discriminator, the generator is trained to accurately mimic the features of the training data, 

while the discriminator learns to distinguish between the two types of images. A more detailed 

description of VAE and GAN architectures is given in Chapters 5 and 6. These chapters also 

include schematic representations of networks based on these approaches developed under the 

scope of this work.  

 

2.4.3.  Stochastic inversion using deep learning 

Several methods involving deep learning methods were developed for geophysical 

inversion (e.g., Adler et al., 2021, and references therein). The majority of these methods adopt 

a deterministic approach (e.g., based on data-to-data transformations) (Das et al., 2018; Das & 

Mukerji, 2020; Laloy et al., 2020). Recently, probabilistic inversion frameworks were proposed 

using generative networks such as VAEs and GANs in a Bayesian framework (e.g., Chan & 

Elsheikh, 2019; Laloy et al., 2017; Mosser et al., 2020). Using a pre-trained generative network 

to parametrize a prior distribution, an inference method can be used to retrieve a posterior in 

the encoded low dimensional latent vector. This represents a main advantage in inverse 

modeling, as the number of parameters to optimize can be significantly reduced, compared to 

conventional methods based on geostatistics (e.g., Laloy et al., 2017, 2018). 

The posterior can be directly sampled using MCMC-based sampling methods, although 

with complex parametrization and relatively high computational costs (Laloy et al., 2017, 2018; 

Mosser et al., 2020; Lopez-Alvis et al., 2021). A parametrical definition of the posterior 

distribution in the latent space can be also defined (Chan & Elsheikh, 2019). Levy et al. (2023) 

propose the use of normalizing flows (Rezende & Mohamed, 2016; Hoffman et al., 2019) as a 

method of variational inference, to predict the parameters of the posterior distribution in the 

latent space of VAEs and GANs, to finally predict the facies distribution given the observed 

geophysics data. The method significantly improves the efficiency of deep-learning-based 

facies inverse modeling. But these types of applications suffer from two main disadvantage. 

First, they were demonstrated on synthetic case studies not accounting for any spatial 

uncertainty of the facies-dependent petrophysical and elastic domains. Second, this approach 

requires a training of the generative networks before the actual inversion of the data; this two-

steps approach can be significantly time consuming and complex. 
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Abstract 

Accurate prediction of the spatial distribution of subsurface permeability is a 

fundamental task in reservoir characterization and monitoring studies for hydrocarbon 

production and CO2 geological storage. Predicting permeability over large areas is challenging, 

due to its high variability and spatial anisotropy. Common approaches for modelling 

permeability generally involve deterministic calculations from porosity using pre-calibrated 

rock physics models, or geostatistical co-simulation methods that reproduce observed 

experimental porosity-permeability relationships. Instead, we predict permeability from 

seismic data using an iterative geostatistical seismic inversion method that combines the 

advantages of rock physics and geostatistical modelling methods. First, we simulate facies 

through one-dimensional vertical Markov chain simulations. Then, permeability, porosity and 

acoustic impedance are sequentially generated conditioned to the previously simulated facies 

model. A rock physics model is used to evaluate the misfit between permeability predictions 

obtained from geostatistical co-simulation at the well locations and well-log values computed 

from acoustic impedance. The residuals of the misfit function are used as conditioning 

constraints in the stochastic update of the models in the subsequent iteration. The outcome of 

the proposed methodology is a set of multiple geostatistical realizations of facies, permeability, 

porosity and acoustic impedance, conditioned to seismic data and constrained by a rock physics 

model. We first illustrate the method on a synthetic one-dimensional example and compare it 

to a traditional geostatistical inversion approach. We then apply the proposed inversion to a 

three-dimensional real dataset to assess the methodology performance with scarce conditioning 

data and in the presence of noise. 

 

3.1. Introduction  

Permeability of porous rocks is a physical property that defines the ability of a given 

fluid to flow through the pore space. In reservoir characterization, accurate predictions of the 

spatial distribution of permeability are fundamental to optimize production and well placement 

in hydrocarbon exploration and to monitor the migration of the CO2 plume in carbon geological 

storage. The absolute permeability describes the permeability for a rock fully saturated with a 

single fluid phase (e.g., water); in presence of two or more saturating fluids, the effective 

permeability defines the permeability of one fluid (e.g., water, oil, or gas) with respect to the 

others. The ratio between effective and absolute permeability is defined as the relative 
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permeability (e.g., Yang, 2017). In this work we use the term permeability to indicate absolute 

permeability. 

The spatial variability of rock permeability depends on rock sedimentary and tectonic 

evolution and to their texture and structure. Even within the same rock type or litho-fluid facies, 

permeability values vary over several orders of magnitude, generally defining a positive skewed 

distribution. A detailed discussion on this topic can be found for example in Shepherd (1989), 

Nelson (1994), Yang (2017), and Ma (2019). The investigation of permeability accounts for 

direct and indirect measuring techniques. Permeability can be directly measured on core 

samples (Lishman, 1970; e.g., Butler, 2005; Yang, 2017). Alternatively, permeability can be 

estimated from Nuclear Magnetic Resonance (NMR) well-logs, according to relationships 

linking the transverse relaxation time constant (Ὕ) to pores characteristics (Coates et al., 1999; 

Dunn et al., 2002; Ellis & Singer, 2007; Lee, 2008), or Stonely waves well-logs, based on the 

induced fluid flow (Ellis & Singer, 2007; Silva et al., 2019).  

The effect of permeability variations on elastic and seismic properties has been studied 

in poroelasticity theory (Biot, 1956a, 1956b; Carcione, 2015). As first theorized by Biot (1956a, 

1956b) and later expanded by White et al. (1975) and Dvorkin et al. (1994), a wave-induced 

flow of the rock saturating fluids causes an attenuation that depends on the rock permeability. 

The relation between permeability and seismic attenuation has been studied by Shapiro and 

Müller (1999), Pride et al. (2003, 2004), Goloshubin et al. (2008), Rubino et al. (2012), and 

Iturrarán-Viveros and Parra (2014). Permeability can also be estimated from seismic 

monitoring surveys and production data in time-lapse seismic inversion and seismic history 

matching studies (Landrø, 2001; Vasco et al., 2004; Dadashpour et al., 2009, 2010; Feng & 

Mannseth, 2010); however, this approach requires time-lapse seismic data and can only be 

applied in the production phase. 

Predicting rock and fluid properties from seismic data is an inverse problem where the 

optimal solution (ἵ) is the solution of a minimization problem of the form: 

 ἵ ὥὶὫάὭὲ ȿȿἬ Ὢἵ ȿȿȟ (3.1) 

where ἵ represents the model parameters, Ἤ  represents the observed seismic data and Ὢ is 

a non-linear geophysical function based on seismic wavefield propagation, poroelasticity, or 

geomechanics. Examples of inverse problems for reservoir characterization includes seismic 

inversion (Tarantola, 2005) and petrophysical inversion (Bosch et al., 2010; Doyen, 2014; 

Grana et al., 2021). Seismic and petrophysical inversion methods can be broadly divided into 

deterministic and statistical methods (Bosch et al., 2010; Grana et al., 2021). Statistical methods 



24 

 

include Bayesian linearized seismic and petrophysical inversion (e.g., Buland & Omre, 2003; 

Grana & Della Rossa, 2010) and stochastic sampling and optimization (De Figueiredo et al., 

2018; Fjeldstad & Omre, 2020). Stochastic optimization methods can be combined with 

geostatistical simulations and geophysical inversion to generate high resolution models and 

updated them according to the measured geophysical data (e.g., Deutsch & Journel, 1998; 

Deutsch, 2002; Dubrule, 2003; González et al., 2008; Grana et al., 2012; Doyen, 2014; Azevedo 

et al., 2020; Soares et al., 2007) 

A detailed description of the relationship between petrophysical and elastic properties 

can be found in Avseth et al. (2010), Ellis and Singer (2007), Dvorkin et al. (2014), Mavko et 

al. (2020) and Grana et al. (2021). An extensive analysis of the relation between the porosity 

and permeability is given by Nelson (1994). Porosity-permeability relations include empirical 

and physics-derived rock physics equations based on the Kozeny-Carman relation and RPGZ 

equation (Kozeny, 1927; Carman, 1997; Mavko & Nur, 1997; Glover et al., 2006; Mavko et 

al., 2020). These models require the knowledge of specific rocks parameters (e.g., pore shapes 

or cementation) that might differ from one facies to another and must be calibrated with 

experimental data (i.e., well-logs or core samples). These relations can be integrated in seismic 

inversion workflows (Tiab & Donaldson, 2012; e.g., Ma, 2019), but might fail to reproduce the 

spatial variability of permeability. 

Alternatively, permeability can be predicted from porosity models using geostatistical 

methods (Deutsch & Journel, 1998), for example using stochastic sequential co-simulation that 

reproduces the joint distribution of permeability and porosity (e.g., Horta & Soares, 2010). 

These methods rely on the experimental distribution observed at the well locations, but 

generally they do not include physics-based constraints and might lead to geologically 

implausible predictions. 

The main goal of this work is to combine rock physics relations and geostatistical 

methods to predict permeability from seismic data in an iterative geostatistical seismic 

inversion approach based on stochastic sequential simulation and co-simulation. Sequential 

simulations (Soares, 2001; e.g., Horta & Soares, 2010) reproduce the joint distributions of 

porosity and permeability and their spatial correlations (i.e., variogram model), whereas the 

rock physics model introduces a physical constraint. The proposed seismic inversion algorithm 

is applied to both discrete (i.e., litho-fluid facies) and continuous (i.e., permeability, porosity, 

and acoustic impedances) properties and is applied to post-stack seismic data. However, the 

inversion can be extended to pre-stack seismic data and to various model parameterizations. 
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The methodology is demonstrated with synthetic and real data and the results are compared to 

an iterative geostatistical seismic inversion methodology for validation. 

 

3.2. Methodology 

We propose an iterative geostatistical seismic inversion method for the prediction of 

subsurface permeability distribution. The algorithm is based on the stochastic perturbation 

optimization for discrete-continuous inverse problems (Azevedo et al., 2020) and integrates 

both rock physics and seismic data constraints in its objective function. Each step of the 

algorithm is illustrated in Figure 3.1 and described below. 

 

Figure 3.1: Schematic representation of the proposed iterative geostatistical seismic inversion 

algorithm. 

A set of N facies models is initially simulated, sampling from a first order Markov chain 

distribution. A set of N models of permeability, porosity, and acoustic impedance is simulated 

subsequently, using direct sequential simulation (DSS) and co-simulation (co-DSS), according 

to the prior distribution and the prior variogram model (Soares, 2001; Horta & Soares, 2010), 
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conditioned on the facies realizations (Nunes et al., 2017). The acoustic impedance models are 

used to compute N synthetic seismic models by calculating the convolution of a known wavelet 

with the reflectivity coefficients. The seismic models are compared to real seismic data to assess 

the similarity of the predictions with the observed data. At the same time, the acoustic 

impedance models are used to compute a secondary set of permeability models, using pre-

calibrated and facies-dependent rock physics models. Such permeability models represent the 

expected permeability given the distribution of elastic rock properties and their correlation with 

the acoustic properties. The rock-physics derived permeability models are compared locally to 

the geostatistically simulated permeability realizations and their similarity is computed to 

quantify the coherency between the geostatistical simulations and the rock physics predictions 

(Figure 3.2). The two similarities coefficients are combined through a weighted average at each 

cell of the inversion grid to determine the realization with the highest (combined) similarity. At 

the end of each iteration, the realizations that have the highest similarity coefficients are used 

to condition the simulation of a new set of geostatistical realizations in the subsequent iteration. 

 

Figure 3.2: One-dimensional example of: (a) stochastic and estimated (rock physics) 

permeability models, (b) estimated synthetic seismic and observed real seismic trace, 

and (c) similarity curves calculated comparing permeability models (red) and seismic 

(blue). The latter are used in the objective function for model perturbation. 

 

3.2.1. Facies simulations 

We assume that the facies distribution follows a first-order hidden Markov chain model 

along the vertical direction (Krumbein & Dacey, 1969; Elfeki & Dekking, 2001; Lindberg & 

Omre, 2015; Fjeldstad & Omre, 2020). This means that the facies occurrence at a given location 

is conditioned exclusively by the facies simulated at the location immediately above. The 
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transition probabilities ὖȟ are defined in a vertical transition matrix, where each row represents 

the facies at the location above and the columns represent the facies at the current location 

where the facies simulation is being performed. The transition matrix is generally inferred from 

the facies-log data.  

To generate geostatistical realizations of facies, at each trace location we draw a random 

value at the first sample of the inversion grid directly from a prior distribution ὖἮ representing 

the prior facies proportions. Then, we subsequently simulate the following samples along the 

vertical direction from the transition probabilities: 

 ὖȟ ὖἮ ὭȿἮ Ὦȟ (3.2) 

where ὭȟὮ ρȟȣȟὔ (ὔ being the number of facies) and ὸ ςȟȣȟὔ (ὔ being the 

number of samples of the seismic trace). The simulation is sequentially performed at all trace 

locations within the inversion grid. At each iteration ὰ of the stochastic method, we obtain a set 

of ὔ  realizations of facies models that we denote with Ἦȟ. 

 

3.2.2. Petro-elastic properties simulations 

The simulated facies models are used as conditioning data for the generation of petrophysical 

models of permeability (ἳ) and porosity ) and elastic models of acoustic impedance (ἓἜ) 

using direct sequential simulation (DSS) and co-simulation (co-DSS) (Soares, 2001; Horta & 

Soares, 2010). As we are basing our method in a geostatistical framework, we first generate the 

property that is less related to the seismic data (i.e., more uncertain) so it explores more widely 

the model parameter space. The same approach is followed for example in geostatistical seismic 

AVA inversion (e.g., Azevedo et al., 2019). If we simulate permeability in the last place the 

inversion will be driven by the porosity and little influence of seismic would be considered. We 

locally condition the petro-elastic simulations on the facies models using multilocal distribution 

functions (Nunes et al., 2017). DSS and co-DSS reproduce prior marginal and joint distributions 

of ἳ,  and ἓἜ and corresponding variograms estimated from the existing well-log data. At a 

given iteration ὰȟ and for every set of realizations ὶ, we first simulate permeability using DSS 

(ἐ), 

 ἳȟ ͯ ἐ ἳȿἮȟȢ (3.3) 

Then, we proceed to simulate porosity, conditioned to ἳȟ and the facies, using co-DSS (ἐ),  

 ȟ ͯ ἐ ȿἳȟȟἮȟȢ (3.4) 
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Finally, we simulate acoustic impedance, conditions to ȟ, using co-DSS (ἐ ), 

 ἓἜ
ȟ ͯ ἐ ἓἜȿ

ȟȟἮȟȢ (3.5) 

The sequential simulation approach ensures the reproduction of the marginal and conditional 

probability distributions of the petro-elastic properties in each facies. 

 

3.2.3. Seismic model 

The simulated elastic models of acoustic impedance are used to calculate seismic 

reflectivity coefficients series (Russell, 1988) as 

 ἺὭ
ἓἜ   ἓἜ

ἓἜ   ἓἜ
ȟ (3.6) 

where ἺὭ is the reflection coefficient at the boundary between the layer Ὥ and the layer below 

Ὥ ρ. These models are then convolved with a wavelet to calculate a set of synthetic seismic 

models. The mismatch between synthetic and real data is defined by a similarity coefficient ἡ 

as: 

 ἡȟ
ςВ ὀὁ

В ὀ В ὁ
ȟ (3.7) 

where the superscript ὰ and ὶ represent the current iteration and realization, ὔ corresponds to 

the number of samples, ὀ and ὁ correspond to the predicted and real seismic data, respectively. 

This similarity coefficient ranges between -1 and 1, but all negative coefficients are truncated 

at 0. Only the positive coefficients are used as part of the objective function for the iterative 

optimization of the models as positive values maximized the similarity (Figs. 3.1, 3.2b and 

3.2c). 

 

3.2.4. Rock physics modeling  

In the proposed seismic inversion algorithm, a facies-dependent calibrated rock physics 

model is used to calculate the expected permeability values given the acoustic impedance model 

ἓἜ
ȟ

. The calibration of the rock physics model is based on the available petro-elastic well-log 

data. For example, porosity  can be estimated by means of a linear regression from ἓἜ, in the 

form of ‍ἓἜ ‍, where ‍ and ‍ are respectively the slope and intercept of the 

regression. The relation between permeability ἳ and porosity  can be modeled by one of the 

available petrophysical equation presented in literature such as the Kozeny-Carman or RPGZ 

models (Mavko & Nur, 1997; e.g., Glover et al., 2006; Mavko et al., 2020). These models 
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generally depend on the pore geometry, the grain size, and the cementation. In this work, we 

adopt the RPGZ equation (Glover et al., 2006) 

 ἳ
▀  

τ╪ἵ
ȟ (3.8) 

where ▀ is the grain diameter, ╪ is a geometrical factor, and ἵ is the cementation exponent. 

For each iteration, we calculate a set of permeability models (ἳἺἸἵ) and compute the similarity 

coefficient ἡ between the permeability trace predicted with rock physics modelling and 

predicted from geostatistical simulation: 

 ἡȟ
ςВ ἽἾ

В Ἵ В Ἶ
ȟ (3.9) 

where the superscript ὰ and ὶ represent the current iteration and realization, ὔ corresponds to 

the number of samples, Ἵ and Ἶ correspond to the physics constrained models and the 

geostatistically simulated models of permeability. Like the case of the similarity ἡ , negative 

values of ἡ are truncated to 0. The proposed algorithm combines the similarity ἡ  with the 

similarity  ἡ in the optimization objective function (Figs. 3.1, 3.2b and 3.2c). 

 

3.2.5. Stochastic update 

The optimization function used for the iterative update of the models is defined as the 

weighted sum 

 ἡȟ ρ πȢυ ‌ἡȟ πȢυ ‌ ἡȟȟ (3.10) 

where ἡȟ  is the similarity between real and synthetic seismic (Eq. 3.7),  ἡȟ is the similarity 

between the stochastic and the rock physics estimated permeability models (Eq. 3.9). The 

weight ‌ represents the accuracy of the rock physics model predictions. In the proposed 

algorithm, ‌ is estimated using Pearsonôs coefficient calculated between the permeability logs 

and the rock physics predictions of permeability at the well locations. The fixed value πȢυ is 

used to equally balance the two components of the sum. 

At each iteration ὰ, facies and petro-elastic models with the highest ἡȟ are kept for the 

following iteration as auxiliary variables (Ἦ ȟἳ ȟ ȟἓἜ ) together with their similarity 

coefficient ἡ. The auxiliary variable for the facies models is used to define an indicator variable 

ὭἮ  (i.e., a binary variable equal to 1 or 0 according to the presence or absence of a facies at a 

given location). At the following iteration ὰ ρȟ a proposal distribution ὖἮ ȿἬ is obtained 

by linearly deforming the prior distribution ὖἮ , weighted by the similarity ἡ: 
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 ὖἮ ȿἬ ἡ ὭἮ ρ ἡ ὖἮȟ (3.11) 

according to the probability perturbation method proposed by Caers and Hoffman (2006). 

The facies likelihood ὖ conditioned to ἡ data is hence given by: 

 ὖἮ ἬȟἮȟȣȟ ᶿ ὖἮȿἮ  ὖἮ ȿἬȟ (3.12) 

where ὸ is the time sample in the vertical direction and ὖἮȿἮ  is given by the transition 

matrix of Equation 3.2 as in Azevedo et al. (2020). 

We then co-simulate sequentially ὔ  sets of petro-elastic properties, locally conditioned 

to the simulated facies models and to the auxiliary variables of the corresponding properties 

(ἳ ȟ ȟἓἜ ) and ἡ from the previous iteration: 

 ἳ ȟ ͯ ἐ ἳȿἮ ȟȟἳ ȟἡȟ (3.13) 

 ȟ ͯ ἐ ȿἳ ȟȟἮ ȟȟ ȟἡȟ (3.14) 

 ἓἜ
ȟ ͯ ἐ ἓἜ

ȟȟἮ ȟȟἓἜ ȟἡ Ȣ (3.15) 

The variability of the new set of realizations depends on the local coefficient ἡ 

(Azevedo & Soares, 2017). If ἡ is high, the geostatistical co-simulations realizations will have 

low variability within the new ensemble of models. If ἡ is low, the geostatistical co-simulations 

realizations will have high variability within the new ensemble of models. The spatial continuity 

pattern of the new set of models depends on the imposed variogram model for used in the 

stochastic sequential co-simulation and the transition matrix used in the first order Markov 

Chain. 

 

3.3. Application examples 

To illustrate the proposed seismic inversion algorithm for permeability prediction, we 

applied it to a one-dimensional synthetic example and to a real dataset including a three-

dimensional fullstack seismic volume with scarce well-log data. In both study cases, we run a 

seismic inversion for the characterization of a carbonate geological sequence. The data used 

were measured on a carbonate sequence of Albian age, in the Brazilian offshore. Using the 

available geological knowledge and petrophysical data we classified the lithologies into two 

main facies (Ἦ): Facies 1 is a well-cemented packstone, with low porosity (up to 10%) and 

relatively lower permeability (up to 100 md); Facies 2 is a calcarenite, with higher porosity (8% 
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to 19%) and permeability (1 to 350md). This facies classification is used for both synthetic and 

real case studies. 

 

3.3.1. Synthetic case study 

We first validated the proposed method on a synthetic seismogram inspired by real well-

log data. The dataset includes a time window of 77 samples. The synthetic seismic trace is 

calculated as the convolution of the ἓἜ well log using a wavelet extracted from the real fullstack 

seismic volume (Figure 3.3a). In this example, we do not account for the uncertainty associated 

with the seismic-to-well tie, wavelet estimation and forward model approximation.  

We calibrated a facies-dependent rock physics model using the well-log data, as shown 

in Figures 3.3a and 3.3b. The parameters of the rock physics model are shown in Table 3.1. The 

value of the accuracy parameter ‌ of the rock physics model (Eq. 3.10), calculated as the 

correlation of the real and predicted permeability logs, is 0.89.  

Table 3.1: Parameters used for the rock physics model for the synthetic case; parameters and 

equations are defined in Rock physics modeling section. 

Porosity-

permeability 
Facies 1 Facies 2 

Ὠ (mm) 0.7 0.35 

ά 1.9 1.8 

ὥ 2/3 10/3 

Impedance-

porosity 
 

‍ (m/s g/cm3)-1 -2.36e-5 -2.81e-5 

‍ 0.41 0.48 

 

We also calculated a transition matrix (Table 3.2) from the reference log profile (Fig. 

3.3a) and vertical variogram models fitted to the experimental variograms computed from the 

true logs. The variogram models have zero nugget and ranges of 15 ms, 14.5 ms and 13 ms for 

permeability, porosity, and impedance, respectively. 

Table 3.2: Transition matrix of the facies profile for the synthetic case. 

 Facies 1 Facies 2 

Facies 1 0.85 0.15 

Facies 2 0.07 0.93 
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We ran the proposed geostatistical inversion with rock physics constraints and compared 

its results with those obtained with a traditional geostatistical inversion (Azevedo et al., 2020). 

Both methods generated 32 realizations of facies and petro-elastic properties per iteration, 

running for a total of 6 iterations. The simulations are conditioned at three vertical locations of 

the borehole (green filled circles in Figure 3.3a), used as experimental samples. The model 

realizations exactly match the values at the location of the experimental data, whereas at all the 

other locations they reproduce the facies transition matrix, the marginal and joint distributions 

of the continuous properties, and the vertical variogram. 

 

 

Figure 3.3: One-dimensional synthetic dataset: (a) Facies log (█), real well-logs and calibrated 

rock physics model (RPM) predictions, and conditioning data; (b) joint distributions 

retrieved from well-log data and rock physics models. 
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The results obtained after the first iteration from both methods are shown in Figures 3.4 

and 3.5. Both inversion techniques provide similar results, by construction, and the joint 

distribution of permeability and porosity reproduce the experimental ones observed at the well 

location in each facies (Fig. 3.4c). After 6 iterations, the models generated by both algorithms 

match the ground truth (Figs. 3.6 and 3.7). The traditional geostatistical approach inversion 

shows a significant overestimation of the Facies 2 proportion, permeability and porosity, and 

underestimation of impedance. The results obtained with the proposed method show higher 

prediction accuracy, as shown by the most likely facies model (or mode) resulting from the last 

realizations (Fig. 3.6b). Analogously, the permeability models are closer to the real well-log 

(Fig. 3.6a). The uncertainty predicted from the proposed method (i.e., the P10-P90 interval 

defined by the 10th and 90th percentiles of the set of simulated models) better represents the 

variability of the continuous properties. Figures 3.6a and 3.7 show the percentage of well-log 

samples that are within the predicted P10 and P90 curves. Despite an improvement in the 

prediction of the continuous variables, the seismic data mismatch (Figs. 3.7a and 3.7b) of the 

proposed inversion shows a worse fit with the true seismic trace, possibly due to the rock 

physics constraint in the objective function.  
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Figure 3.4: Permeability (▓) and facies (f) models resulting from the first iteration of the 

synthetic study case for geostatistical with and without rock-physics constrains: (a) ▓ 

simulations and well-log; (b) f most likely facies models and well-log; (c) ▓ vs. ꜚ  joint 

distributions for a single realization. 
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Figure 3.5: Simulations of ꜚ , ╘╟, and corresponding synthetic seismic resulting from the first 

iteration: (a) rock-physics constrained and (b) geostatistical inversion. Percentage 

values indicate the percentage of well-log data included between the P10 ï P90 curves; 

an average ╢  from all the realizations is showed for the seismic traces. 
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Figure 3.6: Permeability and facies models resulting from the 6th iteration of the synthetic 

study case for geostatistical with and without rock-physics constrains: (a) k simulations; 

(b) facies models; (c) k ï  ʟjoint distributions for a single realization. 
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Figure 3.7: Simulations of ꜚ , ╘╟, and corresponding synthetic seismic resulting from the 6th 

iteration: (a) rock-physics constrained and (b) geostatistical inversion. Percentage 

values indicate the percentage of well-log data included between the P10 ï P90 curves; 

an average ╢  from all the realizations is showed for the seismic traces. 
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3.3.2. Real case study 

We then applied the proposed inversion to a real case study, including three-dimensional 

seismic reflection data acquired over area that extends along 13.25 km in the N-S direction and 

7.60 km in the E-W directions (Fig. 3.8). The inversion interval is approximately 250 ms TWT. 

Well-log data are available at four well locations (Fig. 3.8) and include Ἦ, , ἳ (except for well 

W2) and ἓἜ. Well W3 is used as a blind well test, whereas the other three wells are used for data 

conditioning and model calibration. 

 

 

Figure 3.8: (a) Seismic grid and relative location of well data used for the real case application. 

Well W2 (blue) does not have ▓ log; Well W3 (red) was used to assess locally the 

performance of the proposed inversion method. The red line represents the vertical well 

section used to illustrate the results. (b) Recorded full-stack seismic reflection data. 

 

For the geostatistical simulations and co-simulations, we imposed three-dimensional 

variogram models fitted to the observed data. For the horizontal direction, the variogram was 

modelled using the experimental variogram computed from the observed seismic amplitude. 

The vertical variogram model was fitted to an experimental variogram computed from the well-

logs. The variogram models are represented by a nested structure of two exponential models 

with weights 0.68 and 0.32, with 0 nugget. The correlation lengths are shown in Table 3.3. 

The facies transition matrix is estimated from the log facies profiles at the well locations, 

whereas the rock physics model parameters are fitted to the well-logs (Table 3.4 and Fig. 3.9). 

The objective function weight parameter ‌ is calculated to be 0.75; this represents the average 

accuracy value calculated on the rock physics predictions of ἳ at wells W1 and W2 (Figure 

3.9b). 
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Table 3.3: Parameters of the three-dimensional variogram model for the real case. 

 
Structure 

number 

Range 

 
Inline 

(m) 

Crossline 

(m) 

Vertical 

(ms) 

ἳ 
1 54 44 7.5 

2 500 240 7.5 

 
1 54 44 7.25 

2 500 240 7.25 

ἓἜ 
1 54 44 6.5 

2 500 240 6.5 

 

 

Table 3.4: Parameters of the rock physics model for the real case. 

Porosity-

permeability 
Facies 1 Facies 2 

Ὠ (mm) 0.6  0.4  

ά 2 1.65 

ὥ 2/3 10/3 

Impedance-

porosity 
 

‍ (m/s g/cm3)-1 -2.08e-5 -2.22e-5 

‍ 0.37 0.39 
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Figure 3.9: Well-log data and rock physics model calibration from the real case application. 

(a) joint experimental distributions; (b) real logs and rock physics predictions. 

 

 



41 

 

We ran the proposed seismic inversion method with 6 iterations, generating 32 facies 

and petro-elastic models per iteration. The results are compared to those predicted from the 

standard geostatistical seismic inversion method (Azevedo et al., 2020). Both methods 

converge towards solutions that reproduce the seismic data, including their spatial continuity 

and amplitude content (Fig. 3.10). The trace-by-trace similarity between the predicted and the 

observed seismic is shown in Figure 3.11. Overall, the proposed method (Figs. 3.10a and 3.10b) 

produced results that are closer to the observed seismic data: the average ἡ  for the proposed 

method is 0.77 (standard deviation σȢρ Ø ρπ) while for the geostatistical method results is 

0.75 (standard deviation ςȢω Ø ρπ). Locations of poor convergence in Figure 3.11 correspond 

to more uncertain areas due to poor signal-to-noise ratio of the observed seismic or the non-

stationary nature of the wavelet. 

 

 

Figure 3.10: Synthetic seismic volumes calculated at the last iteration from (a) the pointwise 

average of 32 ╘╟ models from the proposed inversion method; (b) the best-fit  ╘╟ model 

out of the 32 models from the proposed method; (c) and (d) corresponding models 

resulting from the geostatistical method. 
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Figure 3.11: Trace-by-trace seismic data similarity (╢▼▄░▼) between the real seismic data 

(Figure 8) and the synthetic seismic models showed in Figure 10: (a) Average model 

from the proposed method; (b) best-fit model from the proposed inversion; (c) and (d) 

corresponding models obtained from the geostatistical method. 

 

The predicted facies and petro-elastic realizations obtained with Markov chain and DSS 

and co-DSS honor the experimental data (Fig. 3.12). The facies models at the last iteration are 

summarized in Figure 3.13 and include the likelihood of Facies 1 (Figs. 13a and 13c) and the 

most likely facies model (Figs. 13b and 13d). The predictions (Figs. 13a and 13b) show a larger 

lateral continuity than the standard geostatistical method (Figs. 13c and 13d). In addition, the 

proposed method detects thin and laterally continuous layers of Facies 2 that are undetected or 

poorly reproduced by the traditional inversion method (Figs. 13c and 13d). Such features are 

also reproduced in the stochastic simulations of permeability (Fig. 14a). Compared to the 

traditional inversion results (Fig. 14d), the proposed inversion method predicts thinner 

permeable layers, corresponding to Facies 2 (e.g., between 10 and 12 km of distance, at TWT 

around 3620 ms). The distributions of porosity (Fig. 14b) and acoustic impedance (Fig. 14c) 

predicted by the proposed algorithm have a higher vertical and lateral resolution compared to 

the iterative geostatistical seismic inversion results (Figs. 14e and 14f).  
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Figure 3.12: Comparison of the well-log data from wells W1 and W4 with the most likely facies 

models and the ensemble of 32 realizations obtained from the last iteration of the 

proposed method. Both facies and petro-elastic models honor the conditioning 

experimental data. 
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Figure 3.13: (a) Pointwise likelihood of Facies 1, calculated from the ensemble of 32 

realizations at the last iteration of the inversion with the proposed inversion method; 

(b) most likely facies model calculated from the last iteration results of the proposed 

method; (c) and (d) corresponding models resulting from the geostatistical method. 
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Figure 3.14: Pointwise average calculated from the ensemble of 32 realizations at the last 

iteration of the inversion using the proposed inversion method, respectively for ▓ (a), ꜚ  

(b) and ╘╟ (c). The same models are showed for the geostatistical methods, for ▓ (d), ꜚ  

(e) and ╘╟ (f). 

 

The results at the blind well (W3) location (Fig. 15) show the match between the 

predicted models and real well-log data. The facies sequence is well reproduced by the most 

likely facies model predicted by the proposed method (Fig. 15a). The proposed inversion 

method captures the facies sequence between 3460 and 3480 ms and the facies intercalations 

between 3500 and 3550 ms, whereas the traditional inversion method (Fig. 15b) predicts a 

continuous layer of Facies 2. The petro-elastic properties match the true logs, with local 

dissimilarities where the facies prediction is uncertain. The permeability experimental data is 

better reproduced by the proposed method, whereas porosity and acoustic impedance 

predictions show similar results. 
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Figure 3.15: Results from the last iteration at the blind well location (W4) compared with the 

co-located well-log data; (a) results from using the proposed inversion method; (b) 

results using the geostatistical inversion method. 

 

3.4. Discussion 

The proposed iterative geostatistical seismic inversion algorithm aims to predict 

subsurface permeability models by accounting for rock physics prior information. We applied 

this methodology to both synthetic and real data and compared it to an iterative geostatistical 

seismic inversion method where no prior rock physics information is used in the model update. 

Considering the two application examples, we show how including rock physics constraints in 

the geostatistical seismic inversion improves the predicted models and imposes physical 

constraints on the solution. The results are accurate when tested on a blind-well test (Figs. 3.6 

and 3.15) and show improved spatial continuity of the predicted facies and petro-elastic models 

(Figs. 3.13 and 3.14). In the real study case, the variance of permeability is larger than the 

traditional method (Figs. 3.16a and 3.16d), whereas it is similar for other properties. This effect 
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demonstrates the ability of the proposed method to better explore the model parameter space 

especially for permeability. 

 

 

Figure 3.16: Pointwise variance of the realizations generated at the last iteration of ▓, ꜚ , and 

╘╟, using the proposed method (respectively (a), (b), (c)) and the traditional 

geostatistical method (respectively (d), (e), (f)). 

 

The choice of a rock physics model mostly depends on the study case. Here, we adopted 

the RGPZ model (Glover et al., 2006), whose parameters are related to the rock texture and 

cementation. These parameters were inferred from thin sections and samples. The integration 

of the rock physics model in geostatistical inversion is challenging to the lateral correlation in 

the subsurface. The secondary set of permeability models estimated from acoustic impedance 

using the rock physics model does not account for the spatial patterns of the geological model 

but impose a physical constraint in the objective function of the stochastic optimization. The 

iteratively updated set of solutions is coherent with the rock physics model, the observed data 

and their spatial structure. The weight of the rock physics constraints is effective proportionally 
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to the quality of the rock physics model parametrization. A poorly informed rock physics model 

would have less weight in the iterative process.  

The facies classification is embedded in the inversion through the stochastic simulation 

and updating of a 1D Markov chain. The method is illustrated for two facies but can be extended 

to any finite number of facies, using the indicator variables, as long they can be discriminated 

at the seismic scale. In theory, the method could also be extended to 2D and 3D Markov models 

to avoid lateral discontinuities; however, the computational cost of such methods is much 

larger, and the simulation might not honor the geometry of the geological horizons. Despite the 

use of a vertical model only, the horizontal continuity of the facies is fairly reproduced during 

the simulation/co-simulation of the continuous properties, which conditions the facies 

generation and ensure horizontal continuity at the following iteration.  

The proposed algorithm is here described and tested for the inversion of post-stack 

seismic data. However, it can be extended to the inversion of pre- or partial- stack seismic data 

if a suitable poro-elastic model is available, accordingly to the study case. 

 

3.5. Conclusions 

The proposed iterative geostatistical seismic method predicts the spatial distribution of 

permeability using rock physics constraints, rather than uniquely relying on the reproduction of 

the experimental joint distributions of petro-elastic properties. In a geostatistical approach, 

acoustic impedance is co-simulated from permeability: there is not an explicit model, but only 

statistical correlation inferred from well-log data. We then calculate a permeability spatial 

distribution from acoustic impedance using a model based on rock physics (priorly known). 

Comparing the two aims at penalizing the geostatistical realizations that are not reliable from a 

órock physics perspectiveô. This form cycle consistency gives us the constraints necessary to 

link permeability distributions to the corresponding seismic amplitudes. This approach is 

especially valuable for applications with limited well-log data, where it is challenging to 

estimate the joint distribution. The simulation of the model variables is based on geostatistical 

algorithms, whereas the optimization is based on an objective function that depends on a trade-

off between seismic mismatch and rock physics constraints. The method is validated on two 

case studies using synthetic and real data. For both, we showed a comparison with a traditional 

geostatistical inversion based on the seismic data misfit. The comparison shows that the rock 

physics constraints improve the results of a seismic inversion in realistic noise conditions. The 

proposed method allows overcoming the weak correlation between permeability spatial 
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distribution and seismic reflection data. The proposed inversion is computationally efficient 

and can be applied to various geological environments as long as a rock physics model is 

available.
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Abstract 

Geostatistical seismic rock physics amplitude-versus-angle (AVA) inversion allows the 

joint prediction of rock and fluid properties from seismic reflection data. In these seismic 

inversion methods, the model perturbation and update occur iteratively in the petrophysical 

domain. A facies-dependent pre-calibrated rock physics model is applied to the simulated rock 

properties to calculate elastic properties. Synthetic seismic reflection data are computed from 

these elastic models. The rock physics models are calibrated at the well locations and act as the 

link between the rock and the elastic domains, remaining unchanged during the inversion 

procedure: the convergence of the inversion and the geological plausibility of the inverted rock 

property models depend on the quality of the calibration and available well-log data. To 

overcome this limitation, account for calibration errors and geological scenarios not sampled at 

the well locations, we introduce an iterative geostatistical seismic AVA inversion where the 

elastic predictions from a facies-dependent pre-calibrated rock physics model are updated 

iteratively, based on the mismatch between observed and synthetic data. We assume an initial 

a priori uncertainty in the rock physics model and update it iteratively based on the data 

mismatch. The proposed method is applied in a one-dimensional synthetic example to illustrate 

the concept and validate the method. Then, we apply the inversion method to a three-

dimensional real data set. In this application, we use a blind well to assess locally the 

performance of the technique. The results show that the parameters space exploration is not 

compromised by the rock physics model's uncertainty. 

 

4.1. Introduction 

The prediction of the spatial distribution of the subsurface rock properties (e.g., porosity, 

minerals fraction and fluids saturation) is of main interest for different applications such as the 

characterization of hydrocarbon and CO2 reservoirs and in mineral exploration. These 

properties are often predicted from geophysical data. However, retrieving subsurface numerical 

models from geophysical data is not straightforward and requires solving a challenging inverse 

problem that can be mathematically summarized as follows: 

 ἵ Ὂρ ἬÏÂÓ Ἥȟ (4.1) 

where ἵ are the model parameters, Ἤ  are the observed data and Ἥ represents measurement 

errors and approximations to the physical system under investigation (Tarantola, 2005). Ὂ  

represents the unknown inverse function of a highly non-linear forward model, linking the true 

model of the Earth we aim to reconstruct to the observed data Ἤ . From a mathematical 
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perspective, geophysical inverse problems are ill-posed with multiple solutions due to the 

limited bandwidth and resolution, the noisy nature of the recorded data, and modelling 

assumptions during data processing (Tarantola, 2005).  

When Ἤ  are seismic data sorted by angle gathers, the model parameters ἵ might 

represent the subsurface elastic properties such as P- and S-wave velocities (ἤἜ and ἤἻ, 

respectively) and density () or the subsurface rock (petrophysical) properties like fluids 

saturation, porosity, or volume fraction of minerals. While the Zoeppritz equations and the 

convolutional Earthôs model link the elastic properties to the seismic reflection data (Yilmaz, 

2001; see, Avseth et al., 2010; Doyen, 2014; Mavko et al., 2020), the elastic and rock property 

domains are related through a rock physics model (Mavko et al., 2020). 

A rock physics model is a set of mathematical equations describing the elastic response 

of a rock given a set its petrophysical properties. There are several rock physics models with 

different degrees of complexity ranging from empirical relationships built from laboratory 

measurements to equations derived from HertzïMindlin theory (Avseth et al., 2010; Mavko et 

al., 2020). These models are often facies-dependent and calibrated at the well location based on 

measured elastic and rock property well-logs. The objective of seismic rock physics amplitude-

versus-angle (AVA) inversion is the joint prediction of elastic and rock properties from the 

observed seismic reflection data (Azevedo et al., 2019; Cyz & Azevedo, 2021). 

Seismic inversion techniques can be broadly divided into deterministic and statistical 

approaches (Bosch et al., 2010). The solution of a deterministic inversion is a single model, 

representing the expected average behaviour of the subsurface. The predicted models are 

smooth representations of the true subsurface and have limited uncertainty assessment 

capabilities (see, Oldenburg et al., 1983; Russell, 1988; Russell & Hampson, 1991). 

Given the non-uniqueness of seismic inversion, predicting multiple subsurface models 

that fit equally well the observed data and assessing uncertainties is pivotal (Bosch et al., 2010). 

Statistical seismic inversion methods, such as seismic linearized Bayesian inversion (see, 

Buland & Omre, 2003; Grana & Della Rossa, 2010; Lindberg & Omre, 2015; de Figueiredo et 

al., 2018; Fjeldstad & Omre, 2020) and those based on stochastic optimization were developed 

with such aim. Seismic linearized Bayesian inversion methods predict the posterior distribution 

analytically by linearizing the forward model, given multi-Gaussian assumptions about the 

prior and the errors present in the data. On the other hand, stochastic optimization methods 

avoid the need for statistical assumptions about prior distributions but require higher 

computational efforts. There are several stochastic model perturbation techniques within this 

class of seismic inversion methods. The most cited works about this class of seismic inversion 



55 

 

methods are based on simulated annealing, genetic algorithms, neighbourhood algorithm and 

geostatistical simulation and co-simulation (e.g., Sen & Stoffa, 1991; Grana et al., 2012; 

Azevedo et al., 2015; Azevedo & Soares, 2017; Azevedo et al., 2018; Liu et al., 2018; Azevedo 

et al., 2019; Liu et al., 2020; Cyz & Azevedo, 2020; Guo et al., 2020; Huang et al., 2021a, 

2021b; Soares et al., 2007).  

Due to the relevance of iterative geostatistical rock physics AVA inversion (Azevedo et 

al., 2019; Cyz & Azevedo, 2020) for the method proposed herein we summarize this method as 

follows: 

1) n volumes of water saturation (ἡἿ), porosity ( ) and mineral phases volume fraction 

(e.g., volume of shale, volume of dolomite) (ἤἵἱἶ), are generated sequentially with 

stochastic sequential simulation [direct sequential simulation (DSS)] and co-simulation 

(co-DSS) (Soares, 2001; Horta & Soares, 2010) 

2) n facies models are obtained through Bayesian classification applied to the models 

generated in 1;  

3) n elastic models of ἤἜ, ἤἡ and ɟ, are computed using a facies-dependent and pre-

calibrated rock physics models using the models from (1) and (2) as input;  

4) n synthetic seismic volumes are calculated by forward modelling the elastic models 

from (3); 

5) Each trace of the synthetic seismic is compared to the corresponding observed seismic 

trace (Ἤ ) in terms of waveform and amplitude content. 

6) At the end of each iteration, the traces of the three rock property models (i.e., ἡἿ,  

and ἤἵἱἶ) leading to the lowest data mismatch calculated in (V) being stored as auxiliary 

variables. These auxiliary volumes will be used in the subsequent iteration for the 

perturbation of a new set of petrophysical models in the following iteration.  

 

A critical step for the success of this inversion method is the calibration of the facies-

dependent rock physics model before the inversion. The calibration consists of (i) selecting an 

initial set of parameters, which are dependent on the selected facies-dependent rock physics 

model, (ii) calculating synthetic ἤἜ, ἤἡ and ɟ logs from existing rock property logs and (iii) 

compare these synthetic logs with the real ones (Fig. 4.1d). The rock physics model parameters 

chosen are those providing the most similar synthetic elastic logs in this process. However, in 

this calibration procedure, no uncertainty is considered. Rock physics models are usually 

calibrated based on a limited number of well-log data for a given area. Consequently, the 

calibrated rock physics model is based on the sole geological characteristics found at the well 
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locations, which can potentially be non-representative of other possible rocksô elastic behavior 

occurring within the area of interest (Mukerji et al., 2001). When not accounted for, this source 

of errors has the potential to bias the inversion results and compromise the geological 

plausibility of the predicted rock property volumes. The integration of a rock physics model 

within iterative geostatistical seismic inversion represents an additional layer of uncertainty 

about the model predictions that is often discarded. 

The objective of the work presented herein is to tackle such limitations and account for 

the uncertainty associated with the rock physics model calibration, in the framework of the 

iterative geostatistical seismic AVA inversion algorithm. The uncertainty space accounts for 

the rock physics model approximation and a wider range of possibilities in the elastic domain 

(i.e., the what-ifs) analogously to statistical rock physics (Mukerji et al., 2001). Nonetheless, in 

statistical rock physics there is the need to account for changes in the parameters of the rock 

physics models (e.g., changes in temperature, pressure, or coordination number) to expand the 

possible geological scenarios. That requires detailed knowledge of the study area and high 

computational costs when the rock physics models include many different parameters, which 

is often the case for theoretical models.  

We propose a new data-driven geostatistical inversion algorithm that accounts for such 

variabilities, but without assuming deterministically what are the changes in the rock physics 

parameters involved. The method includes an initial estimation of the uncertainty on the elastic 

properties predicted from the calibration of the facies-dependent rock physics models, and 

iteratively updates it based on the mismatch between observed and synthetic seismic data.  

In the proposed inversion method, petrophysical and facies models are generated 

following steps 1 and 2 of the geostatistical rock physics AVA inversion, respectively. The 

facies-dependent pre-calibrated rock physics model is then used to calculate ἤἜ, ἤἡ and ɟ 

values. These elastic values represent the expected elastic values given the prior knowledge of 

the study area (i.e., the assumptions of the rock physics model). Every rock sample with specific 

petrophysical properties (i.e., a specific combination of ἡἿ, , ἤἵἱἶ) will have its 

corresponding expected elastic behaviour, described by the adopted facies-dependent rock 

physics models. Thus, every possible rock sample belonging to a specific facies can be 

represented as a sample in a 6-D space (i.e., ἡἿ, , ἤἵἱἶ, ἤἜ, ἤἡ and ɟ). The uncertainty around 

each ἤἜ, ἤἡ and ɟ rock physics model estimations is then represented, at the first iteration, by a 

joint multivariate Gaussian probability density function in the ἤἜ, ἤἡ and ɟ sub-domain (Fig. 

4.2a). This multivariate Gaussian distribution has a bandwidth defined as a standard deviation 
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for each elastic property (i.e., „ , „ , „) calculated from the mismatch between observed 

and predicted elastic logs during the rock physics model calibration step.  

The elastic properties of a rock sample are hence sampled from this conditional 

multivariate probability density function. After the first iteration, this multivariate Gaussian 

distribution is updated iteratively based on the mismatch between observed and synthetic 

seismic data (Fig. 4.2b). By incorporating the mismatch between true and predicted seismic 

data, the proposed method is able to compensate for the calibration deviations of the rock 

physics model.  

In Section 4.2, we describe the proposed geostatistical inversion method. Then, we 

present and discuss the results of synthetic and real case applications, in Sections 4.3 and 4.4, 

respectively. Finally, we present the main conclusions of this work, in Section 4.5. 

 

4.2. Methodology 

The proposed iterative geostatistical seismic inversion method allows the prediction of 

the spatial distribution of petrophysical subsurface properties, such as ἡἿ,  and ἤἵἱἶ, directly 

from pre- or partially stacked seismic reflection data. The algorithm can be divided into five 

main stages, described in detail in this sections and summarized in Figure 4.3. 

 

4.2.1. Rock physics model calibration and prior distribution 

Rock physics models allow computing the expected elastic behaviour of a rock from its 

petrophysical properties (Avseth et al., 2010; Dvorkin et al., 2014; Mavko et al., 2020). Many 

possible rock physics relationships have been developed and are available in the literature, 

ranging from simple empirical equations (e.g., Hanôs empirical relations) (Han et al., 1986) to 

more complex ones (e.g., models based on HertzïMindlin contact theory or inclusion theory) 

(Mavko et al., 2020), with possible heuristic modifications (e.g., self-consistent; Berryman, 

(1980, 1995; Wu, 1966). Various assumptions on the rockôs structure, mineral composition, 

and fluid content are generally required. Rocks are commonly assumed either as a structured 

combination of mineral grains with fluid phases in the interstices (contact models) or as 

continuous means of mineral phases containing cavities filled with fluid phases (inclusion 

models). These rock physics models are calibrated per litho-fluid facies and are used to 

calculate the bulk and shear moduli of a dry rock (ἕ  and ἬἺὁ). Then, Gassmannôs equations 
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are used to derive bulk and shear modules for saturated conditions (ἕ  and ). Elastic 

properties can be calculated following:  

 
ἤἜ

ἕ
τ
σ ȟ 

(4.2) 

 

ἤἡ ȟ (4.3) 

and   

 ρ  ȟ (4.4) 

where  is the matrix density,   is the fluid density and  as the porosity.  

In the proposed inversion methodology, a rock physics model suitable for each litho-

fluid facies interpreted from the well-log data is selected a priori. The suitability of a specific 

model depends on the geological setting. Each rock physics model is a combination of various 

equations with parameters (e.g., bulk and shear moduli of each rockôs phase as well as the 

geometrical settings of grains or inclusions) that need to be tuned so the predicted elastic curves 

match the observed ones at the well locations (Avseth et al., 2010; Mavko et al., 2020) (Fig. 

4.1d). 

For the rock physics model calibration, synthetic curves of ἤἜ, ἤἡ and ɟ are calculated 

from the ἡἿ,  and ἤἵἱἶ logs. The calibration of the rock physics models parameters is 

performed by trial-and-error aiming at the minimization of the difference between predicted 

and observed logs. The mathematical description of the facies-dependent rock physics models 

adopted for the application examples shown in the next section are presented in the Chapter 

appendix.  

Nonetheless, despite the calibration, each rock physics model always represents an 

approximation of the true subsurface geology (e.g., Avseth et al., 2010; Mavko et al., 2020), 

which is translated in a residual mismatch between real and predicted elastic rock properties 

(Fig. 4.1d).  
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Figure 4.1: Well-logs and seismic data used for the synthetic case. a) Logs of ╢◌, ꜚ  and ╥□░▪; 
filled circles represent the experimental data. b) Log facies: (0) more siliciclastic rock 

with low porosity, (1) highly porous calcarenite water-saturated (2) a highly porous 

calcarenite oil-saturated. c) Synthetic pre-stack seismic traces calculated from the 

elastic logs. d) comparison between observed and predicted elastic logs after rock 

physics modelling. 

 

In addition to calibration errors at the well locations, this procedure can only account 

for the elastic properties measured at the well locations and ignore lateral variations of facies 

and therefore do not account for geological scenarios not drilled by the existing set of wells. 

This represents a limitation when predicting subsurface properties far from the wells.  

In the proposed methodology we consider the predictions from the rock physics model 

calibration as the best possible prediction given our a priori knowledge about the subsurface 

geology. We model this a priori information assuming Gaussian distributions centred around 

the ἤἜ, ἤἡ and ɟ samples predicted along the well paths, and having an amplitude defined by 
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the three standard deviations ÉȢÅȢȟ„ ȟ„ ȟ„  . The uncertainty range for each property is 

inferred from the mismatch between predicted and observed elastic well-logs. 

In the framework of the proposed methodology, a specific sample within the inversion 

grid is described by a combination of its six petro-elastic properties: to each combination of 

S◌, ,ꜚ ╥□░▪ values corresponds a facies class and, hence, values of ἤἜ, ἤἡ and ɟ predicted 

from a facies-dependent the rock physics model (Eq. 4.2-4.4). It is hence possible to discretize 

this six-dimensional space for all the possible combinations of Sύ, ‰, ὠ   

 π ἡἿ ρȟ 

π ρȟ 

π ἤ ρ. 

(4.5) 

Figure 4.2 illustrates this behavior, where for visualization purposes we show the rock 

and elastic domains individually. In this figure, each of the grey circles in the petrophysical 

subspace corresponds to a point in the elastic one.  

 Since the three elastic properties are simultaneously estimated by the same rock physics 

model, the uncertainty associated with the elastic predictions might be represented by 

multivariate Gaussian distributions, centered around each of the points in the six-dimensional 

space, having an amplitude defined by the following covariance matrix  

 

ὧέὺ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
π π π π π π
π π π π π π
π π π π π π
π π π „ π π

π π π π „ π

π π π π π „Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

ȟ (4.6) 

where the standard deviations are estimated as described above. The ensemble of possible 

values for the petro-elastic properties, together with the uncertainty represented by the joint-

distributions, can be identified as the prior distribution of rock properties values. 
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Figure 4.2: Representation of a random set of 100 samples (in grey) from the prior distribution 

in the elastic and rock property domains. The position of a single sample (in red) is 

showed for the two domains together with an example of the multivariate Gaussian 

distribution, representing the uncertainty associated with the rock physics model 

estimation. 
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4.2.2. Rock properties and facies models generation 

The iterative process starts with the generation of the petrophysical models. We use 

stochastic direct sequential simulation (DSS) and co-simulation (Co-DSS) to generate n sets of 

ἡἿ,  and ἤἵἱἶ volumes. Each property is generated sequentially as proposed in (Azevedo et 

al., 2019) and (Cyz & Azevedo, 2020). Stochastic sequential simulation methods visit all the 

locations within the inversion grid following a random path. At each location, the value of the 

property of interest is estimated considering experimental data (i.e., well-log data) and 

previously simulated samples within a neighbourhood. These samples are weighted depending 

on the spatial continuity pattern imposed and expressed as a variogram model. As the random 

path changes each time the simulation runs, the conditioning data at each location is different, 

resulting in alternative simulated models (i.e., geostatistical realizations). These methods ensure 

by default the exact reproduction of the well-log data at the well locations, the variogram model 

imposed for the simulation and the marginal and joint probability distributions (Fig. 4.4 and 

Fig. 4.5). The joint probabilities required by the stochastic sequential co-simulation of  and 

ἤἵἱἶ are retrieved from the well-log data (Soares, 2001; Horta & Soares, 2010).  

DSS (Soares, 2001) is used to generate Ὓύ models in the first place, as it is the most 

uncertainty property. Each model of ἡἿ is an auxiliary variable for the co-simulation of , 

which is in turn used as auxiliary variable to co-simulate ἤἵἱἶ. Co-DSS with joint probability 

distributions (Horta & Soares, 2010) is used to co-simulate  and ἤἵἱἶ. For additional details 

on geostatistical simulation we refer to (Soares, 2001; Horta & Soares, 2010), and to (Azevedo 

& Soares, 2017; Azevedo et al., 2019; Cyz & Azevedo, 2020) as application examples under 

iterative geostatistical seismic inversion.  

Each of the n simulated petrophysical volumes are then classified in n facies models, 

using Bayesian classification (Avseth et al., 2010). In practice, we assume that each of the ὔ 

facies classes previously interpreted from the well-logs data are distinguishable in the rock 

property domain defined by ἡἿ,  and ἤἵἱἶ. Hence, the experimental values of  ἡἿ,  and 

ἤἵἱἶ act as the training data defining the a priori distributions for each facies. The statistical 

properties (i.e., mean, covariance and proportions) defined from training data are used to build 

the prior (ὖἳ) and likelihood (ὖἬȿἳ) functions that are then used in Bayes rule 

 
ὖἳȿἬ

ὖἬȿἳὖἳ

ὖἬ

ὖἬȿἳὖἳ

В ὖἬȿἳὖἳ
ȟ (4.7) 

where d is the vector of the petrophysical properties used for the classification and k the facies 

value.  
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4.2.3. Elastic models generation  

For each cell within the inversion grid, we predict the expected ἤἜ, ἤἡ and  by applying 

the calibrated facies-dependent rock physics models to the simulated and co-simulated ἡἿ,  

and ἤἵἱἶ volumes (Section 3.2.1) and corresponding facies (Section 3.2.2). In the first iteration, 

at each location of the inversion grid we assign Gaussian distributions for ἤἜ, ἤἡ and   centred 

at the predicted values by the rock physics model and with bandwidth as defined by Equation 

4.6.  

The generation of the elastic properties is performed by sampling independently this 

multivariate distribution. This process is repeated at each location of the inversion grid location, 

resulting in ἤἜ, ἤἡ and  volumes. This operation is carried out for all the ὲ realizations of a 

given iteration to obtain ὲ elastic models.  

 

4.2.4. Forward modelling and comparison 

The n elastic models of ἤἜ, ἤἡ and  are used to compute angle-dependent synthetic 

reflection coefficient using the Zoeppritz equation (Yilmaz, 2001). The reflection coefficients 

are then convolved with angle-dependent wavelets to derive n synthetic partially stacked 

seismic volumes.  

The ὲ synthetic seismic volumes are compared against the real ones on a trace-by-trace 

basis following: 

 

ἝἍȟ
ςВ ὀἻz ὁἻ

В ὀἻ Вz ὁἻ
ȟ (4.8) 

where ί corresponds to the seismic trace samples, ὀ and ὁ correspond to the real and synthetic 

seismic traces, and the superscript Ὥ and ὶ represent the current iteration and realization, 

respectively. This parameter is bounded between -1 and 1 and its interpretation is analogous to 

Pearsonôs correlation coefficient. However, ἝἍ is not only sensitive to the waveform but also 

to the amplitude content of the seismic traces. 

At each iteration, the petro-elastic samples that lead to the highest ὗὅ at each grid 

location, are stored as auxiliary variables (ἡἿ
ἩἽὀ

, ἩἽὀ, ἤἵἱἶ
ἩἽὀ
 ȟἤἜ

ἩἽὀ
ȟἤἡ
ἩἽὀ
 ÁÎÄ ἩἽὀ), 

along with the corresponding ἝἍ. If the latter is lower than that found at the previous iteration, 

it is not stored, and the old data is kept instead. Hence, the convergence of the iterative 

procedure is driven by the maximization of ἝἍ (Azevedo & Soares, 2017; Azevedo et al., 

2019). ἡἿ
ἩἽὀ

, ἩἽὀ, ἤἵἱἶ
ἩἽὀ

 and the ἝἍ values obtained are used in the co-simulation of a new 
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set of ἡἿ, , ἤἵἱἶ realizations in the subsequent iteration. Regions of high ἝἍ will result in 

similar models, while regions of low ἝἍ will exhibit larger variability within the ensemble of 

simulated models (Soares, 2001; Horta & Soares, 2010; Azevedo & Soares, 2017).  

 

4.2.5. Stochastic update and self-updating  

The ἤἜ
ἩἽὀ
ȟἤἡ
ἩἽὀ
 ÁÎÄ ἩἽὀ and the corresponding ἝἍcoefficients are used to update 

the initial multivariate Gaussian distribution defined in the first iteration. The update is carried 

out only at those grid locations where the corresponding ἝἍvalue of the auxiliary variables is 

higher than a given threshold (e.g., 0.7). That is, we update the uncertainty associated to the 

rock physics models predictions only for locations with a good match between synthetic and 

real seismic traces. If the match is not good, we consider it not informative for the updating. 

The updating procedure follows two main steps:  

1) the amplitude of the uncertainty multivariate Gaussian distribution is decreased by 

updating each standard deviation of Equation 4.6 following 

 
„

„

ЍὭ
ȟ (4.9) 

where ὴ represents either of the subscripts ὠ, ὠ and ”, and Ὥ is the number of iteration.  

2) A second multivariate Gaussian component can be defined at every location from the 

auxiliary variables ὠ ȟὠ  ÁÎÄ ” . Each of the joint distributions are centred 

around the best-fitting elastic solution and have an amplitude dependent on their ὗὅ 

value: 

 ‘ ἤἜ
ἩἽὀ
ȟἤἡ
ἩἽὀ
ȟ ἩἽὀȟ (4.10) 

 

ὧέὺ
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π „ π
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. (4.11) 

 

The components of the diagonal of the covariance matrix in Equation 4.11 are defined 

as  

 Ɑ▬
╪◊●

„ᶻρ ἝἍ ȟ (4.12) 

where „ is the initial standard deviation for each elastic property and ἝἍ  is the highest ἝἍ 

from previous iteration, at the corresponding location (Fig. 4.2b).  
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When generating the elastic models (Section 3.2.3), the joint distribution associated with 

the ἤἜ, ἤἡ and  predictions is a linear, weighted sum of the two multivariate Gaussian 

components. The contribution of the second component associated to the auxiliary variables is 

directly proportional to ἝἍ : the larger its value, the more influence that solution has on the 

random sampling of ἤἜ, ἤἡ and  values.  

 

 

Figure 4.3: Schematic representation of the algorithm of the proposed geostatistical rock 

physics seismic AVA inversion with self-updating rock-physics model. RPM: Rock 

physics model; MC Sampling: Monte Carlo Sampling; superscript ñauxò: auxiliary 

variables. 
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The proposed method can be summarised by the following steps:  

1) Calibration of the rock physics model using the available well data and definition of the 

uncertainty on its predictions („ , „ , „); 

2) Definition of the 6-D prior distribution with elastic properties and associated 

multivariate Gaussian uncertainty; 

3) Generation of n sets of petrophysical models of ἡἿ, , ἤἵἱἶ using direct sequential 

simulation (DSS) (Soares, 2001) and co-Simulations with joint probability distributions 

(Horta & Soares, 2010). ἡἿ is simulated with DSS using the existing well data as 

experimental data.  is co-simulated using the previously ἡἿ model as auxiliary 

variable. ἤἵἱἶ is co-simulated using the previously  model as auxiliary variable. The 

sequential simulation of properties ensures that the joint relationship between the rock 

properties as observed from the well-log is reproduced in all simulated volumes (Fig. 

4.4 and Fig. 4.5); 

4) Generation of n Facies models using Bayesian classification (Avseth et al., 2010) from 

the rock property realizations generated in step III; 

5) Sampling of ὠ, ὠ and ” from the joint multivariate Gaussian distributions defined at 

each location of the grid;  

6) Calculation of angle-dependent synthetic seismic volume; 

7) Trace-by-trace comparison between synthetic and real seismic data (see Eq. 4.8); 

8) Selection of the rock property traces that generated the most similar synthetic traces 

when compared against the observed ones and updating of the local probability 

distribution functions used to simulate ἤἜ, ἤἡ and  ; 

9) Return to step III, considering the auxiliary variables for the n rock properties models 

generation, and iterate until the global mismatch between real and synthetic seismic is 

below a specified threshold, or a given number of iterations is reached. 

 

The implementation of the inversion algorithm is in Python, except for step III, which 

runs on a separate module coded in C++, which is highly parallelized taking advantage of the 

cores available in the system. Therefore, the computational time strongly depends on the 

architecture of the workstation running the inversion. For the application examples presented 

in the following sections, the inversions ran on a computer with an Intel Core i5, with four cores 

running at 3.2GHz, 16Gb of ram, and running with Windows 7. The 1-D synthetic case (80 

cells) inversion required 40 seconds for six iterations and 32 realizations. With the same number 
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of iteration and realizations, the 3-D real case (20.7 million cells) required 2.5 days of 

computation. 

 

 

Figure 4.4: Comparison between the marginal distributions of Ὓύ, ‰ and ὠ  calculated from 

the observed well-logs and from the best-fit model generated at iteration 6 of the seismic 

inversion for the real application example shown herein. 
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Figure 4.5: Comparison between the joint distributions of the well-log data and best-fit 

petrophysical models of ʟ  vs. Sw and ὠ  vs. ʟ  for the real application example shown 

herein. 

 

4.3. Synthetic case application 

To assess the performance of the proposed method we applied it to a 1-D synthetic 

example and compared the results obtained with those retrieved from conventional 

geostatistical rock physics AVA inversion (Azevedo et al., 2019) . Both inversions ran with the 

same parameterization and conditioning data. 

The synthetic seismic data set was obtained from real petrophysical and elastic logs 

from the Albian post-salt carbonate sequence of Bacia de Santos (offshore Brazil). The log set 

(Fig. 4.1) comprises curves for ἡἿ, , ἤἫἩἺἪ  (volume of carbonates), ἤἜ, ἤἡ and . The 

inversion grid is defined with eighty vertical samples. 

Three facies are considered (Fig. 4.1b): class 0 is a low-porosity carbonate rock 

(classifiable as packstone with  up to 0.095) with relatively larger silicic content (up to 0.1); 
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class 1 is a water-saturated, more porous calcarenite ( from 0.085 and above); and class 2 is 

an oil-saturated porous carbonate, having porosity and rock matrixô composition in the same 

range of class 1. The carbonates are mainly composed of limestones and variable smaller 

content of dolomite. The real elastic logs (Fig. 4.1d, in black) were used to calculate angle-

dependent seismic traces, using a set of angle-dependent wavelets extracted from the real 

seismic. Incident angles of 5°, 15°, 25° and 35° (Fig. 4.1c) were considered.  

As a first step, we calibrated the facies-dependent rock physics model to predict 

synthetic logs of ἤἜ, ἤἡ and . The match between the predicted and observed elastic curves is 

shown in Fig. 4.1d. Details on the rock physics model parameterization are provided in the 

Chapter appendix. The misfit between predicted and observed logs were used to define the 

initial uncertainty on the synthetic elastic rock properties: „ , „  and „ (Eq. 4.6) correspond 

to the average difference between synthetic and real logs for the three properties. These values 

were set as: „ ρςπ άȾί, „ ρππ άȾί and „ πȢπς ὫȾὧά .  

The spatial continuity patterns for each petrophysical property (ἡἥ,  and  ἤἫἩἺἪ) were 

modelled as vertical variograms, fitted on the experimental variograms calculated from the 

well-logs. For every property, we adopt a single-structure, exponential variogram model, with 

no nugget effect. The variogram model ranges are 15 ms, 14.5 ms and 13 ms for  ἡἥ,  and 

 ἤἫἩἺἪ, respectively.  

We kept only three samples out of the eighty samples as experimental data for the 

stochastic sequential simulation and co-simulation (circles in Fig. 4.1a and 4.1d). All rock 

property models generated with DSS and Co-DSS reproduce the imposed variogram models 

and honour the marginal and joint distributions between rock properties as observed data from 

the well data and the samples considered as experimental data.  

For both inversions, we ran six iterations, each one generating thirty-two sets of models. 

As a global indicator of the convergence of the two inversions, we compare the evolution of the 

global ἝἍ (see Eq. 4.8) calculated from all the partial stacks available (Fig. 4.6). The trends are 

similar for both methods, reaching a convergence plateau at the 4th iteration. After this iteration, 

the global ὗὅ of the conventional geostatistical seismic rock physics AVA inversion is more 

variable and with slightly lower ἝἍ values on average.  
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Figure 4.6: Evolution of the global ╠╒ for all realizations through the iterative 

procedure  

 

We evaluate the results of both inversion methods comparing the models retrieved at 

the first and sixth iterations (Figs. 4.7 and 4.8). The values simulated at each grid cell define a 

posterior distribution from which we calculated the pointwise mean (green curve) and the 10th 

and 90th percentiles curves (in blue and red, respectively). The percentage of the original 

samples that are inside the P10ïP90 interval are displayed at the top of each subplot.  

 

Figure 4.7: Ensemble of simulated rock and elastic properties during the first iteration (grey 

lines). The well data is represented by the black curves, the circles are the experimental 

data used in the inversion. The blue and red curves represent the P10 and P90 

percentiles calculated from the simulations 
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The results of the first iteration show that the prior information on the study case is not 

informative enough to provide good models: the simulations are uniformly distributed around 

an average value for each rock property and within the minimum and the maximum values 

derived from the experimental data.  By using geostatistical simulation in both inversion 

methods, the true ἡἥ,  and  ἤἫἩἺἪ samples are honoured at their specific locations, as showed 

by the convergence of the simulations at the experimental data. The effect of including 

uncertainty on this prediction is showed in the elastic logs of Figure 4.7, where the simulated 

ἤἜ, ἤἡ and  at the known experimental data (circles) follow a Gaussian distribution, with 

amplitudes, respectively, defined by „ , „ , „ centred at the rock physics model predictions 

at each grid cell. Conversely, the conventional inversion methodology provides a single value 

for each elastic property corresponding to the rock physics model prediction, which remains 

constant throughout the inversion process (Fig. 4.8).  

At the sixth iteration, the geostatistical seismic inversion with self-updating rock physics 

model produces elastic realizations that are less dependent on the initial rock physics model 

calibration and whose distributions are generally closer to the real values (Fig. 4.8). Relatively 

to the conventional method, the percentage of real data inside the P10ïP90 interval are larger 

for the proposed method and the ἤἜ, ἤἡ and  values at the experimental data locations converge 

towards values closer or equal to the real ones. A better convergence can be also seen for the 
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simulated petrophysical properties (e.g., the large ἡἥ values between 2060 and 2100ms in 

Figure 4.8 and the generally higher percentage values of real data in the P10ïP90 interval).  

 

 

Figure 4.8: Ensemble of simulated rock and elastic properties (grey curves) during the last 

iteration of the: (on the left) proposed method; and (on the right) geostatistical seismic 

AVA rock physics inversion. The well data is represented by the black curves, the circles 

are the experimental data used in the inversion. The blue and red curves represent the 

P10 and P90 percentiles calculated from the simulations. The percentage of well data 

included in the P10-P90 interval is written at the top of each subplot. 

 

The worst performances of the inversions are within the depth interval comprised 

between 2090 and 2100ms. This can be attributed to the lack of experimental data representing 

the extreme values: the exploration of the parameter of the inversion procedure does not account 

for such values. The proposed methodology shows a relatively wider range of simulated values 

for all the rock properties (except for ἡἿ, where the experimental data covers the range) (Fig. 

4.8). Better results are expected by increasing the values of the initial uncertainty, hence 

increasing the range of exploration of the elastic parameters. 

It is worthwhile noting that both inversion methods perform equally well when 

predicting . This result is expected as density is the elastic property harder to retrieve from the 

seismic data. Moreover, we note that even though the convergence between observed and 

synthetic seismic data is similar for both methods, their model predictions are different. 
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To compare both methods in terms of facies prediction we computed the most likely 

facies model from the facies models classified during the last iteration (Fig. 4.9). Then, we 

compared these models with the true facies log (Fig. 4.9) and calculated a confusion matrix 

(Table 4.1). The proposed method does produce better predictions (i.e., has lower 

misclassification) when compared against the conventional approach. As shown in Table 4.1, 

the accuracy in facies prediction is around 11% higher for the proposed method. Moreover, the 

method proposed shows larger precision and recall for facies classes 0 and 1, with best 

improvements for the predictions of facies 1 (26% higher for both measures). 

 

Table 4.1: Confusion matrix calculated between the observed log-facies and the most likely 

facies predicted at the 6th iteration for: (a) conventional iterative geostatistical rock 

physics AVA inversion; and the (b) the proposed method. The x-axis represents the 

predicted classes, the y-axis is the real classes. 

(a)     (b)    

Facies 

class 
0 1 2  

Facies 

class 
0 1 2 

0 18 6 2  0 20 6 0 

1 18 19 6  1 12 29 2 

2 2 5 4  2 4 3 4 

 



74 

 

 

Figure 4.9: Comparison between the most-likely facies obtained from: the conventional 

geostatistical seismic AVA rock physics inversion; the true facies log; and the proposed 

inversion method. 

 

4.4. Real case application 

We applied the proposed method to a real data set from the Brazilian post-salt sequence. 

The targeted area extends along 13.25km in the N-S direction and 7.63km in the E-W direction 

(Fig. 4.10). The inverted model thickness is about 200 m (Fig. 4.11a). The real data set consists 

of well-logs from four different locations and four partial angle stack seismic volumes (Fig. 

4.11). The four wells have logs of ἡἥ,  , ἤἫἩἺἪ, ἤἜ, ἤἡ and  as well as facies logs.  

The facies identified from the well-log analysis are the same as those considered for the 

synthetic case application: class 0 (low porosity packstone with relatively larger silicic content); 

class 1 (water-saturated porous calcarenite); and class 2 (oil-saturated porous calcarenite). The 

inclusion rock-physics model with self-consistent approximation, with the parameters detailed 

in the Chapter appendix, was assumed valid for the entire investigated carbonate sequence.  
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Figure 4.10: Inversion grid and relative location of the wells. The red line depicts the horizontal 

path of the vertical sections showed in the following images of this paper. The red circle 

identifies the blind well.  

To evaluate the efficiency of the inversion method we kept well W4 out of the 

conditioning data set (i.e., blind well) (see W4 in Fig. 4.10 and in Fig. 4.11). The proposed 

inversion method ran with six iterations and 32 realizations. The prior uncertainty on the rock 

physics model estimation was considered as the mean of the absolute differences between 

predicted and real elastic logs from W1, W2, and W3. The resulting standard deviation values 

(see Eq. 4.6) are: „ ρςπ άȾί; „ ρππ άȾί; and „ πȢπς ὫȾὧά .  

The spatial continuity patterns imposed in the DSS and Co-DSS were modelled using 

3-D exponential variograms. The vertical direction was modelled based on the well-log data. 

Given the scarcity of data in the horizontal directions, we modelled these spatial correlations 

using seismic amplitudes (Azevedo et al., 2018). The variogram model adopted follows the 

inline, crossline and time directions of the inversion grid (Table 4.2). For each property, the 

best-fitting variogram is a combination of two exponential models: the first structure weights 

0.68 and the second 0.32. The nugget effect is zero for all the properties. 
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Table 4.2: Range values in ms of the variogram models used for petrophysical simulations. 

Nugget, sill and directions are specified in the text. 

 Structure 

number 

Range 

 Inline (m) Crossline (m) Vertical (ms) 

ἡἿ 
1 54 44 7.5 

2 500 240 7.5 

 
1 54 44 7.25 

2 500 240 7.25 

ἤἵἱἶ 
1 54 44 6.5 

2 500 240 6.5 

 

To assess the results obtained with the proposed method, we show the synthetic partial 

angle stacks calculated from the pointwise average of the rock property models generated 

during the last iteration (Fig. 4.11). These synthetic seismic data do reproduce the location of 

the main seismic reflections and their amplitude content. The local trace-by-trace ὗὅ (Fig. 

4.11e and Fig. 4.11f) and provide a quantitative analysis of the similarity between the real and 

synthetic seismic traces. The pointwise average models of ἡἥ,  and  ἤἫἩἺἪ computed from the 

set of rock property models generated during the last iteration are shown in Fig. 4.12. These 

models do reproduce exactly the well-log data and exhibit the spatial patterns observed in the 

observed seismic reflection. As we are applying an iterative geostatistical seismic inversion 

method, all the rock property realizations of ἡἥ,  and  ἤἫἩἺἪ generated during the iterative 

procedure reproduce the marginal (Fig. 4.4) and joint (Fig. 4.5) distributions retrieved from the 

well-log data.  
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Figure 4.11: a) and b) vertical sections of the real seismic near- and far-stacks; c) and d) 

vertical sections for the synthetic seismic for the same angles, calculated form the mean 

models obtained at the last iteration of the seismic inversion; e) and f) are the 

corresponding trace-by-trace correlation coefficient 
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Figure 4.12: Pointwise average model of Mean model for each rock property calculated from 

all the modes generated during the last iteration. 

 

We then assess the performance of the proposed inversion method locally at the blind 

well location (i.e., at well W4). The ensemble of the 32 models for the predicted rock and elastic 

properties at the location of W4 is shown in Figure 4.13. We show the ensemble of models 

predicted during the last iteration, the pointwise average and the P10ïP90 interval. The average 

models of the predicted properties do capture the background depth trend of the true well-logs. 

ἡἥ is the rock property better predicted as it has a larger number of samples within the P10ï

P90 interval. We then assess the ability of the proposed method to predict the observed facies 
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log (Fig. 4.14). The thick sections of a given facies are well reproduced by the most likely facies 

model, while the thin ones, which are below the seismic resolution, are not reproduced. This is 

the expected behaviour for thin layers below the seismic resolution.  

Finally, we show the evolution of the predicted values of the rock and elastic properties 

at a given location along the well path of well W4. Fig. 4.15 illustrates the predicted 

distributions of the rock and elastic properties at the beginning, mid and end of the inversion 

procedure. It is worth highlighting that the histograms of the realizations generated at a given 

iteration tend to converge iteratively towards the true values of each rock property (red circles).  

 

 

Figure 4.13: Comparison between the predicted elastic curves at the blind well location 

obtained in the last iteration of the proposed method against the observed log curves. 

 






































































































































