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Truly a tale I have that I would tell thee,
a word that I would recount to thee:
a tale of trees and a whisper of stones,
the sighing of the Heavens to the Earth,
of the Deeps to the Stars.
I understand lightning not known to the Heavens,
a tale not known to humankind,
nor yet understood by the multitudes of the Earth.∗

Did I not tell you once of the whisper of stones?
Did I not tell you once of the murmur which I could not comprehend?
I missed the message in a sudden rush of wind
Or the passing of a car with a rattle on the road.†

* Ba’al, West Semitic god of thunder, talking in The Myth of Ba’al, of unknown author, written
1400–1350 years before current era. Clay tablet KTU 1.1, column III, lines 12–15, found at
Ugarit, Bronze Age Canaanite city (currently Ras Shamra, Syria).
† Patrick Wallace (2000): Dance Beneath the Modern Sun (fragment).

Abstract
This thesis presents a set of contributions to probabilistic earthquake forecasting,
both spatial and temporal.
A novel empirical method with no parameter is used to show that the distances
between past earthquakes forecast, in a probabilistic way, the distance to the
next earthquake.

This procedure is first applied retrospectively to earthquake

catalogues of the whole Earth, Southern California and the Iberian region.
The resulting probabilistic maps for forecasting the locations of forthcoming
earthquakes self-sharpen when updated as new earthquakes occur.
Within the Collaboratory for the Study of Earthquake Predictability, the
Southern California Earthquake Center has tested the method prospectively, in an
independent and automatic way, calculating daily forecast maps. The results of
six years of tests for the whole Earth, California and western Pacific show that the
method outperforms the one typically used as a reference.
The earthquake catalogue of the Spanish Instituto Geográfico Nacional, used
here for forecast testing in the Iberian region, is analysed in detail with regard
to its development, location precision, magnitude of completeness and inclusion
of artificial blasts. Spatial and temporal heterogeneities, and overall progressive
improvements, are highlighted.
An efficient technique is devised for measuring the areas on the map where each
new earthquake is expected. The spherical Fibonacci lattice, a highly homogeneous
spiral pattern, is proposed for measuring complex areas on a spherical surface
by point counting. Measurement errors are greatly reduced compared to those
obtained with latitude-longitude lattices.
A new stochastic model is introduced as an idealization of the seismic cycle
of a fault, and applied to the series of earthquakes generated by the San Andreas
Fault at Parkfield (California). Along with other, statistical renewal models, it is
used to calculate time-depending probabilities for the occurrence of the next large
earthquake, and to test a simple forecasting strategy.
Finally, a method is devised to try to synchronize numerical models with
the seismic faults that they simulate, by forcing them to reproduce the observed
1

sequence of earthquakes. This procedure is able to partially synchronize models
with another, stochastic one, and to forecast its largest synthetic earthquakes more
efficiently than with simpler approaches.

2

Resumen
Esta tesis presenta un conjunto de contribuciones al pronóstico probabilista de
terremotos, tanto espacial como temporal.
Un método novedoso, empírico y sin ningún parámetro, se usa para mostrar
que las distancias entre terremotos previos pronostican, de manera probabilista,
la distancia al terremoto siguiente.

Este procedimiento se aplica primero

retrospectivamente a catálogos de terremotos de toda la Tierra, el sur de California
y la región Ibérica.

Los mapas probabilistas resultantes, para pronosticar la

localización de los siguientes terremotos, se refinan por sí solos conforme se
actualizan al ocurrir terremotos nuevos.
El Southern California Earthquake Centre, dentro del Collaboratory for the Study
of Earthquake Predictability, ha puesto a prueba el método de manera prospectiva,
independiente y automática, calculando mapas de pronóstico diarios.

Los

resultados de seis años de pruebas para toda la Tierra, California y el Pacífico
occidental muestran que el método supera al usado típicamente como referencia.
El catálogo de terremotos del Instituto Geográfico Nacional, usado aquí para
pruebas de pronóstico en la región Ibérica, se analiza en detalle, en lo referido a
su desarrollo, precisión de las localizaciones, magnitud de completitud e inclusión
de explosiones artificiales. Se destacan heterogeneidades espaciales y temporales, y
mejoras globales progresivas.
Se diseña una técnica eficiente para medir las áreas del mapa donde se espera
cada nuevo terremoto. El retículo esférico de Fibonacci, un patrón espiral altamente
homogéneo, se propone para medir áreas complejas en una superficie esférica
mediante conteo de puntos. Los errores de medida se reducen ostensiblemente,
comparados con los obtenidos con retículos latitud-longitud.
Un nuevo modelo estocástico se presenta como una idealización del ciclo
sísmico en una falla, y se aplica a la serie de terremotos generados por la Falla
de San Andrés en Parkfield (California). Junto con otros modelos estadísticos de
renovación, se emplea para calcular las probabilidades de la ocurrencia del siguiente
gran terremoto (dependientes del tiempo) y para probar una simple estrategia de
pronóstico.
3

Finalmente, se diseña un método para intentar sincronizar modelos numéricos
con las fallas sísmicas que éstos simulan, forzándolos a reproducir la secuencia
observada de terremotos. Este procedimiento es capaz de sincronizar parcialmente
unos modelos con otro, estocástico, y de pronosticar los mayores terremotos
sintéticos en éste de manera más eficiente que con métodos más sencillos.

4

C HAPTER 1

Overview and goals
This thesis presents several contributions on earthquake forecasting, and on
auxiliary techniques and seismic catalogues used for it. They cover a wide spectrum
of topics, and are sufficiently different from each other as to be organized in separate
chapters, each one with its own introduction. This initial chapter will present a
general overview and describe the pursued goals.
Part of the research presented here has already been published in six papers
in international scientific journals. Instead of just copying them verbatim in this
dissertation, they have been merged and expanded, with added background, insight
and examples, shaping chapters 3 to 6. Sometimes these additions could not be
included, because of their length, in the original publications. In other cases, they
expand the research to accommodate the findings of literature published after ours.
I hope that future readers will benefit from these additions.
Perhaps it is wise to start by recognizing that we cannot currently predict
earthquakes, and that most likely we will not be able to do so in an exact way. And
then to discuss what can be possibly achieved and whether it is useful.
A major limitation is that earthquakes have an unobservable dynamics (e.g.
Rundle et al., 2003), since they are generated in the interior of the Earth which
(with the few punctual exceptions of deep drilling projects) cannot be observed
directly. So variables of paramount importance, such as rock type, temperature,
stress and elastic strain cannot be typically measured at depth. Proposed observable
precursors (e.g. Uyeda et al., 2011), which might inform on the occurrence of an
impending earthquake, are rarely tested systematically (e.g. Blackett et al., 2011) and
so far not reliable for issuing formal warnings (Jordan et al., 2011).
Moreover, earthquake generation involves a great range of temporal and spatial
scales.

Tectonic motion proceeds during millennia, at rates of a fraction of a

millimetre to (at most) a few centimetres per year, while dynamic earthquake
5

ruptures propagate on a fault plane in seconds, at up to kilometres per second (e.g.
Kanamori & Brodsky, 2004).
An additional difficulty is that the earthquake process is complex and chaotic
(e.g. Turcotte, 1997). Complex systems are those which have many interacting parts,
with properties which emerge from such interactions. Earthquakes are generated
in a complex network of interacting faults. Each earthquake can trigger others
by static and dynamic stress transfer, possibly even at great distances, and just
by slight increases of stress (e.g. Freed, 2005; Pollitz et al., 2012; Parsons et al.,
2014). This is the hallmark of chaos, a property of systems that, despite being
deterministic (non-random), are very sensitive, so even a slight perturbation may
modify significantly their evolution.
But even chaotic systems are predictable to some extent. The atmosphere is a
paradigmatic case of a chaotic system (Lorenz, 1963), yet it admits some degree of
forecasting. These forecasts are probabilistic, given that the initial conditions of the
system and its inner workings are not perfectly known. Forecasting the evolution
of a system, at least in a probabilistic way, is the ultimate test of how well we
understand it.
The most common, and so far the most useful, earthquake forecasts are
probabilistic seismic hazard assessments.

They are typically based on the

assumption of a Poisson process, in which earthquakes occur at a fixed frequency,
randomly and independent to each other, so that their probabilities do not change
with time (e.g. Cornell, 1968; Reiter, 1991).
But earthquakes have additional, non-random features which make them
predictable to some extent. They do not occur everywhere with equal probability,
yet cluster in space (e.g. Kagan, 2014; Kamer et al., 2015), and frequently are
generated by known faults (e.g. Yeats et al., 1997; McCalpin, 2009). Their spatial
occurrence is clearly influenced by stress changes which can be calculated to some
extent (e.g. Freed, 2005). They are not equally likely along time either. For example,
in aftershock sequences their probability of occurrence is orders of magnitude larger
than the long-term one (e.g. van Stiphout et al., 2010). And the probability of a large
earthquake is expected to change slowly with time as elastic strain accumulates
on the blocks of a fault (e.g. Jordan et al., 2003). We are just starting to measure
this process of strain accumulation on the Earth’s surface with enough detail by
high-precision geodesy (e.g. Tong et al., 2014), a century later than proposed by Reid
(1910) when first presenting the mechanism of earthquake generation.
Long-term prevention against earthquakes is clearly the most valuable tool to
mitigate their impacts on society, and cannot be replaced. But understanding how
earthquake probabilities change in space and time, in short and long time scales,
6

is already contributing complementary information valuable for decision-making
(e.g. Jordan et al., 2011, 2014). Rigourous testing of earthquake forecasts is necessary
to provide valuable insight on the physics of the process (e.g. Schorlemmer &
Gerstenberger, 2007) and rejecting those that do not pass the tests (e.g. Hardebeck et
al., 2008).
Forecasts of an event can be expressed in two different ways. One is to specify
an explicit probability that the event will occur, such as “tomorrow it will rain here
with 90% probability”. The other is to provide a single statement (a binary, yes or no
forecast), such as “tomorrow it will rain here”. In this latter case a probability can
be assigned in the long term, after checking the performance of such statements in
a long series of events (e.g. Mason, 2003).
In this thesis, both, intertwined kinds of forecasts are proposed and tested as
much as possible with the available data. Preferably with extensive catalogues of
real earthquakes, and when these do not contain enough data for testing, with long
synthetic catalogues generated by numerical models.
The research of this thesis is permeated by a quest for simplicity, and is divided
into two parts. The first one (chapters 2, 3 & 4) focuses on spatial earthquake
forecasting, related techniques and datasets, and the second one (chapters 5 & 6)
on temporal earthquake forecasting.
Chapter 2 presents a novel, non-parametric method for spatial earthquake
forecasting, with the goal to provide a reference model to which one can compare the
merits of more complex spatial forecasts. This method is tested in a comprehensive
way, both retrospectively and prospectively, with up to tens of thousands of
earthquakes, for the whole Earth and in more detail for specific regions.
Chapter 3 analyses in detail the national Spanish earthquake catalogue,
compiled by the Instituto Geográfico Nacional, which is one of the data bases
used for the tests above.

Earthquake catalogues, compiled over decades, are

being analysed in progressively more sophisticated statistical ways, which demand
complete and reliable data sets (e.g. Vere-Jones, 1992). This analysis of the Spanish
catalogue aimed to assess such completeness and reliability in depth.
Chapter 4 presents a simple auxiliary technique, designed for measuring
efficiently complex areas on a sphere, based on a homogeneous lattice of sampling
points. Here it is used to measure the areas marked in the forecast maps presented
in Chapter 2. After its publication (González, 2010a), it has fostered further research
in fields as diverse as biochemistry, computer science, crystallography, geodesy,
mathematics and industrial design.
Chapter 5 deals with the calculation of long-term earthquake probabilities in
the Parkfield section of the San Andreas Fault, which has generated a well-known,
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relatively regular series of earthquakes (Bakun et al., 2005). The focus, as in the next
chapter, is on theoretical statistical physics. It presents a simple stochastic model
(González et al., 2005) and applies it and other, statistical models (González et al.,
2006a) to calculate how the probabilities for the next large earthquake at Parkfield
may change with the time elapsed since the last one.
Chapter 6 enters further in the realm of theoretical physics. Currently there
are increasingly realistic numerical models of active faults (e.g. Field et al., 2015a;
Yoder et al., 2015), but key data (stress, strain, etc.)

to tune the models are

absent because of the unobservable dynamics of the process. This chapter explores
theoretically whether the models could be synchronized with the faults by forcing
them to reproduce the series of past earthquake ruptures. This novel approach is
shown to be able to synchronize simple, yet stochastic, models with another one,
which allows forecasting more efficiently the synthetic earthquakes that the latter
generates (González et al., 2004, 2006b).
Chapters 7 and 8 present the conclusions in English and Spanish. Finally,
analytical derivations regarding models used in chapters 5 and 6 are detailed in
a separate mathematical appendix, followed by the bibliography.
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Part I

Spatial Earthquake Forecasting

9

To those with the patience to master its language, the Earth still responds.
To those with the insight to comprehend its moods and reflect on its mysteries,
the Earth still teaches.

Frank H.T. Rhodes & Bruce D. Malamud (2008, p. xi)
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C HAPTER 2

Distances between past
earthquakes forecast the distance
to the next one
Come forth into the light of things,
Let Nature be your teacher.
William Wordsworth
The Tables Turned
(fragment, Wordsworth & Coleridge, 1798, p. 187).

2.1

Introduction

Earthquakes usually originate in some geographic regions, but not in others, leaving
large areas of the Earth’s surface devoid of seismicity. Although this is an ancient
observation and one of the fundamentals of geophysics (e.g. Udías & Mezcua, 1997),
it is not yet clear how well the location of past earthquakes is able to forecast the
location of future ones.
Commonly (e.g. Cornell, 1968; Reiter, 1991), epicentres have been assumed to
be uniformly distributed within seismically active regions (seismogenic zones). But
the actual distribution of earthquakes in space is more complicated, as first shown
by Kagan & Knopoff (1980). Epicentres are grouped (clustered) at all scales of
observation, either in a self-similar, fractal way which does not depend on the scale
of observation (e.g. Kagan, 2007, 2014), or in a multifractal way (e.g. Kamer et al.,
2015, and references therein), in which the degree of clustering varies in space.
This non-uniform distribution of earthquakes reflects the underlying complex
geometry of the faults which generate them (e.g. Bonnet et al., 2001; Kamer et
13

al., 2015, and references therein). Persistent spatial clustering of hypocentres is
expected to result from the persistent stress concentrations due to the irregular
geometry of the fault system (Parsons, 2008b). Exceptions aside (such as when
fissures develop rapidly due to magma injection, e.g. Sigmundsson et al., 2015),
tectonic faults develop, change or become inactive, in long, geological timescales
(e.g. Yeats et al., 1997; Nicol et al., 2005; McCalpin, 2009). So generally, earthquakes
are expected to cluster in space persistently at short, human, timescales (Parsons,
2008b).
In principle, the spatial distribution of past earthquakes could be extrapolated to
forecast where future ones will take place, but this approach has several limitations.
This observed distribution appears to converge slowly towards the long-term one,
in which case decades or even centuries of earthquake recording would be required
to have a representative sample of earthquakes in space (Kagan, 2007, 2014). The
high-quality earthquake catalogues, compiled from instrumental observations, are
available only for the last decades, but large earthquakes occur infrequently, so they
are yet poorly sampled. Because of this scarcity of instrumental records, in some
regions there are apparent seismic gaps devoid of seismicity where eventually a large
earthquake takes place (e.g. Scholz, 2002; Melnick et al., 2012; Cassidy, 2013). And
in relatively stable continental regions, it is discussed if the seismicity distributes in
a persistent way (Kafka, 2007) or if it alternates between different locations along
time (e.g. Liu et al., 2011). So is not always safe to assume that future earthquakes
will occur only precisely where the others, recently recorded, did.
More recently, smoothing kernels have been used for estimating a non-uniform,
continuous spatial probability for earthquakes, calculated from the locations of
earlier ones (e.g. Vere-Jones, 1992; Stock & Smith, 2002; Helmstetter & Werner, 2014;
Crespo et al., 2014, and references therein). These kernels are based on a variety of
theoretical functional forms (such as Gaussian, power-law or inverse-biquadratic),
and use at least one parameter, the bandwidth, which controls the degree of
smoothing of the resulting map. Because of such a smoothing, some probability
is assigned to sites devoid of past epicentres, to acknowledge that earthquakes can
originate at locations where none did during the available record.
A good probability model for the long-term spatial distribution of earthquakes
should have two qualities.

First, it should be consistent with the original

distribution of earthquakes used to calculate it (so those past earthquake locations
would have been likely according to the model). Second, it should be able to forecast
the locations of future ones (so when tested with newer earthquakes, the locations of
these should also be likely according to the model). Competing kernel models have
been subject to limited testing (e.g. Stock & Smith, 2002), and there are different
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ways to measure the forecast performance, so the optimal model depends on the
metrics used (e.g. Stock & Smith, 2002; Zechar & Jordan, 2010b). As a result, there is
yet no agreement on which spatial model or smoothing kernel of seismicity works
best, so different models, with different degrees of smoothing, have to be tried to
check the influence on the results (e.g. Becker et al., 2015), and different options are
being explored in an attempt to improve the forecasts (e.g. Nanjo, 2010, 2011; Zechar
& Jordan, 2010b; Helmstetter & Werner, 2014).

In order to be statistically significant, a complex method for forecasting future
earthquake locations should outperform the simple idea that they will occur close
to previous ones. But this null hypothesis, or reference model, can be formulated in
different ways (e.g. Rhoades & Evison, 2004; Holliday et al., 2005; Zechar & Jordan,
2008; Shcherbakov et al., 2010; Kafka & Ebel , 2011). The simplest reference models
have no parameter and are based on counting the frequency of past earthquakes in
each region (Holliday et al., 2005; Zechar & Jordan, 2008), or on considering the areas
around past earthquakes, up to a distance which is explored by trial and error as to
cover the location of a desired fraction of new earthquakes (Kafka & Ebel , 2011, and
references therein).

This chapter presents a new method for spatial earthquake forecasting, which
aims to be used as reference. It has no parameter, and is based exclusively on the
empirical distribution of nearest-neighbour distances between earthquakes. Here it
is shown that this distribution suffices to forecast, in a probabilistic way, at which
distance the next earthquake will occur from previous ones. Section 2.2 presents
the method and exemplifies it with a theoretical distribution of points in space. The
application to real earthquake databases (earthquake catalogues) is detailed in Sec.
2.3, and tested retrospectively in an extensive way in Sec. 2.4, at global and regional
scales, using the best available catalogues for each of them (whole Earth, Southern
California, and Iberian region).

For testing the method prospectively, as a forecast in strict sense, it was
submitted to the Collaboratory for the Study of Earthquake Predictability
(Schorlemmer & Gerstenberger, 2007; Zechar et al., 2010) for automatic,
independent, daily testing. Section 2.5 details how the method was adapted for such
tests, and the results obtained for the whole Earth, California, and western Pacific
during six years. The chapter is closed by a discussion of the results, compared with
those of the most frequently used reference model.
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2.2 Design of the forecast method
Let us start by considering that a number n of points are located on a spatial region
(Fig. 2.1). Each of them i has a nearest neighbour, separated by a distance di . With
this definition there will be n nearest-neighbour distances. The number of different
values for these distances may range from a minimum of 1 (if the points are, for
example, distributed in a regular lattice, such as all distances between them are
identical to each other) to a maximum of n − 1 (as there will be at least one pair of
points which are the closest to each other).
With the nearest neighbour distances arranged in increasing length such as d1 ≤
d2 ≤ · · · ≤ dn we can calculate the empirical distribution function, which here will
be denoted as P, and which equals the fraction of points whose nearest-neighbour
distances are ≤ d:
P(d) =
where 1di ≤d is the indicator function:

{

1di ≤ d =

1 n
1d i ≤ d
n i∑
=1

1 if di ≤ d
0 if di > d.

(2.1)

(2.2)

The empirical distribution function is a step function that jumps up by 1/n at
each of the n data points. Conversely, we can also consider the complementary
distribution, which expresses the frequency of exceedance (Fig. 2.1), that is, the
fraction of distances > d:
P̄(d) = 1 − P(d) =

1 n
1d i > d ,
n i∑
=1

(2.3)

which uses the complementary indicator function 1di >d = 1 − 1di ≤d .
The basis of the proposed spatial forecasting method follows, and is illustrated
in Fig. 2.1. We will assume that the next point added to the region, the n-th+1,
will distribute in space similarly as the previous points did. This will imply that,
once placed in the region, the distance dn+1 to its nearest neighbour would follow
the same distribution P(d) (and P̄(d)) observed for the previous n points. That
is, if the distance d P is the percentile which corresponds to a given P, the next
point added is expected to be located at dn+1 ≤ d P from previous ones with
probability P. Conversely, it is expected further away, dn+1 > d P with probability
P̄. Distance percentiles will be defined here using the so called nearest rank method,
without interpolation, so d P is the smallest distance such as P percent of the
nearest-neighbour distances are ≤ d P .
The following issues are easier to visualize by considering a theoretical
distribution of points, such as the classical Sierpiński’s fractal gasket (Sierpiński,
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Figure 2.1: Computation of empirical probabilities based on nearest-neighbour distances.
In the example, n = 8 points are already located in a region, and we wish to forecast the
location of the next point n + 1. Top left: From the locations of the points we measure the
distance from each point to its nearest neighbour, up to n distances denoted in increasing
length, d1 ≤ d2 ≤ · · · ≤ dn . Some distances are repeated (d2 = d3 , d4 = d5 ) because
several points are both the nearest neighbours to each other. Right: There is a percentage
P of nearest-neighbour distances smaller than or equal to the percentile d P of the empirical
distribution, and a percentage P̄ = 1 − P of larger ones. Bottom left: The method assumes

that the next point will be located with probability P within a distance d n+1 ≤ d P of its
nearest-neighbour, and further away, dn+1 > d P with probability P̄. A larger P implies

a larger d P , which covers a larger fraction of the area. In the example, the next point is
expected in the shaded area with probability 25% (P = 0.25).
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Figure 2.2: Self-sharpening probability maps for forecasting random points on a
Sierpiński gasket. A number of points (n) have already been placed (black spots, where
P̄ = 1) and are used for calculating the map, aimed at forecasting the location of the next
point (n + 1). For each site of the map, P̄ is the empirical probability that the next point will
be placed further away from the existing points than this site is. For example, the next point
is expected with 10% probability where P̄ < 0.1, and with 90% probability where P̄ ≥ 0.1.

1915, Fig.

2.2).

In this example, points are placed at random on the gasket,

independently to each other, using an iteration algorithm called “chaos game” (e.g.
Barnsley, 2012). The maps of Fig. 2.2 show a value of P̄ for each site. This is obtained
by measuring the distance from the site to the nearest point, and checking which P̄
corresponds to that distance in the empirical distribution of exceedance (Fig. 2.1).
A binary forecast map such as that of Fig. 2.1 can be built by considering
any fixed probability threshold P∗ . The next point n + 1 to be added to the map
is forecast to occur with expected probability P∗ in the areas of the map where
P̄ ≥ 1 − P∗ . The higher the P∗ chosen, the larger these overlapping areas around

previous points will be.

The map self-sharpens as n → ∞ for two reasons, related with how the

distribution of P̄ changes (Fig. 2.3). First, this distribution becomes smoother,
tending to a continuous one, since its steps become smaller. Second, since the
density of points in the region increases, typically the nearest-neighbour distances
will decrease.

This second effect implies that, for a given value of P, the

corresponding dP → 0 as n → ∞.

The decay of dP as n → ∞ is related to the geometry of the underlying geometry

of the figure (the attractor, in mathematical jargon) where the points distribute. The
mean distance d¯ between nearest neighbours is expected to decrease when n → ∞
as (Badii & Politi, 1984a, 1985):

d¯ = Kn−1/D ,
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(2.4)

Figure 2.3: Evolution of the probability distribution of distances in a Sierpiński gasket.
Left: As the number of points n → ∞, nearest-neighbour distances tend to become smaller

and their empirical distribution shifts (pictured for n = 100, 1000 and 10000 points). Any
distance percentile d P (such as for P = 0.90 = 90%, marked) will decrease accordingly.
Right: A double-logarithmic plot shows how the distance percentiles, exemplified for
P = 90%, 95% and 99%, decrease for increasing n. The power-law decay depends on
the geometry of the distribution of points, since it is proportional to n−1/D where D is a
dimension (D = 1 for a line, D = 2 for a uniform distribution of points on a plane, etc.).
In particular, The Sierpiński gasket is a fractal, with dimension D = log(3)/ log(2), and a
theoretical line with the expected power-law decay is shown.
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where K is a constant, and D is the dimension of the attractor. Any percentile of
the distribution of nearest-neighbour distances has dimensions of length, as d,¯ so
from dimensional arguments, it will also decay in this way if the distribution lacks
scale-dependent parameters (e.g. Barenblatt, 2003). Considering that the region (Fig.
2.1) may be a volume, the n points can distribute, among infinite options, in these
configurations:
• on a set of fixed positions (a finite number of points), so D = 0;
• uniformly on a line, so D = 1,
• uniformly on a surface, so D = 2,
• uniformly on a volume, so D = 3,
• on an fractal attractor, with fractional, non-integer D < 3 (e.g. Turcotte, 1997;
Barnsley, 2012), or
• on a multifractal attractor (which has a range of values for D, e.g. Harte, 2001).
In this case there are scale dependencies and a different slope (and thus a
different apparent fractal dimension) would be obtained for the power-law
decay of each d P .
Note that the more compact (or clustered) the long-term distribution of points
(lower D), the faster the decay of d P will be, resulting in a faster sharpening of the
map.
Albeit the Sierpiński gasket lies on a bi-dimensional surface, its points do not
fill it uniformly, but occupy only a fractional (fractal) dimension. This is larger than
that of a line (so D > 1) but smaller than that of the embedding surface (so D < 2).
In particular, for the Sierpiński gasket D = log(3)/ log(2), what explains well the
observed decay of d P with n (Fig. 2.3). Note that even in this theoretical, random,
case, d P has fluctuations, which are known to be intrinsic to such a kind of decay
(Badii & Politi, 1984b).
The proposed forecast method will be tested with every new point added to the
region. So n points and their distribution of distances will be used to forecast the
location of the point n + 1, then these n + 1 points will be used to forecast the location
of the point n + 2 and so on. No nearest-neighbour distance can be measured before
the point n = 2 is added to the region, so it will be assumed that P̄ = 0 everywhere.
The map of P̄ will be based on measured distances for forecasting the location of the
points n ≥ 3.
For an expected probability P∗ , the hit rate will be the average fraction of hits,
the points which take place at a nearest neighbour distance from the others ≤ d P∗
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Figure 2.4: Hit rates expected (P∗ , dotted lines) and observed (continuous lines) when
forecasting points of a Sierpiński gasket. For each distance percentile d P∗ shown as
example, the hit rate is the fraction of earthquakes occurred at a distance ≤ d P∗ from its
nearest neighbour. That is, where P̄ ≥ 1 − P∗ in the maps (Fig. 2.2). The fluctuations
around the expected values (dotted lines) are relatively small after a few hundreds of points.

and are then correctly forecast (Fig. 2.1). Note that here this distance threshold
changes as new points are added to the map, while other forecast methods based
on nearest-neighbour distances consider instead a static map and a fixed distance
around n points, and the hit rate is measured with the whole set of new points
n + 1 . . . ∞ (Kafka, 2007; Kafka & Ebel , 2011, and references therein). We expect
that, despite d P∗ usually decreasing as n → ∞, the hit rate should be similar to P∗ .
So that in the long term, an expected fraction P∗ of points takes place in the map
where P̄ ≥ 1 − P∗ .
The actual hit rate for each distance threshold is very similar to the expected one,
especially as n increases (Fig. 2.4). Initially, it oscillates, what is easily explained
by the the initial oscillations of d P∗ due to the crude shape of the distribution of
distances, and the few points available in the region to constrain the attractor.
The hit rate for a larger P∗ is intrinsically more stable, because it requires fewer
trials (earthquakes) to be fulfilled. As n increases, more locations and distance
information is available, the map sharpens (Fig. 2.2), and the hit rate becomes more
similar to the expected one (Fig. 2.4). From this example (and other random trials
not shown), it can be seen that the hit rate is already similar to the expected one
after few hundred points, but a minimum of n ∼ 1000 points seem to be required to
approach the expected hit rate closely, at least for this geometrical figure.
Note that the method is memoryless, but its evaluation is not. It is memoryless
because the map would look the same after n points, regardless of the temporal
order in which they were added.

But the hit rate (or the decay of distances

percentiles and the area they cover) does depend on the specific order in which
the points were added. Note also that the hit rate is measured in a pessimistic way,
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since it is based in all the points, including those that occurred at the beginning of
the simulation when the map was crude.
Although the method has been here exemplified with a fractal figure, it can be
tested with any distribution of points added on a region. Tests made using diverse
random distribution of points (such as multifractal or uniform) also yielded hit rates
very similar to the expected ones.
But the map self-sharpens faster if the distributions of points is tighter (more
clustered). The more disperse the distribution is, the larger will be the distances
(and the areas covered by them) required to forecast a given fraction of points. This
is due to Eq. 2.2, which shows that the distances decay faster for lower values of D.
For example, if the points can be located only on a fixed set of positions
(dimension D = 0), as n increases, eventually they will start plotting on top of each
other, so past point locations will be perfect predictors of future ones, and the map
will tend to become perfectly sharpened.
Conversely, if points are distributed uniformly on a surface (D = 2), the map
will never sharpen: it will have increasing detail, but to forecast a given fraction
of points it will be required to consider the distances which cover exactly the same
fraction of space. For example, in this uniform case, about 90% of points will take
place in the 90% of the area around past points, regardless of how many points there
are in the map. This is indeed the same as in a random guess, in which each point
is expected to occur in a given percentage of area chosen randomly, so if tested in
the long term, the same percentage of points will be forecast just by chance (e.g.
Molchan, 1997; Zechar & Jordan, 2008).
Finally, note that the resulting map is perfectly self-consistent. That is, it would
result in a perfect back-testing (hindcasting) of the point locations which were used to
calculate it, which have the highest P̄. This self-consistency would not be necessarily
the case if the map had been generated by a theoretical smoothing kernel (e.g. Stock
& Smith, 2002).

2.3 Application to earthquake catalogues
Earthquakes themselves may provide the largest amount of information useful for
forecasting future earthquakes, since they are the only events related to the seismic
process which are recorded systematically and continuously, in global and regional
scales.
To test with earthquakes the forecasting method proposed in the previous
section, it is necessary to use a complete earthquake catalogue (e.g. Vere-Jones,
1992), as otherwise we might obtain biased or spurious results. The magnitude
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of completeness, denoted Mc , is the minimum one at which all earthquakes are
detected and incorporated in a catalogue. It is heterogeneous in space and time,
depending on the seismic network instrumentation, distance to the seismic stations,
and many other factors, reviewed in a different chapter (see Sec 3.5). So for each
catalogue we will consider a specific Mc and test the method using earthquakes
with magnitude M ≥ Mc .
Since the method is designed to forecast point locations, for each earthquake
I will use its punctual representation projected on the Earth’s surface. In most
catalogues this location is the epicentre, while in the Global Centroid Moment
Tensor Catalogue (Ekström & Nettles, 2015) it will be the projection of the centroid.
The method can be extended to three dimensions considering the distances between
hypocentres (or centroids), and the volume delimited within each distance threshold
around them.

But depth is typically the most uncertain spatial coordinate of

earthquakes, and is frequently fixed when not well constrained (e.g. Bondár &
Storchack, 2011, and Ch. 3). A maximum depth threshold will be used, since deeper
earthquakes are less likely detected and located (that is, Mc increases with depth,
e.g. Schorlemmer et al., 2010b).
Typically earthquake catalogues have improved with time, due to the increasing
capabilities for detecting and locating earthquakes (e.g. Ch. 3). A specific starting
time will be chosen for each test, as the moment in which the catalogue is most
complete (with lower Mc ) and reliable (with lower uncertainties in earthquake
locations).

The method is expected to provide better results as more points

(earthquakes) are used, so it is convenient to use a combination of starting time
and Mc such as to include the maximum possible number of earthquakes.
Regional catalogues are typically more complete (have lower Mc ) than global
ones, allowing for more detailed, regional tests of the method in different tectonic
environments. Each testing region has to be delimited precisely. It will be chosen
as the geographic area in which the catalogue is most complete and epicentres are
best located. Epicentres outside this area have to be disregarded, resulting in border
effects, which are expected to be small, given that only nearest-neighbour distances
are used (and not larger ones, between more distant earthquakes).
Choosing retrospectively a region has the possibility of biasing the results, even
inadvertently (Mulargia, 2001). That is, one might be tempted to choose the specific
region in which retrospectively the method works. In this section, only retrospective
tests will be done (so “forecasting” earthquakes that have already occurred), in
regions where the catalogues are best. In the next section, the tests will be fully
prospective (actual forecasts) so any possible bias will be avoided.
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In this approach, all past earthquakes with magnitude M ≥ Mc will be used
to forecast the location of the next earthquake with M ≥ Mc . Only later it will
be checked if the results depend on the magnitude. In this way, the number of
points in the map is maximized, so it can reach greater detail. Small earthquakes are
expected to improve the spatial forecasts of larger ones (e.g. Kafka, 2007; Ebel, 2008;
Helmstetter & Werner, 2014). Also, testing against the abundant small earthquakes,
and not only against the large, infrequent ones, will provide statistically significant
results using a shorter period of data.
The catalogues will not be declustered (trying to remove space-time clusters
such as aftershock sequences or earthquake swarms), for four reasons. First, it
is necessary to forecast the location of aftershocks, given that they are numerous
and can be even more damaging than the mainshock (e.g. the 2011 Christchurch
aftershock of the 2010 Darfield earthquake, in New Zealand, Michael, 2012). Second,
declustering can be done using different techniques, which yield different results
(e.g. van Stiphout et al., 2012). Third, it would drastically reduce the amount of
points available for analysis (e.g. ∼ 80% of earthquakes in Southern California with
magnitude ≥ 3 between 1984 and 2002 may be aftershocks according to Marsan &
Lengliné, 2008). And fourth, the locations of past aftershocks are expected to be
good predictors of the locations of future aftershocks within the same sequence (e.g.
Felzer et al., 2003).
All earthquakes will contribute equally to the distribution of distances
(regardless of their magnitude) and the actual geometry of extended earthquake
ruptures will not be explicitly taken into account. Aftershocks typically occur in
the vicinity of the main shock rupture, delineating it and/or the surrounding rock
damage zone (e.g. Liu et al., 2003). And according to the so-called productivity
law (Utsu, 1969), larger earthquakes typically trigger more aftershocks above the
magnitude threshold Mc . So larger earthquakes will indirectly contribute more to
the map because of their aftershocks, without the need of any tuning of the method.
The method will yield improved results if in the catalogue there are repeating
earthquakes or foreshocks. Repeating earthquakes have very similar hypocentral
locations, and may constitute a significant fraction of the total Earth’s seismicity
(Schaff & Richards, 2004; Dodge & Walter, 2015). The location of past repeating
earthquakes will perfectly or almost perfectly forecast the location of future ones
(so the hit rate will be non-zero even for zero or very small distances around past
earthquakes). Foreshocks are earthquakes which occur near, and shortly before,
a future earthquake (e.g. Hauksson et al., 2011; Marsan & Enescu, 2012; Brodsky
& Lay, 2014), although identifying them as such precursors is yet elusive (e.g.
Brodsky & Lay, 2014). Given that the map will be updated as new earthquakes
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happen, foreshocks (even if not formally identified as such) will raise the computed
probabilities for the next earthquake to occur in their vicinity.
Distances on Earth will be measured as great-circle distances between points,
using a spherical Earth model with radius of 6371.007 km, the sphere of equal area
of the most frequently used Earth reference ellipsoids (Moritz, 2000; NIMA, 2000).
Using a different radius would increase or decrease the distances between points
proportionally and would not affect any of the forecast results. Using a spheroid
model would change the values of distances only slightly (by <0.5%, Earle, 2006).
To evaluate the performance of the forecast, it will be measured how much area
around past earthquakes is covered within each distance threshold d P∗ , and the
fraction of earthquakes (hit rate) which took place within such thresholds. The
area within a distance around a point on a spherical surface is not a circle, but a
spherical cap (e.g. González, 2010a, Ch. 4). The areas within a distance threshold
d ≤ d P∗ around past epicentres are those with values P̄ ≥ 1 − P∗ in the cumulative
probability map. They constitute a complex set of partially overlapping spherical
caps. The area of this set will be measured numerically with a point-counting
technique specifically designed for this purpose, which uses the Fibonacci lattice,
a quasi-optimal lattice of sampling points on the sphere (González, 2010a, detailed
in Ch. 4). The lattice spacing was chosen such as there were ∼ 106 sampling points
within each region analysed, so areas are measured with negligible error (Ch. 4).
Each map will be valid in the time interval between the previous earthquake
with M ≥ Mc and the next one. Such intervals between consecutive earthquakes
will be calculated by the difference in the Julian dates of their origin times (e.g.
Fliegel & van Flandern, 1968). The area within each distance threshold changes
with time from map to map, so the temporal average of the area will be calculated,
weighting the area of each map by the interval during which it is valid.
Location uncertainties tend to blur the actual spatial distribution of earthquakes,
making it more uniform and less concentrated (e.g. Custódio et al., 2015). So if
uncertainties are large, the resulting maps calculated by the method will be less
sharp, as discussed in the previous section. Location uncertainties affect especially
the smallest nearest-neighbour distances. This is particularly evident when these
are smaller than the typical location uncertainty, so that they become not physically
meaningful and cannot be reliably related, for example, with the fractal dimension
of the distribution (Meisel & Johnson, 1994).

The largest nearest-neighbour

distances (corresponding to largest percentiles in the distribution of P) will be least
affected by location uncertainties and will be the only ones discussed below.
Where possible, high-quality, relocated, earthquake catalogues were used, in
which earthquake coordinates are recalculated in a refined way, and which show
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more grouped (clustered) earthquake distributions (e.g. Hauksson et al., 2012). Such
catalogues are not typically available in real time, but will allow to test the method
with a distribution of epicentres closer to the real one, and potentially provide
sharper maps.
Nearest-neighbour distances are also affected by rounding errors of the
epicentral coordinates. If these are rounded too grossly for the scale of the region
considered (in a too coarse fraction of a degree of latitude or longitude), eventually
the epicentres would begin plotting on top of another, in a latitude-longitude
grid, so the measured distances between them would tend to become zero and
past earthquake locations would become perfect predictors of future earthquake
locations, as discussed in the previous section. In the earthquake catalogues used
below the coordinates are provided with enough precision such as to avoid this
problem.

2.4 Retrospective testing
The method is tested here retrospectively with three catalogues: for the whole Earth,
Southern California and the Iberian Region. Note that these tests are retrospective,
since they will use earthquakes that have already occurred, but pseudo-prospective,
in the sense that to forecast each earthquake only the previous ones will be used.

2.4.1 Catalogues used
For each region tested, the best available catalogues will be used (in terms of
completeness and location precision), as follows.

2.4.1.1 Earth
For the whole Earth (Fig. 2.5), the definite earthquake database is the ISC Bulletin
(International Seismological Centre, 2015b). It is built from data contributed by
different agencies, revised, merged and used to relocate the global seismicity into
a more complete catalogue with better location accuracy (Storchak et al., 2000;
Willemann & Storchak, 2001; Bondár & Storchack, 2011).
This refined compilation takes about two years to be accomplished, and at the
time of this writing (November 2015), the reviewed bulletin is only available until
January 2013. The test is performed for earthquakes with magnitude Mc ≥ 5 and
hypocentral depths ≤70 km occurred since 1980, for which this Bulletin is complete
(i.e., the global Mc being 5.0 Woessner & Wiemer, 2005). For each earthquake, I use
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Figure 2.5: Mollweide (equal-area) projection of the Earth used in this chapter. It has been
centered on the meridian 150◦ W in order to better show the belt of seismicity of the Pacific
“Ring of Fire”. Real-colour satellite imagery from NASA (2002) and false-colour bathymetric
shading derived from Amante & Eakins (2009).

the so-called prime (best) location and the largest magnitude associated to it. This
selected data set contains 36,914 earthquakes.
2.4.1.2 Southern California
For Southern California I use the waveform-relocated catalogue of Hauksson et
al. (2012), where earthquake locations are calculated by using a three-dimensional
velocity model. Nowadays it is available online from January 1981 until December
2013 (Southern California Earthquake Data Center, 2015). This catalogue provides
improved earthquake locations (showing tighter spatial clustering) than others
Hauksson et al. (2012), and excludes events identified as quarry blasts.
I will use the same polygonal area analysed by Kagan (2007) (Fig. 2.6), where the
epicentral locations have lower uncertainties (Kagan, 2007; Zaliapin & Ben-Zion,
2015). This also avoids as much as possible the retrospective selection bias when
choosing the region boundaries.

The absolute location error (expressed as a

standard deviation) of the epicenters in this is catalogue within this polygon is
typically <1 km, and frequently <0.3 km (Zaliapin & Ben-Zion, 2015).
Earthquake monitoring in Southern California has improved along the decades
and so the Mc of the catalogue has progressively decreased (Schorlemmer &
Woessner, 2008; Hutton et al., 2010). A conservative Mc = 3 and a maximum
hypocentral depth of 30 km are chosen for this analysis, ensuring that this subset
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Figure 2.6: Sinusoidal (equal-area) projection of Southern California used in this chapter.
The polygon (defined according to Kagan, 2007) delimits the area where the method was
applied. Shading was derived from the topography of Amante & Eakins (2009).

of the catalogue can be deemed complete up to the border of the region and in
the earlier years (Schorlemmer & Woessner, 2008). The central part of the analysed
region has lower values of Mc (Schorlemmer & Woessner, 2008) and is amenable to
future, more detailed, analyses. The selected data set contains 9,477 earthquakes.

2.4.1.3 Iberian Region
For the Iberian Region I will use the most complete data set available, the national
Spanish earthquake catalogue, compiled by the Instituto Geográfico Nacional
(2015). Chapter 3 presents an extensive analysis of this catalogue, and those results
are taken into account here.
For consistency, I will use the same polygonal region (Fig. 2.7) considered in an
earlier work (González, 2009), whose vertices are listed in Table 2.1. This polygon
encloses the Iberian Peninsula, the Alborán Sea and Balearic Islands, where stations
of the backbone seismic network are installed (Sec. 3.5.5). The epicentral location
precision is substantially worse outside this polygon (Sec. 3.3).
Most of the seismicity in the region is shallow (depth ≤ 30 km), but depth values
are frequently fixed or poorly determined in the catalogue (Sec. 3.3.3), so only the
28

44˚

42˚

40˚

38˚
200 km
36˚

−10˚

−8˚

−6˚

−4˚

−2˚

0˚

2˚

4˚

Figure 2.7: Sinusoidal (equal-area) projection of the Iberian Region used in this chapter.
The polygon (defined in Table 2.1, according to González, 2009) delimits the area where the
method was applied. Shading was derived from the topography of Amante & Eakins (2009),
replaced by the bathymetry of Zitellini et al. (2009) where available.

few deep earthquakes (hypocentral depth > 600 km) will be excluded from the
analysis.
Only the data from January 1985 onwards will be used (as by González, 2009),
since before this date only a few stations were in operation and the location precision
was worse (Sec. 3.3). The test will be done with events occurred until October
2015, with the catalogue as downloaded from the online server (Instituto Geográfico
Nacional, 2015) on November 2nd , 2015.
The magnitude of completeness has improved (lowered) substantially along the
decades (see Sec. 3.5 for details). To maximize the number of earthquakes usable,
several thresholds of Mc will be used, instead of using a single, higher one:
• Mc = 3.5 from 1985 until October 1997. Since November 1997, improved
procedures for automatic earthquake detection and location lowered Mc .
• Mc = 3.0 from November 1997 until February 2002. In March 2002, the
formula for calculating most magnitude values in the catalogue changed.
• Mc = 2.5 from March 2002 until October 2015.
In Sec. 3.7 it is found that, despite the efforts of the network operators at identifying
blasts, a small fraction of them are misidentified as natural earthquakes and
included in the catalogue. Using a magnitude threshold of M ≥ 2.5, as done here,
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Longitude (◦ )

Latitude (◦ )

3.6

43.0

4.8

39.8

-2.9

35.0

-9.5

36.5

-10.0

39.0

-9.8

43.7

-8.0

44.5

-2.0

44.0

Table 2.1: Coordinates of the polygon vertices used for delimiting the Iberian Region (Fig.
2.7).

is expected to eliminate the vast majority of blasts, if not all (see Sec. 3.7 for details).
The selected data set contains 4,095 earthquakes.

2.4.2 Results
The maps obtained by the forecast method are shown here in equal-area projections,
to provide a reliable visual representation of the area covered within each distance
(or P̄) threshold. For the Earth, a Mollweide projection was used (Fig. 2.5) and for
the smaller regions a sinusoidal one (Figs. 2.6 y 2.7).
These maps (as most maps in this dissertation) are plotted with Generic
Mapping Tools (Wessel & Smith, 1998; Wessel et al., 2013), using software scripts
specifically written for this purpose, which enable automatized map updates.
Example forecast maps are drawn after the first n = 100 and n = 1000 earthquakes,
and after the final earthquake of the period considered, in Figs. 2.8, 2.9 and 2.10.
The maps tend to illuminate the surface projection of faults, and show increasing
detail and complexity as new earthquakes are included. Unlike traditional maps
of epicentres, where the symbols tend to clutter the map as more earthquakes are
represented, here the probability footprint of each epicentre becomes smaller as new
ones are added, allowing the map to sharpen continually. The last map for the Earth
shows a very fine-grained distribution of probabilities which evidence complexity
within the large-scale tectonic features. In the map for Southern California the
calculated probabilities are heterogeneous along the trace of the San Andreas Fault,
and others faults are also highlighted by conspicuous streaks of epicentres. The
largest patches with high P̄ in the map are typically due to clusters of aftershocks of
major earthquakes, discussed later. In the Iberian Region, some streaks of epicenters
also follow known fault traces (García-Mayordomo et al., 2012).
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Figure 2.8: Self-sharpening forecast maps for the whole Earth, after 100, 1000 and 36,914
earthquakes since January 1980. For coastlines, see Fig. 2.5. Colour scale: Empirical
probability of distance exceedance P̄ (Figs. 2.1). For each map, the next earthquake (M ≥ 5.0
and depth ≤ 70 km) is expected to occur with probability P∗ in the areas where P̄ < P∗ , and
with probability 1 − P∗ where P̄ ≥ P∗ . The last forecast map is issued for the first earthquake
of February 2013.
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Figure 2.9: Self-sharpening probability maps for southern California, after 100, 1000
and 9,477 earthquakes since January 1981. Colour scale: Empirical probability of distance
exceedance P̄ (Figs. 2.1). For each map, the next earthquake (M ≥ 3.0 and depth ≤ 30 km)
is expected to occur with probability P∗ in the areas where P̄ < P∗ , and with probability
1 − P∗ where P̄ ≥ P∗ . The last forecast map is issued for the first earthquake of January
2014.
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Figure 2.10: Self-sharpening probability maps for the Iberian region, after 100, 1000
and 4,095 earthquakes since January 1985. Colour scale: Empirical probability of distance
exceedance P̄ (Figs. 2.1). For each map, the next earthquake is expected to occur with
probability P∗ in the areas where P̄ < P∗ , and with probability 1 − P∗ where P̄ ≥ P∗ . The
last forecast map is issued for the first earthquake with M ≥ 2.5 of November 2015.
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Figure 2.11: Hit rates expected (P∗ , dotted lines) and observed (continuous lines) when
forecasting earthquakes in the retrospective tests. The hit rate for each distance percentile
d P∗ (Figs. 2.1 and 2.14) is the fraction of earthquakes occurred at a distance ≤ d P∗ from
previous ones (where P̄ ≥ 1 − P∗ in the map). The observed values closely approach the
expected ones after ∼ 1000 earthquakes.

The observed hit rates are equal than, or very similar to, the expected ones
(Fig. 2.11). Only the performance for high percentiles of the distance distribution
is plotted. Those percentiles correspond to longer distances and thus are the least
affected by location uncertainties. The hit rate for a larger P∗ is more stable, as for
the theoretical case discussed earlier where points had no location uncertainties (Fig.
2.4).
The fractions of area covered within these distance thresholds in Southern
California, chosen as a representative example, are shown in Fig. 2.12. Initially
they decay faster with the increasing number of earthquakes in the map, and then
more slowly, until they tend to stabilize. This might evidence a predictability limit,
so that to forecast a given fraction of earthquakes a minimum area of the map might
have to be covered despite the increasing information on past earthquake locations.
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Figure 2.12: Fraction of area covered within different distance percentiles in Southern
California.

The instantaneous values are those for the forecast map calculated with

earthquakes that had already occurred at each moment. The average values are the temporal
running means since the beginning of the test until that moment. For example, by the end
of the test, ∼90% of earthquakes took place in the areas within a distance d90% around past
earthquakes, where P̄ ≥ 0.1 (Fig. 2.11), and these areas have covered on average ≃ 20%
of the map. Areas have been measured numerically with a homogeneous, dense lattice of
sampling points (Chapter 4).
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Date

Longitude (◦ )

Latitude (◦ )

M

n

Superstition Hills

1987/11/24

-115.83650

32.98658

6.6

1302

Landers

1992/06/28

-116.43500

34.20183

7.3

2420

Northridge

1994/01/17

-118.56213

34.22713

6.7

3961

Hector Mine

1999/10/16

-116.27033

34.59783

7.1

5284

El Mayor-Cucapah

2010/04/04

-115.29450

32.26433

7.2

7601

Name

Table 2.2: Largest earthquakes (M>6.5) in Southern California during the period of
retrospective testing. Coordinates and magnitudes as provided by Hauksson et al. (2012).
The index n is the sequential number of the earthquake in the test.

The average hit rate and percent area shown are pessimistic values, compared
with the expected performance of the latest map. This is because the results of the
earlier, crude maps are averaged with those of the newer, sharpened ones. Typically
the hit rate at the beginning is lower than expected (as in the theoretical Sierpiński
example) and the performance of newer maps compensate slowly the earlier misses.
At the beginning the maps have typically large areas covered under any distance
threshold, which are averaged with the smaller ones which are achieved later on.
For example, the average areas are much larger than the instantaneous ones covered
at the end of the retrospective test in Southern California (Fig. 2.12).
These results for earthquake catalogues are affected by the correlations between
events, especially by sequences of aftershocks, which occur close to each other in
space and time (e.g. Zaliapin et al., 2008; Zaliapin & Ben-Zion, 2015). This is a major
difference with the test with uncorrelated points placed at random in the theoretical
example, where any fluctuations observed are purely stochastic in origin.
The most obvious effects of correlations are observed in Southern California,
related to aftershocks of earthquakes with M > 6.5, which are listed in Table 2.2.
Aftershocks rapidly increase the number of epicentres available to calculate the
map, which produces a sudden sharpening, manifested by a shrinkage of the area
covered under a given distance percentile (Fig. 2.12). This is particulary noticeable
at the beginning of the test period, when there are fewer earthquakes available for
making the map and thus the increase of the number of events is proportionally
larger. For example, the area dropped much more after the 1987 Superstition
Hills earthquake than following the 2010 El Mayor-Cucapah earthquake, despite
the latter had larger magnitude and generated a prolific aftershock sequence
(e.g. Hauksson et al., 2011). This indicates that the pattern of the map becomes
progressively more stable with time, as the number of earthquakes used to make
it increases.
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Aftershocks are also especially well forecast by the method, as expected, what
typically rises the hit rate (as shown in Southern California, in Fig. 2.11, after the
events numbered in Table 2.2). This seems to be compensated by “background
seismicity” occurring further away from previous events once the aftershock
sequences fade. That these are effects are due to correlations between events was
confirmed by reshuffling the catalogue (so that earthquakes occur at the same
locations but in different, random, temporal order).

In reshuffled catalogues,

the hit rates are also similar to the expected ones, but their oscillations become
typically smaller. It is noteworthy that in actual earthquake catalogues, despite of
the correlations between earthquakes and the great variations of earthquake rates
implied by aftershock sequences, the long-term hit rate deviates very little from the
expected one.
The self-sharpening of the maps can be related to the geometry of the spatial
distribution of epicentres. The empirical distribution of nearest-neighbour distances
used for calculating the final maps in each region is shown in Fig. 2.13. The shape
of these distributions (especially their tails) is different for each region.
Figure 2.14 shows the decay of the distance percentiles for P=90%, 95% and 99%
as n increases. When n is small these percentiles may take the same values, since
they are based on the empirical distribution of distances, without interpolation. The
scaling with n (expected from Eq. 2.2) is more evident only after n & 1000, indicating
that the distribution is poorly constrained for smaller n, as discussed for the hit rates.
Such a decay, unlike in the example of the Sierpiński gasket (Fig. 2.3), evidences
a different scaling exponent (slope of the double-logarithmic plot) for different
percentiles, and is consistent with Eq. 2.2 if the dimension D of the distribution
of epicentres is between 1 and 2. For example, Corral (2003) calculated a fractal
dimension D = 1.6 for the epicentral distribution in Southern California, similar to
that of the scaling shown here. Alternatively, multifractal scaling (e.g. Molchan &
Kronrod, 2009; Kamer et al., 2015), with different D at different scales of observation,
would explain the variability in the observed slopes within each region. The 99%
percentile, located at the tail of the distribution, is the least reliable, and shows
a more irregular decay than the others. The calculated fractal dimensions of an
epicentral distribution depend on the location uncertainties, border effects due
to the finite area of the geographic region, the geometry of the projection of the
hypocentres (different for different fault dips), and temporal and spatial correlations
between events (e.g. Eneva, 1994; Kagan, 2007, 2014). An in-depth analysis of the
geometry of the epicentral distribution is out of the scope of this chapter, but the
implied 1 < D < 2 implies that the forecasts maps self-sharpen faster than if
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Figure 2.13: Distribution of nearest-neighbour distances between earthquakes in each
region. It is expressed as a frequency of exceedance (complementary of the empirical
distribution function). Note the double-logarithmic scale. These are the distributions used
for calculating the last forecast maps in each region (bottom maps in Figs. 2.8, 2.9 and 2.10).
Distance percentiles (last values in Fig. 2.14) correspond to the percentages labelled by the
scale at right. The maximum distance in each distribution is the largest value shown. Note
the differences in the distributions, both in shape and scale, which justify using each one for
its particular region, instead of a generic one.

epicentres were distributed uniformly at random (D = 2) over the geographic areas
considered.
The overall performance of the retrospective forecasts can be evaluated with
a Molchan diagram (Fig. 2.15 Molchan, 1997, 2003, emphasizing here the hit rate
instead of its complementary, the miss rate). The results shown in previous figures
referred to specific distance percentiles chosen as examples. In contrast, the curve of
the Molchan diagram is drawn considering all the distance percentiles, representing
for each of these its hit rate versus the average space-time it covered.
There is an excellent agreement between the expected and observed hit rates for
the fraction of area covered, on average (fraction of total space-time) within each
distance (or P̄) threshold. These results with such a high number of earthquakes,
are statistically significantly better than the null hypothesis of a random guess (e.g.
Zechar & Jordan, 2008). A random guessing strategy would consist in trying to
forecast the location of the earthquakes choosing areas at random, and the long-term
hit rate would equal the area fraction covered on average (so its results would lie
on the marked diagonal). A perfect forecast would lie on the upper left corner of
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Figure 2.14: Decay of distance percentiles as earthquakes take place in each region
analysed.

The percentiles shown are for percentages P=90%, 95% and 99% of the

distribution of nearest-neighbour distances. The hit rates corresponding to these percentiles
are shown in Fig. 2.11, and the respective area covered in Southern California in Fig. 2.12.
The last values shown in each region correspond to the distance distributions in Fig. 2.13.
Note the double-logarithmic scale, which is the same in all diagrams. These are shown
separately to avoid overlaps. The percentiles, especially for n & 1000, decay as power laws.
The slopes of theoretical decays are shown for points distributed in space in dimensions
D =1.0, 1.5 and 2.0. The observed scaling is consistent with a fractal (possibly multifractal)
distribution of epicentres in space, with fractal dimension (or dimensions) 1 < D < 2.
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Figure 2.15: Assessment of forecast performance and comparison with the expected one.
There is an excellent correspondence between the results expected from the method (clear
lines) and the observed ones (darker lines). Each point of the curve indicates the percentage of
earthquakes forecast within the distances around past epicentres which covered, on average,
a given area (fraction of space-time).

the diagram, in which 100% of the future earthquake locations would be pinpointed
beforehand (with 0% area covered).
The seismicity of the Earth as a whole is the most predictable spatially, since
there are large areas almost devoid of earthquakes (Fig. 2.8). Southern California
is an intermediate case, probably in part because the data set contains about 4
times less earthquakes than for the whole Earth, so the map cannot be as detailed.
The data set for the Iberian Region contains even fewer events, and perhaps the
seismicity is also more spatially diffuse, so a larger fraction of area around past
earthquakes is required to reach the same hit rate than in the other cases.
No earthquake is expected to occur at a nearest-neighbour distance d larger than
the maximum one dmax between any pair previous earthquakes occurred until that
moment. If an earthquake happens at a distance > dmax from its nearest neighbour
(where P̄ = 0), the method fails. In that case, the whole map area has to be regarded
as covered in order to forecast that location, as for the first two earthquakes (n = 1
and n = 2). This increases up to 100% the average area necessary to achieve a 100%
hit rate. Such a situation may happen occasionally when n > 2, and especially
at the beginning of the test, when n is small and the distribution of distances is
poorly constrained. In these retrospective tests, most of the area (>90%) was covered
within a distance dmax ( P̄ > 0) around past earthquakes, and very few earthquakes
(n > 2) took place beyond it (six in the whole Earth, five in Southern California
and six in the Iberian Region). Some statistical tests would reject a forecast model
which assigned strictly zero probability to a site where an earthquake happened,
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M

Total

Hits

Hit rate (expected 90%)

Earth

≥ 8.0

19

17

89%

Southern California

≥ 6.0

10

9

90%

Iberian Region

≥ 5.0

13

11

85%

Region

Table 2.3: Results for the largest earthquakes in each region, within the 90% distance
percentile around past epicentres. Considering the small number of events, the observed
hit rates are not statistically significantly different from the expected one.

even if the model performed very well with a plethora of other earthquakes; but
this is counter-intuitive and not particularly useful to assess model performance (as
discussed by Taroni et al., 2014). Such issues might be avoided by assigning a tiny,
but not null, probability to those sites (Taroni et al., 2014).
The method shows similar performance for the largest earthquakes as for the
whole set (Table 2.3). Given that the largest earthquakes are scarce, I will only
focus on the results for the expected hit rate of 90%, instead of a larger one, so
that there will be a few worst cases to discuss below. For Southern California the
observed hit rate is already 90% (Table 2.3), while in the other regions is smaller.
Disregarding correlations for a moment, let us assume that each earthquake forecast
is an independent Bernoulli trial (a random experiment with exactly two possible
outcomes, “success” and “failure”), with expected success rate P=90%. Then, using
exact confidence intervals for the binomial distribution (Clopper & Pearson, 1934)
we can test if the observed hit rate is too small to result from this expectation, for the
(small) number of earthquakes in the sample. Indeed the expected long-term 90%
success rate cannot be rejected at any level of statistical significance for the results
shown in Table 2.3.
For the whole Earth, two great earthquakes (MISC ≥ 8.0) were missed at the 90%
distance threshold. One was the May 12th , 2008 Sichuan earthquake, which took
place at a distance d = 62.7 km from the closest epicentre of a M ≥ 5.0 previous
earthquake (96.4% distance percentile). Of the total Earth’s area, 9.7% was a the
time covered within that distance from previous epicentres. The second was the
April 11th 2012 east Indian Ocean earthquake (e.g Pollitz et al., 2012), which took
place at d = 60.1 km (96.6% distance percentile).
For southern California the only large earthquake missed at the 90% distance
threshold was Northridge, which occurred 7.096 km (95.76% distance percentile)
away from its nearest previous earthquake of M ≥ 3.0. Up to 34% of the region
was within this distance threshold from previous epicentres in that moment. The
epicentre of the largest earthquake (Landers), on the contrary, took place a mere
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0.452 km away from the nearest one, and only 0.44% of the region was within such
a small distance from previous epicentres.
For the Iberian region, the two largest earthquakes missed by the 90% distance
threshold are the March 12th 1992, M = 5.3in the Alborán Sea (for which the forecast
map was based on less than 200 epicentres), and the August 6th , 2002 La Paca
earthquake (M = 5.0, Benito et al., 2007). The latter took place 19.6 km away from
the nearest epicentre considered (90.6% distance percentile, 31% area covered at the
time). The most damaging earthquake in Spain during the analysed period (Lorca,
May 11th 2011, M = 5.1, e.g. Martínez-Díaz et al., 2012) took place at just 0.4 km from
the nearest epicentre, and only 0.13% of the geographic area was covered within that
distance threshold.
These results illustrate a trade-off, so that in order to forecast the location of a
larger fraction of earthquakes (including damaging ones) a larger distance threshold
has to be used (covering a larger fraction of the map). That the overall results for
large earthquakes are similar to those for small ones highlight the importance of
taking small earthquakes into account for forecasting the location of larger ones (as
also already pointed out, e.g. by Ebel, 2008).

2.5 Independent daily testing in the
Collaboratory for the Study of Earthquake Predictability
To test independently the performance of these spatial forecasts I submitted the
procedure for formal, automatic, daily testing at the Southern California Earthquake
Center (Los Angeles, USA), within the Collaboratory for the Study of Earthquake
Predictability (CSEP). This is an international cooperative project, devised as a
continuation and expansion of the experiments for testing forecast models in
California (RELM, the Regional Earthquake Likelihood Models experiment, Field,
2007; Schorlemmer & Gerstenberger, 2007). Apart from the computational testing
centre in California, others are based in Europe (Schorlemmer et al., 2010a), Japan
(Tsuruoka et al., 2012) and New Zealand (Gerstenberger & Rhoades, 2010), with
prospects also in China (Mignan et al., 2013). The research presented here has been
the first contribution from Spain to this international initiative.
The goal of CSEP is to explore earthquake predictability by testing the forecast
models in a truly prospective, automatic, and reproducible way (Schorlemmer
& Gerstenberger, 2007; Zechar et al., 2010).

Tests are made in near-real time,

independently of the researcher who submitted the model, what prevents any
possibility to influence the results.

In CSEP the forecasts are expressed in a
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standardized way, to facilitate comparison between the models (Schorlemmer &
Gerstenberger, 2007).
The proposed model has been tested during six years at the time of this writing
(November 2015), for earthquakes occurred in California, the whole Earth and the
western Pacific. During such a long period, enough target earthquakes occurred
in each of these regions to allow statistically meaningful tests.

The following

subsections present first an overview of the CSEP testing experiment, then explain
how the model was adapted to CSEP standards, how it is being tested, the regions
and data used for the tests, and the overall results, compared to those of a reference
model.

2.5.1

Setup of the testing experiment

The computational setup of each CSEP testing centre is complex and technically
demanding, as detailed by Zechar et al. (2010). Scientists (modelers) cannot test
directly the models, but have to submit their original software code for independent
testing. The code must be able to read the data required (such as a specifically
formatted earthquake catalogue), to compute the forecast for a pre-defined grid of
cells in which each testing region is divided, and to save it in a standardized XML
format. After checking that the software integrates properly in the CSEP computing
environment and generates the expected (and reproducible) results, prospective
testing can start. The model is tested against the occurrence of earthquakes which
had not yet taken place when the software was initially submitted.
The original software for computing the forecasts with this model was written
in Fortran 90 and called Nearest (short for “nearest-neighbour” forecast). It can be
freely used and modified, under a GNU General Public Licence (version 3 or later,
Free Software Foundation, 2007). Most software used by CSEP (to a large extent
developed on purpose for this collaboration) is free and open-source. Including
Nearest, it can be downloaded for personal use, either directly through the web page
or under request through the contact form there included. The testing centres store
all the information required to ensure reproducibility of the forecasts (source codes,
original earthquake catalogues, computed forecasts and test results, Zechar et al.,
2010).
The maps and tests are made as in real time (for example, the forecast for each
day is made daily, using the data automatically downloaded for earthquakes that
occurred until the day before). The compilation of a real-time earthquake catalogue
is initially preliminary, and has to be revised manually, with some delay, to correct
errors (see, e.g. Sec. 3.2.14). So any real-time catalogue version is flawed to some
extent and, if the tests were made with it, they would also be unreliable. Since the
43

goal of CSEP is to test the models rigourously, it is necessary that the catalogue is
revised, and reasonably close to the final version; for this reason the maps are made
and tested with a delay of one month (Schorlemmer & Gerstenberger, 2007).
Forecast maps and test results are posted automatically in the web page
www.cseptesting.org (Fig. 2.16). CSEP tests models in different regions, for
different time periods (such as one day, one month, three months, a year, five
years), and of several kinds, such as alarm models (aimed to forecast earthquake
locations) or rate models (aimed to forecast earthquake rates –frequencies). The
updated maps and results of the model presented here can currently be checked in
www.cseptesting.org/results/scec, choosing the test region and selecting
the One-day alarm models class (Fig. 2.16).

2.5.2 Adaptation of the model to CSEP standards
In CSEP, the maps are discretized into a pre-defined grid of latitude-longitude cells
(whose resolution depends on the region considered, Table 2.4) and two basic types
of forecast models are being tested. In most models (e.g. Field, 2007) each cell of
the map is assigned a rate (frequency) of earthquakes, for a specified magnitude
and depth range. Other models, instead, are intended to forecast only the spatial
distribution of future earthquakes. In these, each cell is assigned a specific value
of a function (alarm function Zechar & Jordan, 2008). It is analogous to the term
susceptibility used when forecasting other natural hazards (e.g. Galve et al., 2011;
Becerril et al., 2013). The alarm function increases (not necessarily in an explicit way)
with the expected likelihood of future earthquakes in that cell during the testing
period (Zechar & Jordan, 2008).
The pixelization of the maps in latitude-longitude cells is not homogeneous,
since the geographic area covered by each cell is larger near the equator and smaller
near the poles (e.g. González, 2010a, Ch. 4). For a spherical Earth model with radius
R, the area of a cell within latitudes ϕ1 and ϕ2 , and longitudes λ1 and λ2 (in degrees)
is:
a=

π 2
R |sin(ϕ1 ) − sin(ϕ2 )||λ1 − λ2 |.
180

(2.5)

This implies, for example, that a 1◦ × 1◦ cell bounded by the equator is > 114 times
larger than one bounded by the pole. For each region I submitted to CSEP a null
hypothesis model, named Uniform, specifying the area fraction of the testing region,
ai , covered by each cell i.
The Nearest model as adapted to CSEP has again no parameter. The alarm
function P̃i for each cell i was chosen as the area integral of P̄ over the two
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Figure 2.16: Snapshot of the CSEP web page showing a daily forecast map for California
with the Nearest model. The map shown is for October 3rd , 2009. Overlapping white squares:
epicentres of target earthquakes (M ≥ 3.95) occurred (close to each other) that day and used
for automatic testing of the model.
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dimensions of the cell:

∫∫

P̃i =

i

P̄da = ⟨ P̄⟩i × ai ,

(2.6)

where ⟨ P̄⟩i is the average value of P̄ in the cell (the empirical frequency of
exceedance of nearest-neighbour distances, Sec. 2.2). With this definition, a cell
tends to have a larger alarm function if it contains more past earthquakes, if it is
close to them, and/or if it has larger geographic area. The maximum P̃ in general
will be <1. The minimum P̃, for cells far away from previous earthquakes, may be
=0. The binning into latitude-longitude cells thus imposes an unequal rasterization
and local averaging of the map. Unlike the maps of the original method, these CSEP
maps cannot self-sharpen beyond the resolution limit of the cell size.

2.5.3 Model testing
The procedure used to test alarm-based forecasts in CSEP does not depend on the
absolute value of the alarm function, but on the relative one (Zechar & Jordan,
2008), so it can be rescaled for convenience. To merge the results of all days
homogeneously, within each day, the value for each cell, P̃i , in each day will be
rescaled to P̃i′ by dividing by the largest P̃ in the map, P̃max :
P̃i′ =

P̃i
.
P̃max

(2.7)

This is analogous to a contrast stretch of the map image, so that the rescaled values
range strictly up to 1.
CSEP routinely evaluates the performance of alarm-based models with three
tests: the Molchan test, the Area Skill Score and the ROC test. The Molchan test
(or error diagram, Molchan, 1997) is identical to the diagram used in the previous
section (Figs. 2.15), but plotting in the ordinates the error rate (also called failure
rate or fraction of errors), which equals one minus the hit rate. The Area Skill Score
(Zechar & Jordan, 2010a) is derived from the Molchan diagram, and has been
recently shown to provide inconsistent results (Molchan, 2012), so it will not be
further discussed here. The ROC test (commonly used in other fields, such as
atmospheric forecasting, Mason, 2003) plots the hit rate above an alarm function
threshold versus the false alarm rate (percentage of cells above that threshold where
no earthquake took place). The ROC results will be omitted here for brevity, since
they are almost identical to those of the Molchan diagram (both diagrams would
be identical in the continuum limit, with infinite cells in the map, each one with
infinitesimal area, Zechar & Jordan, 2008).
The Molchan diagram for these models is calculated by considering all possible
thresholds of the alarm function (Zechar & Jordan, 2008). For each threshold, it is
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Testing

target

M min

Mc

region

Maximum

Cell

depth (km)

side

(◦ )

Data since

Start date

(year)

(m/y)

Events

California

3.95

3.50

30

0.1

1984

10/2009

385

Global

5.95

5.95

30

1.0

1977

1/2010

563

NW Pacific

5.80

5.80

70

0.5

1977

1/2010

233

SW Pacific

5.80

5.80

70

0.5

1977

1/2010

349

Table 2.4: Data ranges used for using and testing the forecast model in the CSEP
experiment. Cell sizes and maximum depth thresholds are fixed (pre-defined) by CSEP
for all models used in each region. Data start to be used from a year when the catalogue
is considered more reliable, and only earthquakes with magnitude M ≥ Mc are used,
being Mc the magnitude of completeness. The automatic testing was done for the number
target

of earthquakes listed in the last column, which had a minimum magnitude Mmin

and

occurred since the start date specified.

measured the fraction of geographic area covered by all cells whose function P̃′ is
at or above the threshold, and the fraction of the total number of target earthquakes
which took place in them. In the cumulative results shown here, the fraction of
area considered will be the average along all days of the testing period. A spatial
forecast will be good if most earthquakes take place within the cells with largest
alarm function, and if these cover a small fraction of the area. The results for the
Molchan diagram will be shown together for all regions at the end of the chapter.

2.5.4

Testing regions

This section details the regions and data used for the tests, and shows some chosen
examples of forecast maps. Since the method has been tested with several hundreds
of events, it is impractical to discuss the results for each of them individually, so only
a few selected cases will be briefly mentioned, and the major focus will be given to
the overall results presented later.
Table 2.4 lists the data ranges used for calculating and testing the forecasts. In
all regions, at the time of the beginning of the tests, the number of earthquakes
used for calculating the first daily map was already >1000, so it was expected
that the distribution of nearest-neighbour distances was sufficiently constrained for
applying the method reliably. The results presented here include the daily testing
until September 30th , 2015.
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Figure 2.17: Testing area and data collection area for real-time testing in California
(redrawn after Schorlemmer & Gerstenberger, 2007). The testing area is divided into the
white latitude-longitude cells. The data collection area is conformed by the latter plus a buffer
(grey cells) to reduce border effects. Gray lines are the traces of active faults within California
(United States Geological Survey, 2015).

2.5.4.1 California
For California the experiment setup is the same as for the Regional Earthquake
Likelihood Models experiment (Field, 2007; Schorlemmer & Gerstenberger, 2007),
but with a lower magnitude threshold and over a different time period. The ANSS
Comprehensive Earthquake Catalog is used (Advanced National Seismic System,
2015). Tests are done with earthquakes occurred in a specified testing area, which is
surrounded by a buffer from which data is also used, to reduce border effects (Fig.
2.17, Schorlemmer & Gerstenberger, 2007). The start date for the data considered
and the magnitude of completeness chosen (Table 2.4) are based on the the analysis
by Wiemer & Schorlemmer (2007). This is the CSEP region where more earthquakes
are used to calculate the maps with Nearest (∼4,800 earthquakes for the first one).
The Nearest model was submitted to CSEP for testing in California earlier than
for other regions.

It began formal testing for earthquakes that occurred since
48

October 1st , 2009 (Gonzalez, 2010b), and became the first alarm-based earthquake
forecast ever tested on a daily basis.
During the six first years of experiment, 385 target earthquakes have taken
place within the California region, according to the catalogue versions used
during routine daily testing (Fig. 2.18). These are dominated by the Sierra El
Mayor–Cucapah earthquake (Baja California, Mexico, April 4th , 2010, Mw = 7.2)
and its prolific aftershock sequence (e.g. Hauksson et al., 2011). This has been the
largest earthquake in the region since Landers in 1992, making this a relatively
anomalous period with high seismicity. Figure 2.19 shows the corresponding daily
forecast map calculated by CSEP with the nearest method, with the location of
this earthquake, and of the target aftershocks already occurred that day.

The

earthquake was preceded by foreshocks (Hauksson et al., 2011), which contributed
to enhance the calculated alarm function in and around the cells where eventually
the mainshock took place.
This test has used so far over twelve times more target earthquakes than the
RELM experiment, which was based on just 31 earthquakes with M ≥ 4.95 occurred
from January 1st , 2006, to December 31st , 2010 (Lee et al., 2011; Zechar et al., 2013).
2.5.4.2 Global (whole Earth)
For the global testing region, CSEP uses the Global Centroid Moment Tensor
Catalogue (GCMT, formerly known as Harvard Moment Tensor Catalogue, Ekström
& Nettles, 2015). The basic method used for compiling this catalogue was set out
by Dziewonski et al. (1981) and its most recent implementation was described by
Ekström et al. (2012).
For each earthquake, this catalogue provides, among other data, the scalar
seismic moment and the coordinates of the centroid (not the hypocentre). The scalar
seismic moment, M0 , is defined as (e.g. Scholz, 2002):
M0 = µA D̄,

(2.8)

where µ is the shear modulus of the rocks involved in the earthquake rupture, A
is the area of the rupture along the geologic fault where the earthquake occurred,
and D̄ is the average displacement on A. M0 has dimensions of energy. In the
GCMT, M0 is determined from the analysis of long-period and intermediate-period
seismograms (Ekström et al., 2012).
The centroid is the centre (best point-source representation) of seismic moment
release. Centroids are typically not coincident with hypocentres in earthquake
catalogues (e.g. Husen & Hardebeck, 2010). While the hypocentre indicates where
an earthquake nucleated (is the point of initial radiation of seismic waves, and thus
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Figure 2.18: Target earthquakes occurred during daily testing in California. These are
385 earthquakes with M ≥ 3.95 which took place during six years (October 1st , 2009 to
September 30th , 2015). The topography of this and other maps in this chapter is derived
from Amante & Eakins (2009). The Mw = 7.2 Sierra El Mayor–Cucapah earthquake and its
foreshocks and aftershocks form a linear streak (marking the trends of mayor faults) near
the southern boundary of the testing area.
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Figure 2.19: Daily forecast map for California, April 4th , 2010, calculated automatically by
CSEP. Colour scale: Scaled, integrated probability of distance exceedance, ( P̃′ ) in each cell.
It is higher at the latitude-longitude cells where earthquakes are considered more likely to
take place. Blue squares: Epicentres of the target earthquakes occurred that day (symbol size
proportional to magnitude). These are the Mw = 7.2 Sierra El Mayor–Cucapah earthquake
and its first aftershocks. Only 50 of cells out of 7,682 of the testing region had equal or higher
P̃′ than the one ( P̃′ = 0.604) where the mainshock occurred.
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the initiation point of dynamic rupture, Scholz, 2002), the centroid informs about
which was the center of the final slip distribution (analogous to a centre of mass).
From the M0 provided in the GCMT catalogue, for automatic selection of
the data used for calculating the map (Table 2.4), moment magnitude (Mw ) was
calculated following its preferred definition (Hanks & Kanamori, 1979; USGS
Earthquake Magnitude Working Group, 2002):
Mw =

2
log M0 − 10.7,
3

(2.9)

where M0 is in dyne-cm (1 dyne-cm=10−7 Newton-metre).
An advantage of the GCMT catalogue (Kagan, 2003) is that all its earthquakes
can be assigned a single Mw , systematically calculated and which does not saturate.
Moreover, there is not a long latency period, since for each earthquake the catalogue
provides a quick determination as soon as possible, and a final determination in no
more than about four months (Ekström et al., 2012). A disadvantage is that it is less
complete (globally Mc = 6.0 Woessner & Wiemer, 2005) than the ISC Bulletin, and
thus provides fewer usable earthquakes for meaningful testing.
During the testing period, 563 target earthquakes took place (Fig.

2.20),

including several great ones, what makes this period more active than the long-term
average. The largest ones are Tōhoku (Japan, March 11th , 2011, Mw = 9.1) and
Maule (Chile, February 27th , 2010, Mw = 8.8), and will be dealt with in more detail
below. Aftershocks of Tōhoku conform a significant fraction of the catalogue during
these years. The most damaging event in terms of human losses, despite its lower
magnitude, was the Haiti earthquake (January 12th , 2010, Mw = 7.1, Fig. 2.20).
2.5.4.3 Western Pacific
The western Pacific regions for CSEP testing are two partially overlapping
geographic areas (NW and SW Pacific), specified by Eberhard et al. (2012) following
Kagan & Jackson (1994), which account for more than half of Earth’s recorded
seismicity. The catalogue used is the same as for the global region, but the analysis
is more detail (with lower target magnitude, finer gridding and greater maximum
depth). The data period chosen and the Mc are based on the analysis of Woessner
& Wiemer (2005). NW Pacific is the CSEP region where fewer earthquakes are used
to calculate the maps with Nearest (∼1,100 earthquakes for the first one).
NW Pacific
In the northwestern Pacific, 233 target earthquakes have taken place during
the test, and the catalogue is largely dominated by the Tōhoku earthquake and
its aftershocks (Fig. 2.21). The mainshock and most of its aftershocks took place
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Figure 2.20: Global daily forecast testing. Top: Location of the 563 target earthquakes.
They had Mw ≥ 5.95 and took place during almost six years of daily testing (January 1st ,
2010 to September 30th , 2015). Bottom: Daily forecast map for January 12th , 2010, with
the location of the Mw = 7.1 Haiti earthquake marked. Colour scale: Scaled, integrated
probability of distance exceedance ( P̃′ ) in each cell. It is higher at the latitude-longitude
cells where earthquakes are considered more likely to take place, in the vicinity of previous
earthquakes.
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1.0

in cells with moderate to high alarm function, among the largest in Japan and
surroundings (e.g. Fig 2.21). Some cells towards the equator have greater alarm
function, because their geographic area is much larger. Tōhoku was preceded by
foreshocks (e.g. Marsan & Enescu, 2012), which contributed to enlarge this function
locally. And aftershocks in the sequence rose the alarm function for those of later
days, contributing to improve their spatial forecast. The calculated alarm function
was high all along the subduction zone off the east coast of Japan, where the Tōhoku
earthquake took place, in contrast to the official seismic hazard map of Japan, which
assigned higher hazard elsewhere (Geller, 2011; Stein et al., 2012).
The best forecast was obtained on August 3rd , 2010, for a target earthquake (with
Mw = 6.3) which took place at the cell with the highest value of the function for that
day (the one centred at 126.5◦ E, 1.5◦ N, under the the Molucca Sea).

SW Pacific
In the southwestern Pacific, 349 target earthquakes have taken place during
the test (Fig. 2.22). Most of them concentrated along subduction zones, where
previous ones had taken place before and the alarm function was high.

The

deadliest earthquake in the region during these years was that of Christchurch,
New Zealand (February 21st , 2011, Mw = 6.1, Fig. 2.22). This was an aftershock
of the larger but less damaging Mw = 7.0 Darfield earthquake, occurred nearby
on September 3rd , 2010 (dates according to Universal Time). This is an example
in which the mainshock caused the alarm function to significantly rise locally,
eventually contributing to improve the spatial forecast of a damaging aftershock.
The best forecasts in this region were obtained for four target earthquakes which
occurred at the cell with the highest value of the function in their respective days.
The largest earthquake, with Mw = 7.5, took place on May 5th , 2015, SSW of
Kokopo, Papua New Guinea (at the cell centred at 152.0◦ E, 5.5◦ S). The three other
events were foreshocks of this one, and had occurred in the immediate surroundings
(exactly at the same cell) a few days earlier (April 30th , and May 1st and 3rd , with
Mw equal 6.6, 6.8 and 5.9, respectively).

2.5.5 Overall results and comparison with a reference model
In all regions, the vast majority of earthquakes took place in the small fraction of
the area occupied by the cells with higher alarm function. The Molchan diagram
with the overall results for all regions is shown in Fig. 2.23. The best results (not
significantly different from each other) are obtained for the western Pacific and
global regions, and are similar to those obtained for the global retrospective tests
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Figure 2.21: Daily forecast testing in the NW Pacific. Top: Locations of the 233 target
earthquakes. They had M ≥ 5.8 and took place during almost six years of daily testing
(January 1st , 2010 to September 30th , 2015). Most of those offshore the east coast of Japan
correspond to the 2011 Tōhoku earthquake sequence. Bottom: Daily forecast map for
March 11th , 2011. Blue squares: Target earthquakes (symbol size proportional to magnitude),
which are the Tōhoku earthquake (Mw = 9.1) and its largest aftershocks of that day. Colour
scale: Scaled, integrated probability of distance exceedance ( P̃′ ) in each cell.
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Figure 2.22: Daily forecast testing in the SW Pacific. Top: Locations of the 349 target
earthquakes. They had M ≥ 5.8 and took place during almost six years of daily testing
(January 1st , 2010 to September 30th , 2015). Bottom: Daily forecast map for February 21st ,
2011. Blue square: Location of the Christchurch, New Zealand earthquake (Mw = 6.1), the
only target earthquake occurred that day. Colour scale: Scaled, integrated probability of
distance exceedance ( P̃′ ) in each cell.
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Figure 2.23: Overall results of the CSEP daily tests and a retrospective reference forecast.
The results of the reference model for the whole Earth and NW Pacific mostly overlap each
other. This model performs very well for the majority of earthquakes in each region, but fails
completely for the remaining ones, which occurred at locations where the alarm function
was null. Nearest outperforms this reference model in all regions.

for M ≥ 5.0 in the previous section. The results for California are slightly worse,
and similar to the retrospective ones for Southern California with M ≥ 3.0. In all
regions, a few earthquakes took place relatively far away from previous ones, so
to achieve a hit rate of 100% it is necessary to cover a large fraction of the total
area (total space-time, given that area is averaged for all the days of the test). No
earthquake during the tests took place in a completely unexpected site (in the cells
with P̃ = 0, very far away from previous ones).
These overall results are almost insensitive to the area weighting used for each
cell. That is, if instead of Eq. 2.6, the alarm function is (retrospectively) recalculated
as:
P̃i∗ = ⟨ P̄⟩i ,

(2.10)

the trajectories of the Molchan diagram are almost identical to those of Fig. 2.23 in
all regions, at least for the target earthquakes tested so far.
2.5.5.1 Reference model
Dividing the map into standardized spatial bins allows for formal testing against
other forecasts, using (retrospectively) the same earthquake catalogue for each
region as in the CSEP test. In particular, the simplest reference forecast model is the
so-called Relative Intensity (not to be confused with shaking intensity), proposed by
Holliday et al. (2005) and later frequently used (e.g. Zechar & Jordan, 2008; Nanjo,
2010, 2011; Tiampo & Shcherbakov, 2012, and references therein). It just assumes
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that future earthquakes will be more likely in the cells where more earthquakes
(with magnitude above the completeness threshold) took place in the past. Despite
its simplicity, it is able to outperform the forecasts of other models (Zechar & Jordan,
2008).
This reference method has no parameter, aside from the size of the spatial bins.
Its alarm function RI, is simply defined as (Holliday et al., 2005):
RIi =

ni
nmax

,

(2.11)

where ni is the number of past earthquakes within the considered ranges of date,
magnitude and depth which have originated inside the cell i, and nmax is the largest
number of such earthquakes occurred in any cell of the map. The division by this
denominator yields a maximum RI max = 1, and is analogous to the re-scaling used
with Nearest. It allows taking into account that as time progresses, there will be more
past earthquakes to build the map. The geographic area of the cell is not explicitly
taken into account, but larger cells obviously tend to have more earthquakes.
For many cells, RI = 0, even if they are adjacent or close to others with high
RI. This depends on the lattice spacing used. If the cell size were reduced, each
cell would tend to contain either only one past earthquake or none. Smoothed
versions of this method have been proposed to avoid these strictly null values
(Nanjo, 2010, 2011; Tiampo & Shcherbakov, 2012, and references therein). But, as
discussed at the beginning of the chapter, it is unclear which smoothing procedure
is more adequate (e.g. Nanjo, 2010, 2011) and such a practice inevitably introduces
at least one parameter, with is absent in the original version (Holliday et al., 2005). It
should be noted that the idea of counting earthquakes in a latitude-longitude grid as
a representation of the geographic distribution of seismicity is actually much older
(e.g. Rey Pastor, 1934).
Figure 2.24 compares the maps produced by the non-parametric Nearest and
Relative Intensity methods, for the day when the second largest earthquake on Earth
during the test period took place: Mw = 8.8 Maule (Chile). The last comparable
earthquake at this location was the 1835 Concepción earthquake, observed and
documented by FitzRoy (1839) and Darwin (1851) among others, and it had been
measured that strain was accumulating in the area (e.g. Ruegg et al., 2009). This
earthquake, thus, filled a long-recognized seismic gap (e.g. Melnick et al., 2012).
The Maule earthquake serves as an example of the performance of the methods
when an earthquake does not is not strictly close to the previous ones from the
instrumental period considered (the last decades). It took place inside a cell where
no earthquake with M ≥ 6 had taken place since 1977, so it is a clear miss for the
Relative Intensity method. Nearest, instead, calculated a moderate alarm function for
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Figure 2.24: Comparison of global forecasts for the day of the M w 8.8 Maule earthquake
(February 27th , 2010). Top: Daily map calculated by CSEP with the Nearest method.
Bottom: Retrospective map calculated with a reference method whose alarm function
is proportional to the number of past earthquakes in the cell.

Colour scale: Rescaled

alarm functions (light grey where strictly zero). Blue squares: Location of the mainshock
(the southernmost event) and the only other earthquake with M ≥ 5.95 of that day
(an aftershock). The aftershock location is well forecast by both methods, because of
its proximity to earlier earthquakes. The mainshock filled a seismic gap, where Nearest
assigned a moderate alarm function, while the reference model fails because it assigned
strictly zero.
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earthquakes with M ≥ 6 at this cell, because previous earthquakes had occurred
nearby.
Actually, in all regions, Nearest outperforms the reference model of Relative
Intensity, because a large fraction of earthquakes take place in cells where no
previous earthquakes had taken place (in the time, depth and magnitude ranges
considered). The diagram of Fig. 2.23 shows that most earthquakes took place in
the few cells where previous ones had occurred. But the remaining earthquakes
(∼ 27% in the global and NW Pacific regions, ∼ 18% in the SW Pacific and ∼ 16%
in California) are completely missed: they took place in the remaining cells, where
RI = 0, requiring a 100% of space-time to be covered for forecasting their locations.
So the main achievement of Nearest is to naturally assign a moderate to low relative
probability to those cells, without using any parameter.

2.6 Final remarks
This chapter has presented a method to forecast the location of future earthquakes
using only the location of past ones. It lacks any parameter, and it is only based on
the empirical distribution of distances between past earthquakes. It is shown that
this distribution can be extrapolated to calculate, in a probabilistic way, at which
distance from previous earthquakes the next one will occur. Earthquakes tend to
occur near past ones, and this method offers an empirical, simple way to express
this fact quantitatively.
The skill of the method is shown by extensive testing, both retrospectively
and prospectively, with different earthquake catalogues, for regions with different
tectonic environments. In the retrospective tests, the performance of the method
is tested with every new earthquake. This contrasts with the traditional tests for
earthquake forecast, which typically separate the available data in two periods: an
initial training, period whose data are used to calculate the forecast, and a later testing
period, whose data is used to evaluate the performance of the forecast (e.g. Stock &
Smith, 2002; Zechar & Jordan, 2008; Kafka & Ebel , 2011). The skill of the method
tends to improve with time, as new earthquakes occur and the probability maps
sharpen.
Similar results are obtained by daily, automatic, independent testing by the
Collaboratory for the Study of Earthquake Predictability during six years. Testing
with every new earthquake is not currently technically feasible, but it is shown that
the daily updates of the maps allow improving them progressively, for example, in
aftershock sequences and when foreshocks precede a larger earthquake.
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The fact that the observed hit rate is so similar to the expected one implies that
the method is near optimal if only the spatial distribution of earthquakes is used as
input. So the method automatically delimits the smallest distances (and the smallest
areas) around past earthquakes which yield a given hit rate in the long term.
Further reducing the area where the next earthquake is forecast to occur would
require additional information, not used here. Improvements of this empirical
method would require, for example, taking into account the temporal dependencies
between earthquakes. Examples are perhaps more evident in the maps for Southern
California, where aftershock sequences leave a permanent footprint, despite the
probability of a next earthquakes is nowadays probably low. Refinements could be
sought by disregarding earthquakes occurred too long ago, but this would require
optimizing additional parameters, such as the maximum number of previous
earthquakes considered to elaborate the map.
The method shows clearly a trade-off in which, to forecast the next earthquakes
with larger probability, larger areas around previous earthquakes have to be
considered. This trade-off is typical to any forecasting approach, and it has to be
taken into account when using the forecasts for decision-making (e.g. Molchan,
1997; Mason, 2003; Stein & Stein, 2014).
Relevant consequences of these results are summarized as follows:
• This method without any parameter outperforms the one commonly used as
reference (e.g. Holliday et al., 2005; Zechar & Jordan, 2008), which also lacks
any parameter. Thus the new method is proposed as an improved reference
model to which compare the merits of more complex forecasts.
• Improved maps of spatial earthquake probability could be based on the
empirical distribution of distances between earthquakes. For calculating a
continuous estimate of probability density, the function used as smoothing
kernel should be consistent with such empirical distribution.
• In order to forecast reliably future earthquake locations, a minimum sample
of past earthquakes is necessary, on the order of 1000. The locations of only
the few largest earthquakes (which frequently influence hazard maps heavily,
Stein et al., 2012) are not sufficient to calculate a reliable spatial probability for
future earthquakes.
• The spatial component of earthquake forecast (and hazard) maps will likely
benefit from using the locations of all past earthquakes for which the catalogue
is complete, without declustering, in order to obtain a more complete and
reliable spatial sample.
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• In regions with few earthquakes in the available instrumental record (such
as in stable continental interiors), retrospective tests with this method could
help elucidate if the earthquake sample is large enough to justify using spatial
kernels, for example for probabilistic seismic hazard assessment.
As a final note, this method can be applied to forecasting locations of any set
of points which distribute in space in a persistent way. It thus could be tested
with other natural events whose locations can be considered point-like, such as the
opening of new sinkholes (e.g. Galve et al., 2011) or volcanic vents (e.g. Becerril et al.,
2013). The application to earthquake catalogues constitutes a particularly complete
case study because of the abundance of events available for testing.
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C HAPTER 3

The Spanish National Earthquake
Catalogue: Evolution, precision
and completeness
La Géographie sismologique nécessite comme fondement principal, la connaissance des
données proportionnés par la Sismologie statis[ti]que [...].
Alfonso Rey Pastor (1927, p. 1)

Chapter adapted and expanded from:
Álvaro González (2016)
The Spanish National Earthquake Catalogue:
Evolution, precision and completeness.
Journal of Seismology, in press.

3.1

Introduction

The capabilities for detecting and characterizing earthquakes in any region are
limited and evolve throughout time.

Consequently, the resulting earthquake

catalogue is far from being obtained under controlled, laboratory-like conditions,
and is prone to large temporal and spatial heterogeneities.

Modifications of

the seismological instrumentation, of the earthquake location routines, or of the
procedures for calculating magnitudes will leave their mark on the catalogue.
It is of utmost importance to decipher and unveil these heterogeneities and
limitations, because, if unnoticed or disregarded, they may invalidate the analyses
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of earthquake data and hamper reaching meaningful conclusions (e.g. Muñoz &
Udías, 1982; Vere-Jones, 1992; Kagan, 2003).
This chapter provides an extensive review and statistical characterization of the
Spanish National Earthquake Catalogue during the instrumental era, pointing out
its heterogeneities and progressive improvements. The catalogue is arguably the
most complete for Spain and has been used as a basis for the official seismic hard
assessments of the country (e.g. Ministerio de Fomento, 2003; García-Mayordomo et
al., 2004; Martínez Solares et al., 2013). The analysis presented here enabled a proper
statistical use of the catalogue in Chapter 2.
The Spanish National Earthquake Catalogue is compiled by the Instituto
Geográfico Nacional (IGN, the agency responsible for earthquake monitoring and
warning at a national level in Spain). It can be freely downloaded online (Instituto
Geográfico Nacional, 2015). Figure 3.1 shows the epicentres and the spatial extent
of the catalogue (26◦ N to 45◦ N, 20◦ W to 6◦ E). This region embraces mainland Spain,
Portugal, Morocco, Andorra, parts of France and Algeria, and several Portuguese
and Spanish archipelagos (Balearic, Canary, Madeira). The catalogue contains data
of over 100,000 events, originated since 880 B.C. until present, most of them in recent
decades, with a yearly record of ∼ 17, 000 in 2011.
At one extreme, this region has experienced the greatest earthquakes known in
western Europe. The largest events are the Lisbon Earthquake on 1 November 1755
[moment magnitude Mw ≃ 8.5 (Martínez Solares & Mezcua, 2002; Martínez-Solares
& López Arroyo, 2004)], the 25 November 1941 North Atlantic Earthquake [Mw ≃
8.0 (Storchak et al., 2013)], the 28 February 1969 offshore Portugal earthquake [Mw =
7.8 (Storchak et al., 2013)] and the enigmatic, deep earthquake of Granada (south
Spain) on 31 March 1954 [Mw = 7.8 (Storchak et al., 2013)]. At the other extreme,
earthquakes with magnitudes ≤ 1 are currently reported in the IGN catalogue in
the geographic areas with the densest distribution of stations.
The Spanish National Seismic Network (the largest permanent network in the
country, managed by IGN) provides the primary data source for the real-time
compilation of the catalogue. This is expanded by IGN with data shared by seismic
stations of other institutions in Spain and abroad, either in real time, or for the final
catalogue review. These additional stations belong, for example, to the regional,
permanent Spanish networks in Andalusia (IAG, 2015) and Catalonia (ICGC,
2015), those of the San Fernando and Ebro observatories, and the national seismic
networks of France (RéNaSS, 2015), Portugal (Custódio et al., 2015), Morocco and
Algeria (Yelles-Chaouche et al., 2013). More information on permanent networks on
the Iberian region can be found in Alguacil & Dávila (2003).
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Figure 3.1: Epicentres in the Spanish National Earthquake Catalogue since the historical
era to the end of 2013, separated according to hypocentral depth. Map in a sinusoidal (equal
area) projection, over the global relief model of Amante & Eakins (2009), replaced by the
bathymetry of Zitellini et al. (2009) where available. The infrequent earthquakes with depth

> 30 km are highlighted by being plotted on top of the others. Depth is considered unknown
if absent (e.g. for events located from intensity data only) or fixed (not calculated as an
independent parameter).
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Conversely, this catalogue has been used as a source for others. For example for
Portugal (Carrilho et al., 2004; Pena et al., 2014), Pyrenees (Souriau & Pauchet, 1998;
Secanell et al., 2008), Catalonia (Susagna & Goula, 1999), Algeria and Morocco (e.g.
Benouar, 1994; Peláez et al., 2007; Hamdache et al., 2010; Ayadi & Bezzeghoud, 2015;
Harbi et al., 2015), Euro-Mediterranean region (Grünthal & Wahlström, 2012), and
the Bulletin of the International Seismological Centre (International Seismological
Centre, 2015b). IGN is a nodal centre of the Euro-Mediterranean Seismological
Centre and contributes data for its bulletin (Godey et al., 2006).

So analysing

the IGN catalogue may eventually contribute to characterizing these separate, but
intertwined, databases.
The chapter is structured as follows.

Section 3.2 reviews the evolution of

the catalogue and the seismic network, pointing at milestones in the catalogue
development. The rest of the chapter focuses mainly on the instrumental era, the
last decades on which the catalogue relies mostly on instrumental seismic data.
Section 3.3 reviews the procedures used for locating earthquakes and assesses the
typical precision of hypocentral locations. The different magnitude scales currently
reported in the catalogue are described in section 3.4. Section 3.5 analyses and
maps in detail the magnitude of completeness of the catalogue within different
periods, separated by milestones in the instrumentation development, changes of
location routines or of magnitude scales used. Closely related to the magnitude
of completeness of the catalogue are the apparent daily and weekly variations,
related to the variable amplitude of the artificial seismic noise, which are highlighted
in section 3.6. The contamination of the catalogue by quarry and mine blasts
is reviewed, and exemplified by several case studies, in section 3.7. Concluding
remarks are discussed in the last section. I will use the catalogue data until the end
of 2013 (∼ 98, 000 events in total), the last year for which it has been completely
revised.

3.2 Evolution of the catalogue
Focusing on the main data source, the current catalogue can be divided into three
blocks :
• Before 1901, it is mostly based (with later updates) on the catalogue by
Martínez Solares & Mezcua (2002) for the Iberian Peninsula and surroundings,
and on the earlier one by Mezcua & Martínez-Solares (1983) for the Canary
Islands.
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• From 1901 to 1980, it is taken from Mezcua & Martínez-Solares (1983), with
later revisions.
• Since 1981, it has been directly compiled by IGN using data provided by the
Spanish National Seismic Network (Red Sísmica Nacional), and seismological
stations of other institutions.
The cumulative number of earthquakes in the catalogue (Fig. 3.2) shows an
apparent increase of the earthquake rate with time (especially for magnitudes ≤ 3),
which evidences a progressive improvement of detection capabilities. In the Canary
Islands since mid-2011 the increase is mostly natural, due to the surge of volcanic
swarms in El Hierro island.
The following subsections review the development of the catalogue and of its
data sources, including network instrumentation.

3.2.1

Historical era (until 1900)

The most damaging earthquakes in Spain occurred in the historical era, until the late
XIX century, for which the catalogue is based on chronicles that describe the effects
of the earthquakes. This historical catalogue relies on primary documental sources
and on earlier compilations, as discussed by Muñoz & Udías (1982), Roca et al.
(2004), Rodríguez de la Torre (2004) and Udías (2015). Major contributions were the
databases by Sánchez Navarro-Neumann (1917, 1921); Galbis (1932, 1940); Munuera
Quiñonero (1963); Fontserè & Iglésies (1971); Mezcua (1982) and Rodríguez de la
Torre (1990, 1993, 1997, 2004). The first catalogue entry dates from 880 B.C., although
the first Iberian earthquake for which the exact date is known took place on 21 May
881 (Udías, 2015). The first event for which the catalogue details both the location
and maximum intensity dates from 1048.
A digital database of macroseismic information for earthquakes until 1900 (Roca
et al., 2011) is available on the IGN webpage (Instituto Geográfico Nacional, 2015).
Historical and early instrumental earthquakes in Spain and surroundings are being
continually subject to revisions (e.g. Samardjieva et al., 1999; Mezcua et al., 2004,
2013; Udías, 2015, and references therein). The first systematic catalogue compiling
the geological and archeological effects of earthquakes in Spain has been published
by Silva et al. (2014).
The 1755 Lisbon earthquake, and the 1884 Andalusian earthquake prompted
developments of the study of earthquakes in Spain (Udías, 2013).

The latter

eventually motivated the creation of the Spanish Seismological Service years after
(Anduaga, 2004).
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Figure 3.2: Cumulative number of earthquakes versus time, in the geographic regions
analysed (maps of Figs. 3.12 and 3.14). Magnitude is not reported for earthquakes occurred
before 1910, while it is reported for the vast majority since 1985 (not shown separately).
Vertical fringes indicate the periods considered for completeness assessment.
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3.2.2

First observatories (1897–1924)

Instrumental recording in Spain and Portugal began in the late 19th century,
although macroseismic observations would remain the chief data source for the
catalogue until the beginning of the strictly instrumental era (Sec. 3.2.6). A catalogue
of the early Spanish seismographs was compiled by Batlló & Borrmann (2000) and
Batlló (2004). The first instrumental observations in peninsular Spain were made in
1885 (Martínez Solares, 1981; Batlló, 2004; Udías, 2013), and in the Canary Islands
in 1890 (von Rebeur-Paschwitz, 1892a,b; Milne, 1895; Batlló, 2004; Fréchet & Rivera,
2012). In Portugal, the first station was installed in Coimbra; it began experimental
recording in 1891 and continuous recording in 1903 (Custódio et al., 2012). The
first continuous recordings in Spain were made with two Milne seismographs, one
installed in 1897 in the Observatory of San Fernando (of the Spanish Royal Navy;
Martín Dávila et al., 2006), and the next one in 1898 in the mines of Río Tinto (Udías,
2013).
The next two Spanish observatories were founded by the Jesuits (Cartuja, in 1902
and Ebro, in 1904; Udías & Stauder, 1996; Anduaga, 2004; Ammon et al., 2010), and
were followed in 1906 by the Fabra Observatory of the Academia de Ciencias y Artes
de Barcelona.
The first seismic observatory of the Instituto Geográfico (former name of the IGN)
was set up in Toledo, near Madrid, in 1909 (Anduaga, 2004; Udías, 2013). It was
crucial for recording early instrumental earthquakes in the Iberian region, because of
its relatively advanced and well maintained instrumentation (e.g Rey Pastor, 1929;
de Miguel y González Miranda, 1961; Samardjieva et al., 1997, 1998; Payo Subiza &
Gómez-Menor, 1998; Badal et al., 2000; Batlló, 2004). Next, this Institute opened new
observatories in Almería (1911), Málaga (1913) and Alicante (1914), and undertook
major upgrades of the seismographic instrumentation used (circa 1924, Anduaga,
2004, 2009). It has also been gathering macroseismic data since 1909 (Roca et al.,
2004), with detailed questionnaires at least since the 1920’s (Servicio Sismológico,
1923; Anduaga, 2009).

3.2.3

Printed bulletins (1924–1995)

Parallel to the instrumentation updates, phase picks of instrumentally recorded
earthquakes started being reported by the Instituto Geográfico in printed bulletins
in August 1924. These bulletins have been a primary source of information for the
catalogue. Most of them are currently scanned and available online, with gaps for
the period of the Spanish Civil War (1936–1939) and 1940’s (Instituto Geográfico
Nacional, 2015; Michelini et al., 2005; Euroseismos Project, 2006). The last bulletin
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reported the seismicity of 1995. Earthquakes occurred since 1996 are only reported
in the digital catalogue (see Sec. 3.2.14). The bulletin for 1987 was the first to include
the seismicity of the Canary Islands.

3.2.4 Civil War (1936-1939) and postwar
Science in general, and seismology in particular, suffered from the havoc of the
Spanish Civil War (1936–1939). During war time, several observatories had to
be either abandoned or operated under precarious conditions (Anduaga, 2009)
resulting in a fragmentary record, evidenced by a decrease of the apparent
seismicity rate during that period (Rodríguez de la Torre, 1989). The effects of
the war on observational seismology were long-lasting (Anduaga, 2009).

For

example, the central geophysical observatory of Toledo was modern, internationally
recognized and well maintained at the beginning of 1936, while by 1946 “more
than half of the scientific personnel of 1936 were dead and/or exiled, and the
international prestige had been lost” (Anduaga, 2009, p. 234). It was not until
1952 (Batlló, 2004; International Seismological Centre, 2015a) that the next national
seismological station was opened (the first permanent station in the Canary Islands,
in Tenerife).
A deep, strong, earthquake originated in 1954 under southern Spain (Frohlich,
2006) renewed the interest in Seismology in the country and eventually lead to
improved stations and international cooperation (Udías, 2013).

3.2.5 Systematic earthquake location (1955–present)
Instrumental locations for earthquakes of the first half of the XX century were
compiled from different databases and not recalculated using a common procedure
(Mezcua & Martínez-Solares, 1983). The locations of later earthquakes have been
systematically computed using software (Sec 3.3.2): retrospectively by Mezcua
& Martínez-Solares (1983) for events between 1955 and 1980, and routinely for
earthquakes since 1981 (Sec. 3.2.14).

3.2.6 Instrumental era (1962–present)
During the current, instrumental era, seismograms are the main source of
information of the IGN catalogue, macroseismic information being complementary.
In the Iberian Peninsula, the onset of this era was marked by the set up of
three stations of the World-Wide Standardized Seismographic Network (WWSSN):
Toledo and Málaga (Spain) in 1962 and Porto (Portugal) in 1963 (Alguacil & Dávila,
2003; López & Muñoz, 2003; Martínez-Solares, 2003; Peterson & Hutt, 2014). And
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a new Spanish national observatory (Logroño) started experimental recording ca.
1961 and full operation in 1963. The last national observatory opened in Santiago,
northwestern Iberian Peninsula, in 1972. Since 1962, magnitude is systematically
reported for most earthquakes, and an increase in the apparent rate of earthquakes
is noticeable (Fig. 3.2, top).
In the Canary Islands, the instrumental era is considered to have begun
in 1975, when earthquakes in the catalogue became typically characterized by
magnitude, instead of by maximum felt intensity (Martínez Solares et al., 2013).
This improvement was possible by the opening of two new stations, in the islands
of El Hierro and La Palma (in September 1973 and November 1974, respectively,
International Seismological Centre, 2015a), together with the station already existing
in Tenerife.

3.2.7

First telemetred network (1978–1992)

The first telemetred seismograph of IGN (located in Sierra de Guadarrama, near
Madrid) provided the first phase picks to the catalogue in October 1978. By 1985, up
to eight homogenous, short-period, vertical-component IGN stations with common
time synchronization and real-time data transmission via telephone lines had
been opened in peninsular Spain (e.g. García Fernández et al., 1987), marking the
beginning of the Red Sísmica Nacional Española (Spanish National Seismic Network,
Instituto Geográfico Nacional, 1991; Carreño et al., 2003; Carreño Herrero & Valero
Zornoza, 2011). Since 1985, thanks to these enhanced detection capabilities, most
earthquakes in the catalogue have magnitude ≤ 3 (Fig. 3.2).
Two subnetworks have been traditionally considered (e.g. Mezcua, 1995): one
in the Iberian Peninsula, Balearic Islands and Spanish enclaves in northernmost
Africa, and another in the Canary Islands. The stations in the Iberian Peninsula
were not regularly spaced, but preferentially located in the onshore areas with
the highest seismicity (Mezcua, 1995). Most of the currently known active faults
(García-Mayordomo et al., 2012) are also located there, although there are also faults
in regions with low seismicity (e.g. Masana et al., 2001; Gutiérrez et al., 2009).
Figure 3.3 shows the number of permanent stations of the Spanish National
Seismic Network in the Iberian Peninsula and surroundings (mapped in Fig. 3.4)
and the Canary Islands (mapped in Fig. 3.14). To find out the actual operating
period of each station, I took into account the dates at which each station reported its
first and last phase pick included in the catalogue. Also, if the station was upgraded
from short-period to broadband instrumentation (as reported in the station details,
Instituto Geográfico Nacional, 2015), I considered the first and last picks for each
kind of instrumentation. For simplicity, other temporary interruptions were not
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included in this plot. For most stations, these dates are consistent with the official
dates of station openings and closings (Instituto Geográfico Nacional, 2015), though
there are a few exceptions. Some stations started reporting phase picks before
its official opening (probably because they were already installed as temporary
stations). Also, a few stations reported phase picks, occasionally, after their official
closure.
In the Canary Islands, the network was very sparse in the late 1980’s (Figs.
3.3 and 3.14), and recorded only minor seismicity in these initial years (Mezcua
et al., 1992). The need for improved monitoring was already recognized (García
Fernández, 1988), and highlighted by the occurrence earthquake with magnitude 5.2
on May 1989 between the islands of Tenerife and Gran Canaria (Mezcua et al., 1992;
Jiménez & García-Fernández, 1996; Vinciguerra & Day, 2013). This seismic crises
prompted the installation of two new permanent stations which started operating
in 1990.
The telemetred short-period network was a major improvement with respect to
the early observatories, but also had several limitations. The selection of sites for
its stations was constrained by the availability of communication facilities (García
Fernández et al., 1987). Eventually, as urban areas expanded, this implied that most
stations suffered from high seismic noise (Canas Torres & Vidal Sánchez, 2001).
Also the records of moderate and major earthquakes were frequently saturated and
clipped (e.g. Rueda, 1995), because of the narrow dynamic range of the telephone
lines used for data transmission (Mezcua, 1995). This kind of problem (which also
affected other networks with similar telemetric systems at the time, e.g. Amato &
Mele, 2008) is particularly annoying for calculating reliable magnitudes, since it
especially affects the stations closest to the earthquake, which are expected to record
it with the highest signal-to-noise ratios (e.g. Yang & Ben-Zion, 2010). These issues
were not solved until the new digital network was set up (Sec. 3.2.11).

3.2.8 First automatic locations (1991–1997)
In the early 1990’s, when the short-period telemetred network reached its maximum
development (Figs. 3.3 and 3.4), the first automatic procedure for near real-time
hypocentral determination was used, which potentially enabled a more systematic
and complete detection. It began experimental operation in the spring of 1991
(according to the seismic bulletin for that year) and was detailed by Mezcua (1995)
and Rueda (1995). This system was replaced by a more advanced one in late 1997
(Sec. 3.2.10).
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Figure 3.3: Number of permanent seismic stations of the National Seismic Network on
the Iberian Peninsula and surroundings (Iberian Region, for short) (top) and on the Canary
Islands (bottom) reporting phase picks to the catalogue. It is indicated whether the stations
are managed by IGN. Stations from other institutions are only included in this plot if they
were used for the real-time automatic location procedures. Many other stations from other
institutions have been used for elaborating the final catalogue. Station maps are plotted in
Figs. 3.4 and 3.14.
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3.2.9 The Sonseca Array (1992–present)
The Sonseca Array is a small-aperture array of short-period, long-period and
broadband stations, deployed inside boreholes around the town of Sonseca, at
the centre of the Iberian Peninsula (Instituto Geográfico Nacional, 1991; Martínez
Solares, 1992; Mezcua & Rueda, 1994; Mezcua, 1995; Dowla, 1996; Carreño et al.,
2001; Bahavar & North, 2002; Hasting & Barrientos, 2002; Rueda Núñez, 2006;
Kværna & Ringdal, 2013). Its main purpose has been nuclear explosion monitoring,
and is currently a primary station of the International Monitoring System of the
Comprehensive Nuclear-Test-Ban Treaty Organization. Opened in February 1957,
it was initially owned by the United States of America, until 1996, when it was
formally transferred to the IGN. Data from this array had already started being
received by IGN in 1988 (Mezcua, 1995), and in real time from mid-1989 (Instituto
Geográfico Nacional, 2015). It became fully integrated into the permanent IGN
network in 1992 (Rueda Núñez, 2006), and provided the first phase pick to the
catalogue in December of that year. The Sonseca Array has been upgraded several
times (Hasting & Barrientos, 2002; Instituto Geográfico Nacional, 2002a), and its
long-period instruments, located on the outer part of the array, were removed in
June 2010 (Fig. 3.4).
The Sonseca Array usually contributes to the hypocentral determination as
a single station with superior signal detection capability (Sonseca Array beam
reference point, station code ESDC, International Seismological Centre, 2015a). To
do so, the records of the array elements are combined into a single one, using
beam-forming techniques which enhance the signal-to-noise ratio and provide the
velocity vector of an incoming wavefront (its back azimuth and slowness, e.g. Rost
& Thomas, 2002; Rueda Núñez, 2006; Schweitzer et al., 2009). This makes such array
particularly valuable for locating events (e.g. Martínez Solares, 1992, 1995; Rueda,
1995). The array instruments typically do not supply phase picks individually
to the catalogue, since this would imply an excessive number of observations
recorded at almost exactly the same azimuth, that could cause a hypocentral
location bias (Rueda, 1995). The main exception is the broadband station with code

Figure 3.4: Seismic stations in the Iberian Peninsula and surroundings, for the periods
considered for completeness assessment (Fig. 3.12). They are either owned by the Instituto
Geográfico Nacional (circles), or by other institutions (squares) but whose data have been
used for real-time hypocentral determinations by IGN. Data from other stations (not shown)
have been used to elaborate the final, revised catalogue. Each map includes the stations for
which the catalogue reports phase picks during at least part of the corresponding period.
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ESLA (International Seismological Centre, 2015a), included in the array, which did
contribute numerous picks individually, and is included separately in Fig. 3.3.
Because of its sensitivity, and despite ESDC being located somewhat far from
seismically active areas, it provides more data to the catalogue than other stations;
in particular, it is the one which until 2013 contributed more phase picks for
earthquakes with M ≥ 2.0 in the Iberian Peninsula and its close surroundings
(36◦ N–44◦ N, 10◦ W–4◦ E).

3.2.10 New automatic earthquake location, and stations from other
institutions (1997–present)
In November 1997, complex automatic location procedures came into use (Carreño
et al., 2003), using the EvLoc location software (Nagy, 1996). Since then, this software
has been used to calculate the final locations in the catalogue (Carreño Herrero &
Valero Zornoza, 2011) and will be discussed in more detail in Sec. 3.3.2.
From 1997 onwards, stations from other institutions are used for the automatic
real-time hypocentral determinations, so they are in practice an extension of the
Spanish National Seismic Network (Figs. 3.3 and 3.4). The whole set of permanent
stations involved in real-time earthquake location will be referred to here as the
backbone network. For elaborating the final catalogue, IGN uses data from additional
stations, eventually provided (not in real time) by other institutions (Sec. 3.2.14).

3.2.11 Broadband network (1999–present)
The first few broadband stations of the Spanish National Seismic Network were
installed in the 1990’s (Fig.

3.3 and Mezcua, 1995).

In late 1999, installation

commenced on the new network of three-component, digital broadband stations
(Red Sísmica Digital Española, Spanish Digital Seismic Network).

Data are

transmitted via satellite for most of them, so they could be sited even in remote
locations with low seismic noise.
The fast initial deployment of the first set of new stations was completed in
2002; since then, the number of broadband IGN stations has increased more slowly
(Fig. 3.3). Thanks to the broadband network, the number of located events per
unit time increased significantly from 2002 onwards (Fig. 3.2 and Carreño et al.,
2003), especially for those with M ≤ 3 (but see Sec. 3.4.6 for the effect of magnitude
changes). Concomitantly to the deployment of broadband stations, the analog
short-period stations have been progressively replaced or closed down, especially
in the Iberian Peninsula (Fig. 3.3). Lahr & Van Eck (2003) reviewed the status of
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the IGN network around 2000. Rueda & Mezcua (2015) have presented a recent
overview of the IGN broadband network and analysed the instrument orientations.

3.2.12

Monitoring around the Itoiz and Yesa reservoirs (2005–2013)

Apart from the Sonseca Array, the Aragón River Valley, in the Western Pyrenees,
eventually became the geographic region where the IGN network was densest in
the Iberian Peninsula (Fig. 3.4). Fourteen three-component stations (3 broadband,
11 short-period) and an accelerometric network were progressively deployed there
between mid-2005 and mid-2010 (apart from two broadband stations already
existing).

Their purpose was to monitor in great detail the seismicity in the

surroundings of two large water reservoirs, Itoiz and Yesa. This was motivated
by a Mw = 4.5 earthquake on 18 September 2004, possibly triggered by the first
impoundment of the recently-built Itoiz reservoir (Ruiz et al., 2006; Durá-Gómez &
Talwani, 2010; Luzón et al., 2010; Santoyo et al., 2010). Most of these stations were
closed down between mid-2011 and late-2013, leaving the Spanish National Seismic
Network in the Iberian Peninsula almost devoid of short-period stations by the end
of 2013 (Fig. 3.3).

3.2.13

Monitoring of seismo-volcanic activity in the Canary Islands (2004
and 2011–present)

In the Canary Islands, two network improvements were spurred by seismic crises
which started in 2004 and 2011.
In Tenerife, a seismic swarm took place in 2004, starting in April (e.g. Almendros
et al., 2007; Martí et al., 2009; Domínguez Cerdeña et al., 2011, and references therein).
Three additional permanent seismic stations (two short-period and one broadband)
were installed on the island between May–June 2004 (the first one in 17 May),
plus two temporary ones which operated intermittently from June to November
2014 (Domínguez Cerdeña et al., 2011, not considered in Fig. 3.3,). This episode
noticeably increased the recorded earthquake rate (Fig. 3.2). The short-period
stations stopped contributing to the catalogue in 2008 and 2010, respectively.
Increased activity on 19 July 2011 on El Hierro (the southwesternmost island) led
to dedicated geophysical monitoring, including up to nine new short-period seismic
stations, most of them three-component (López et al., 2012; Domínguez Cerdeña et
al., 2014). Seven of these stations have contributed data to the IGN catalogue (Fig.
3.3), the first one starting on 21 July. The seismic activity continued for months
(Ibáñez et al., 2012; Domínguez Cerdeña et al., 2014), preceding a submarine eruption
which started on 10 October 2011 off the southern shore of the island, and which was
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declared finished as of 5 March 2012. Several seismic swarms ensued, related to
magma intrusions (the first ones described by García et al., 2014, and later ones until
2014). Until the end of 2013, this activity on El Hierro added ∼ 20, 000 earthquakes
to the catalogue (Fig. 3.2).

3.2.14 Current practice on catalogue compilation
For each detected event, a preliminary, automatic determination of hypocentral
location and magnitude is calculated automatically in real time and posted
online.

These initial determinations are then updated after a manual review

by the around-the-clock Seismic Information Service of IGN (Instituto Geográfico
Nacional, 2015).
Inspection of the catalogue indicates that a minimum of three stations are
used for earthquake location.

Triggering of real-time automatic hypocentral

determinations requires three stations in the subnetwork of the Iberian region and
four in the subnetwork of the Canary Islands (Resurrección Antón –IGN– pers.
comm., 2013).
The catalogue data may be eventually subjected to further reviews. It can
be regarded as fully revised only after being updated in yearly blocks, with an
irregular delay of about 18–24 months (similarly as the former annual printed
bulletins). As with other catalogues (e.g. Willemann & Storchak, 2001), this long
latency period allows for a careful data review and incorporation of phase pick
information eventually delivered by other collaborating institutions (e.g. in Spain,
Portugal, France, Morocco, and Algeria).

This additional data improves the

catalogue especially for large earthquakes (which can potentially be detected at
larger distances by other stations), or in general for earthquakes occurring where
networks from other institutions have better coverage. That is, the revised catalogue
is more complete than the detection threshold of the Spanish National Seismic
Network alone would allow (e.g. García Fernández, 1986). Occasionally, specific
earthquakes are subject to later reviews if new information or improved analyses
are available. At the time of this writing, the catalogue is reviewed up to the end of
2013.
From the IGN webpage, the catalogue may be downloaded in two versions. The
abridged version (option labelled as “without phase readings”) provides a list of
data about origin time, location, preferred magnitude, and maximum intensity, for
earthquakes from the historical period to present. The full version (option “with
phase readings”) is available online only for earthquakes since November 1997 until
the present, and provides a catalogue in the IMS1.0 standard format (Biegalski et al.,
1999), which includes the uncertainties of origin time, location and magnitude, and
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the list of phase picks from all the stations used to locate the event and calculate
its magnitude. It also specifies the date at which the data for each earthquake were
generated (that is, the date of the last review), and the “author” field is reported as
“IGN” for the preliminary solutions and as “bull_2” for the final ones. The full
version of the digital catalogue for earthquakes between January 1983 and October
1997 (used in Sec. 3.3) has other formats and is available by request to IGN (see
contact information for seismology on their web page). Moment tensor and moment
magnitude calculations (Rueda & Mezcua, 2005) are provided in a separate database
online (Instituto Geográfico Nacional, 2015).
The Spanish Accelerograph Network (managed by IGN) started being deployed
in 1974 and was described by Carreño et al. (1991b), Mezcua (1995) and Mezcua
et al. (2008). Accelerograms with timing calibrated by GPS are occasionally used
to improve the hypocentral determinations in the IGN catalogue, e.g. for the
earthquakes of Lorca (southeastern Iberian Peninsula) in 2011 (Cabañas et al.,
2014; Morales et al., 2014), the latest damaging ones in Spain (Martínez-Díaz et
al., 2012).

At least since the 1970s IGN also deploys temporary networks for

microseismicity surveys or aftershock monitoring (e.g. seismic bulletin for 1977,
Carreño et al., 1991a; Herraiz & Lázaro, 1991). Since 2006, the IGN can even deploy
a local temporary network with real-time data transmission via satellite (Instituto
Geográfico Nacional, 2006).
Macroseismic information is compiled by IGN using questionnaires, and in real
time by means of felt reports contributed online by witnesses (Instituto Geográfico
Nacional, 2015).

3.3

Precision of earthquake locations

For most earthquakes, the catalogue specifies the precision of the hypocentral
location (the formal uncertainty due to random errors, e.g. Husen & Hardebeck,
2010). The actual accuracy of a location may be worse, because of additional,
systematic errors (e.g. in the velocity model used, Havskov & Ottemöller, 2010;
Husen & Hardebeck, 2010); it can be assessed only if the exact location is
known independently (such as in a controlled explosion source, e.g. Yang et al.,
2004; Havskov & Ottemöller, 2010). I should note that epicentral location is a
well-posed problem which may be solved with increasing accuracy as the number
of observations increases, while exact depth determination is an ill-posed problem
(Lomnitz, 1982, 2006).
The typical uncertainty of hypocentral locations varies in time (due to changes
in the network and in location procedures) and in space. Events occurring far from
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the network are expected to have the largest uncertainties (e.g. García Fernández,
1986; García Fernández et al., 1987; Rueda Núñez, 2006; D’Alessandro et al., 2013;
Cesca et al., 2014; Custódio et al., 2015), because they are typically recorded by few
stations and with a large azimuthal gap (the largest angular gap in azimuth from
the epicentre to azimuthally adjacent stations, e.g. Havskov & Ottemöller, 2010).

3.3.1 Location procedures
Instrumental locations in the IGN catalogue are single-event (that is, calculated
for each earthquake individually, based on the picks of wave phase arrivals at
each station), using layered, 1-D velocity models. In the Iberian Peninsula and
surroundings, the model used by Mezcua & Martínez-Solares (1983) for earthquakes
occurred since 1955 has been adopted for routine locations by IGN until today
(IGN bulletins, Carreño et al., 2003; Carreño Herrero & Valero Zornoza, 2011).
For moment-tensor determinations by IGN, the model for the Iberian Peninsula
and surroundings has an additional, shallow layer with lower seismic velocities
(Rueda & Mezcua, 2005). In the Canary Islands and surroundings (19◦ W–13◦ W,
27◦ N–30◦ N) a different model (labelled as “Canary") is being used; it was specified
for the first time in the Bulletin for 1987 (the first one reporting earthquakes from
this archipelago) and, according to Rueda Núñez (2006), is an average of the models
proposed by Dañobeitia (1980) for each island. From January 2004 to December
2014, a different model (labelled as “Teide”) has been used for locating earthquakes
under the Teide stratovolcano (Tenerife Island). It is actually a model for the Etna
volcano (Scarpa et al., 1983), which had been shown able to improve earthquake
locations also in the Teide (Almendros et al., 2000), with the Moho discontinuity
depth adapted to match that of the Canary model. Both P and S waves are used for
calculating the revised hypocentral locations since 1955 (e.g. Rueda, 1995), with a
fixed velocity ratio VP /VS = 1.75 (IGN bulletin for 1987, Rueda, 1995; Carreño et al.,
2003; Rueda & Mezcua, 2006). D’Alessandro et al. (2013) discussed the limitations
of the velocity model used by IGN for the Iberian region, although they assumed
a different ratio (VP /VS = 1.73) and that the same model was also used for the
Canary Islands. The full-format catalogue specifies the model used for locating each
earthquake (if different from the default one of the Iberian region).
Double-difference relocations (Waldhauser & Ellsworth, 2000) have been
calculated by IGN and collaborators in specific case studies, such as for the 2011
Lorca earthquake series (Morales et al., 2014), and for the seismo-volcanic swarms
of 2004-2005 in Tenerife (Domínguez Cerdeña et al., 2011) and of 2011 in El
Hierro (Domínguez Cerdeña et al., 2014). The relocated catalogues for the Canary
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Islands can be downloaded separately from the IGN webpage (Instituto Geográfico
Nacional, 2015).
Before the strictly instrumental era, location uncertainties may be substantial,
given that the early mechanical seismometers (Batlló, 2004) lacked common timing.
For example, the catalogue locations of an earthquake sequence in southern Spain
in 1951 are now taken from Batlló et al. (2008, see also references therein), and
corrected the earlier ones (taken from Mezcua & Martínez-Solares, 1983) by tens
of km. No location uncertainties are reported in the catalogue for the first half of the
XX century.
For earthquakes since 1955 until October 1997, Hypo71 (Lee & Lahr, 1975) was
used to calculate the final, revised hypocentral locations (IGN Bulletins, Mezcua
& Martínez-Solares, 1983; Carreño et al., 2003).

This software implements the

iterative, nonlinear, least-squares method of Geiger (1910, 1912). The only source
of uncertainty that this software accounts for is the measurement error inherent to
each arrival time, assumed random and normally (Gaussian) distributed (e.g. Boyd
& Snoke, 1984). The location uncertainties calculated with Hypo71 were reported by
Mezcua & Martínez-Solares (1983) for a few events in the 1950s and for the majority
of earthquakes from 1960 to 1980. From 1981 to 1995 they are reported in most IGN
bulletins.
The digital full-format catalogue from January 1983 to October 1997
(Resurrección Antón, IGN, pers. comm., 2012; not available online) will be used
here for analysing location precision in this first period. In 1983–1984, an average
of ∼ 11 phases were used for each earthquake location, which rose to ∼ 20 from
January 1985 to October 1997. Hypo71 handles a default maximum of 100 phases
for each earthquake (Lee & Lahr, 1975), and indeed before November 1997, only
three earthquakes were located with a higher figure.
Since November 1997, hypocentral locations and their uncertainties are reported
in the full-format catalogue online (Instituto Geográfico Nacional, 2015), and
have been calculated with Evloc (Carreño Herrero & Valero Zornoza, 2011, and
Resurrección Antón, IGN, pers.

comm., 2015).

This software (Nagy, 1996)

implements the method by Bratt & Bache (1988) and allows taking into account
random errors not only in measurements (phase pickings) but also those resulting
from modelling (e.g. Yang et al., 2004).

In any case, the precision assessment

cannot be perfect; for example, errors in Evloc are assumed independent, but
correlated errors (and underestimated uncertainties) may result from using many
wave arrivals which sample similar ray paths (Yang et al., 2004). The number of
phases used for locating each earthquake with Evloc has been highly variable, with
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an average of ∼ 24, with ≥ 30 or more phases in 22% of events, and ≥ 100 phases
for 2% of events.
In the following, I analyse separately only these two broad periods with different
final location routines (from January 1983 to October 1997 and from November 1997
onwards), although location precision is obviously expected to vary as the recording
network evolved. The reason for this choice is that the specific uncertainties for
each earthquake can be checked in the catalogue, unlike the catalogue completeness,
which I will analyse in greater temporal detail later on.

3.3.2 Epicentral location
Before November 1997, epicentral location uncertainties were calculated with
Hypo71 and specified as the so-called ERH (standard horizontal error, in km).
Unfortunately, ERH values calculated by Hypo71 (as the square root of the sum
of the estimated latitude and longitude variances) indeed lack an inherent statistical
interpretation (Boyd & Snoke, 1984; Husen & Hardebeck, 2010) and are generally
smaller than the actual ERH.
ERH values reported by Mezcua & Martínez-Solares (1983) are in the order of
several km to tens of km, and tend to decrease along time. In the early digital
catalogue, the mean reported ERH is ∼ 7 km during 1983–1984, ∼ 4 km in 1985,
and ∼ 3 km from January 1986 to October 1997. The marked reduction of ERH in
the mid-1980’s is explained by the deployment of the telemetred network and the
increasing number of phases used for locating each event.
ERH values tend to be smaller onshore the Iberian Peninsula than elsewhere,
evidencing that location uncertainty increased with the epicentral distance from the
network (Fig. 3.5; for this kind of map see e.g. Zaliapin & Ben-Zion, 2015).
Since November 1997, epicentral location uncertainties calculated by Evloc are
reported as error ellipses at 90% confidence level in the full-format catalogue. In the
absence of systematic location biases, the true epicentres would be expected to be
inside such ellipses in 90% of instances.
Reported uncertainties reach the lowest values within the Iberian Peninsula, and
worsen rapidly offshore as the distance from the network increases (Fig. 3.6). Rueda
Núñez (2006, pp. 150–151) calculated theoretical values of the semi-axis of the
error ellipse, in the Iberian region, for M = 3.0, and considering the stations of the
real-time IGN network then in operation. In general, those values and their spatial
pattern are very similar to the results of Fig. 3.6. But in regions like the Pyrenees and
Portugal, location uncertainties are typically lower than calculated by Rueda Núñez
(2006) thanks to the data contributed to the catalogue by other networks (see also
Souriau et al., 2014, for the Pyrenees).
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Epicentral location errors (ERH values). Right: Hypocentral depth errors (68% confidence
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Larger earthquakes are potentially detected by more stations, so they
are expected to be typically better located than nearby smaller earthquakes.
Nevertheless, location accuracy might actually worsen with magnitude if the deep
part of the velocity model is inaccurate, since seismic ray traces from larger
earthquakes sample its deeper layers (Husen & Hardebeck, 2010). I found that
earthquakes with M ≥ 3 within the Iberian Peninsula typically had lower nominal
location uncertainties than those shown in the same area in Fig. 3.6, where the
results are dominated by the more frequent (and less precisely located), smaller
earthquakes. Further away, most earthquakes have M ≥ 3 anyway, so no substantial
differences are observed when considering them alone.
In the Canary Islands, location uncertainties are generally higher than in the
Iberian Peninsula.

Azimuthal gaps are frequently large because the network

geometry is constrained by the locations of the islands themselves. Moreover,
noise level on the stations is relatively high (D’Alessandro et al., 2013), so the small
earthquakes are typically detected by few of them. Further insight on location
precision for specific earthquake series in the Canary Islands can be found in the
relocation studies by Domínguez Cerdeña et al. (2011, 2014).

3.3.3 Focal depth
Most of the seismicity in the catalogue is shallow (with focal depth ≤ 30 km for

∼ 93% of events whenever calculated), but a fringe of intermediate-depth events
(depth between 30 and 170 km) extends along the Iberian-African plate boundary
(e.g. Buforn et al., 1997; Carreño et al., 2003, Fig. 3.1). Also, since 1954, six deep
earthquakes (depth > 600 km) have been recorded below the Granada region, in
the South of the Iberian Peninsula (Frohlich, 2006; Buforn et al., 2011; Bezada &
Humphreys, 2012; Mancilla et al., 2012, and references therein).
No focal depths are reported in the IGN catalogue for events whose epicentre
is determined by macroseismic means. Depth begins to be reported for a minority
of earthquakes of the 1950’s (Mezcua & Martínez-Solares, 1983). In the abridged
catalogue, it is rounded off to the nearest km, while in the full-format catalogue
since November 1997 it is rounded off to the nearest tenth of km. The evolution of
reported depth versus time can be observed in Fig. 3.7.
For a large proportion of earthquakes (e.g. ∼37% since November 1997) the
independent calculation of depth does not converge, and fixed depth values are
used (highlighted in Fig. 3.7), which restricts the location procedure to calculating
the epicentral coordinates. Similar procedures have been used in other catalogues
(e.g. Gerstenberger & Rhoades, 2010; Bondár & Storchack, 2011). Fixed depths,
despite being the least constrained ones, have no reported uncertainty. From 1983
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until October 1997, in the digital catalogue used here, fixed depths are assumed to
be those without error reported. Since November 1997, fixed depths are flagged
as such in the full-format catalogue, and omitted in the abridged version. Fixing
depths has been proportionally more common in the earlier years (clearly until 1989
in the Iberian Region) and for small earthquakes (typically located with few stations)
in more recent times. From 1983 until October 1997, the most usual value of fixed
depths was 5 km, while since November 1997, it is 0 km, followed by 5 km and its
multiples.
In the Iberian Peninsula, from January 1992 to October 1997, no depths & 70 km
are reported, except for the 1993 deep earthquake (Fig. 3.7). Considering the depth
distribution in the rest of the catalogue, from 1962 to 2013, this gap seems unlikely
to be natural. Rather, it may be related to the location procedures used only during
this period (Sec. 3.2.8). Depths & 70 km were not reported again until November
1997 (Fig. 3.7), when improved automatic location routines became implemented.
Fig 3.5 shows the spatial distribution of reported hypocentral uncertainty from
1983 to October 1997. This uncertainty, calculated by Hypo71, can be interpreted
as 68% confidence interval under some assumptions (Boyd & Snoke, 1984; Husen
& Hardebeck, 2010). Its proper statistical interpretation would require taking into
account the number of phase picks used for calculating depth (Boyd & Snoke, 1984).
For this period, depth determinations tend to be better on the Iberian Peninsula than
offshore and in distant areas, and are generally poor in the Canary Islands, such as
for the earthquake series between Tenerife and Gran Canaria in 1989.
The geographic pattern of depth uncertainties is very clear since November
1997 (Fig. 3.6). These are calculated with Evloc and reported as a 90% confidence
interval in the full-format catalogue. Onshore the Iberian Peninsula, and close to its
coast, they are typically ∼ 5 km. Further away, they rise rapidly in proportion to
the distance from the network. Beyond ∼ 150 km from the coast in the Atlantic
(and offshore the Algerian coast), depths are mostly unconstrained (typical 90%
uncertainties are > 50 km). In the Canary Islands, reported depth uncertainties
are heterogeneous, and usually larger than for the Iberian Peninsula. Uncertainties
reported for the El Hierro earthquake series are typically low, thanks to the detailed
monitoring (Sec. 3.2.13).
Focal depth is the most difficult spatial parameter to constrain (e.g. Vere-Jones,
1992; Carreño et al., 2003; Husen & Hardebeck, 2010), but in some regions the typical
90% depth uncertainties seem lower than the epicentral ones (Fig. 3.6). The reason
is that the highest depth uncertainties (those for fixed depth values) are not reported
in the catalogue and cannot be considered in the corresponding maps (Figs. 3.5 and
3.6), so these have an optimistic bias.
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3.4

Magnitude determination and precision

The magnitudes reported in the current version of the IGN catalogue have been
calculated by using a variety of formulae, which are reviewed in this section,
alongside the resulting uncertainties. These formulae have changed throughout
time, and different ones were used in the original IGN bulletins before 1981 (López
& Muñoz, 2003).
Magnitude values are reported in the catalogue only for earthquakes with
sufficiently reliable instrumental records. No magnitudes based on macroseismic
information are provided, although they have been determined elsewhere for
several historical or early instrumental earthquakes (e.g. Samardjieva et al., 1999;
Martínez Solares & Mezcua, 2002; Mezcua et al., 2004; Storchak et al., 2013). The
first magnitude value (=6.4) is listed for the 26 June 1910 Masqueray (Algeria)
earthquake. As the records improved during the XX century due to instrumental
updates, magnitudes could be calculated and reported for a progressively larger
proportion of earthquakes (Fig. 3.2), and all events occurred after 1989 have a
magnitude assigned.
The reported magnitudes are, where possible, averages of the values obtained
from a number of stations in a diversity of azimuths around the epicenter (Rueda,
1995). Such averaging tries to counteract the variability of magnitudes calculated
at different sites, which is due to the original radiation pattern, the attenuation and
scattering along each particular ray path, and the diverse local site conditions which
may cause local attenuation or amplification (e.g. Rueda, 1995; Vila et al., 2005).
The full-format catalogue (Sec. 3.2.14) reports the standard error of the mean
magnitude for each event. Note that when only one station is used this error cannot
be calculated, but is reported as zero. From November 1997 onwards, when the
magnitude was calculated from the phase picks of two or more stations, the mean
standard error is ∼ 0.2 magnitude units. Magnitudes in the catalogue are rounded
to one decimal place, which sets a precision limit of 0.1 units.
Different magnitude types can be reported for the same event, the preferred type
being the only one reported in the short catalogue version (Sec. 3.2.14). The revision
of the different magnitude types is detailed below (Secs. 3.4.1 to 3.4.5), followed by a
discussion of the overall evolution of magnitude values in the catalogue (Sec. 3.4.6).

3.4.1

MD , Iberian Region (1910–1961)

A duration magnitude (MD ) is reported for earthquakes in the Iberian Peninsula and
surroundings, from 1910 to 1961 (before the installation of the first WWSSN station
in 1962), taken from Mezcua & Martínez-Solares (1983). It is based on the duration
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of the earthquake as recorded on at least one of three reference observatories
(Toledo, Almería and Alicante), where the original mechanical seismographs
operated for decades. A specific formula was used for each observatory (Mezcua
& Martínez-Solares, 1983; Samardjieva et al., 1999):
MD = 1.67 log D + 0.001∆ − 0.2

(Toledo),

(3.1)

MD = 1.22 log D + 0.001∆ + 1.20

(Almería), and

(3.2)

MD = 1.44 log D + 0.001∆ + 0.95

(Alicante),

(3.3)

where D is the duration of the earthquake in seconds and ∆ the epicentral distance
to the station in km.

The duration was measured from the arrival of the P

wave until the moment at which the earthquake signal was indistinguishable from
the background noise (Mezcua & Martínez-Solares, 1983). These formulae were
calibrated by regression to body-wave magnitude values (mb ) provided by the U.S.
National Earthquake Information Service for a set of reference earthquakes. Mezcua
& Martínez-Solares (1983) state that the average standard error of these magnitude
values is < 0.4.

3.4.2

MD , Canary Islands (1964–1997)

In the Canary Islands, a duration magnitude was used until October 1997, using the
formula (Rueda, 1995):
MD = 2 log D + 0.0035∆ − 0.87.

(3.4)

where D is the duration of the earthquake in seconds and ∆ the epicentral distance
in km.
At the time of this writing, the magnitude type for these earthquakes in the
catalogue is incorrectly labelled as if it were mbLg (sensu Mezcua & Martínez-Solares,
1983, see below). No measurements of precision of magnitude values calculated
with this scale are available.

3.4.3

mbLg (1962–present)

Most magnitude values in the catalogue are provided in a mbLg scale, a body
wave magnitude estimated from the peak vertical motion of the S-wave, which at
regional distances in continental crust typically occurs in the Lg phase (for the phase
definition, see Storchak et al., 2003).
The Lg wave propagation may be blocked for several reasons, such as crustal
scattering or a wave path through a thin, oceanic, crust (e.g. Payo, 1960; Chazalon
et al., 1993; Zhang & Lay, 1995; Calvert et al., 2000; McNamara & Walter, 2001;
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Sens-Schönfelder et al., 2009; Noriega et al., 2015, and references therein). This may
lead to mbLg being underestimated with respect to Mw for offshore earthquakes
(Cabañas et al., 2015). A clear example is the 26 May 1975 North Atlantic earthquake,
with Mw = 7.8 (Storchak et al., 2013), but a much smaller mbLg (IGN)= 6.7.
Two different scales of mbLg have been used in the catalogue, for different
periods, as described below.
3.4.3.1

mbLg (1962–2002)

In the printed IGN bulletins this mbLg was usually denoted simply as mb . These
formulae were used (Mezcua & Martínez-Solares, 1983; Rueda, 1995):
( )
A
mbLg = log
+ 1.05 log ∆◦ + 3.90 for ∆◦ ≤ 3◦ , and
T
( )
A
+ 1.66 log ∆◦ + 3.30 for ∆◦ > 3◦ ,
mbLg = log
T

(3.5)

(3.6)

where ∆◦ is the epicentral distance in geocentric degrees, and A and T are,
respectively, the peak ground amplitude in microns, and the period of peak motion
in seconds, of the Lg wave.
Mezcua & Martínez-Solares (1983) calibrated Eq. 3.5 using the same reference
earthquakes as for the MD scale described before for the Iberian Region. Eq. 3.6
is the formula adopted by the International Association for Seismology and the
Physics of the Earth’s Interior (Båth, 1969, 1981), discussed by Nuttli (1973), Payo
(1996), Samardjieva et al. (1999), and references therein.
López & Muñoz (2003) pointed out that Eqs. 3.5 and 3.6 are not continuous to
each other; there is a -0.34 unit fall at the epicentral distance of 3◦ (about 334 km),
implying a relative underestimation of mbLg for events occurred at larger distances
from the station (Fig. 3.8).
Several regressions correlating this mbLg with other magnitude scales were
calculated by López Casado et al. (2000), Rueda & Mezcua (2002), Mouayn et al.
(2004) and Cabañas et al. (2015).
From November 1997 to February 2002 the mean standard error reported for this
magnitude scale is 0.1. Uncertainties for earlier events are not available; Cabañas et
al. (2015) assigned by expert judgement values of 0.3 magnitude units before 1985,
and 0.2 between 1985 and 2002.
3.4.3.2

mbLg (2002–present)

A new, improved mbLg formula (López, 2008) replaced the previous ones in 2 June
2003 for real-time magnitude determinations, and was later applied retrospectively
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Figure 3.8: Formulae used in the IGN catalogue to calculate the magnitude in mbLg scale.
The older ones (Eqs. 3.5 and 3.6, Mezcua & Martínez-Solares, 1983) had a break at an
epicentral distance of 3◦ (≃ 334 km). The new one (Eq. 3.7, López, 2008) is continuous
and takes into account the hypocentral depth, though this effect is noticeable only for small
epicentral distances. In the example shown, it is assumed that the peak ground amplitude
(in microns) equals the corresponding wave period (in seconds). Other amplitude/period
ratios would shift the curves vertically, but would maintain their relative differences.

for all mbLg calculations in the catalogue since 1 March 2002:
(
mbLg = log

A
T

)

+ 1.17 log R + 0.0012R + 0.67,

(3.7)

where A and T are the same as in Eqs. 3.5 and 3.6. R is the hypocentral distance in
km:
R=

√

∆2 + h2 ,

(3.8)

where ∆ is the epicentral distance and h the hypocentral depth, both in km.
Eq. 3.7 is substantially different from the older mbLg formulae, and implies a
stretch of the magnitude range (Fig. 3.8). If an earthquake originates near most
stations (at ∆ < 3◦ ) its magnitude will tend to be lower than the one calculated by
the old formulae. The opposite effect will result if the earthquake source is far from
most stations (at D & 440 km of epicentral distance).
Cabañas et al. (2015) calculated a regression between this mbLg and Mw . The
mean standard error reported for this magnitude scale in the catalogue is ≃ 0.2.
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3.4.4

mb (1997–present)

Since November 1997 in the Iberian region, and since November 2003 in the Canary
Islands, for those earthquakes in which the Lg wave train is not apparent (in
principle for those whose rays have oceanic paths ≥ 2◦ , Carreño, 1999), and for those
with hypocentral depth > 30 km (Cabañas et al., 2015), mb , a body-wave magnitude
calculated according to Veith & Clawson (1972) is used:
( )
A
+ P(∆◦ , h)
mb = log
T

(3.9)

where A is the maximum amplitude of a P type phase (Pn or P) in nm (Carreño,
1999); T is the corresponding period in seconds; and P(∆◦ , h) is a correction factor
(Veith & Clawson, 1972) which depends on the epicentral distance ∆◦ in degrees
and the hypocentral depth h in km. This magnitude was calibrated for short-period
vertical-component seismograms (Veith & Clawson, 1972) although it is also being
used with the seismograms from broadband stations (Martínez Solares et al., 2013).
Cabañas et al. (2015) calculated a regression between this scale and Mw , and noted
that this mb is systematically higher than Mw .

Regressions to other regional

magnitude scales were proposed by Mouayn (2007) and Peláez et al. (2012).
Between November 1997 and February 1998, mb was used for few earthquakes
only, while mbLg was used for most. Almost all magnitudes during this period are
labelled indistinctively as mb , and the actual type of magnitude has to be deduced
by checking, in the full-format catalogue, the type of phase used for magnitude
determination. The mean standard error reported for mb from March 1998 (when
correct magnitude labelling starts) to December 2013 is ≃ 0.2.
Fig. 3.9 shows the geographical distribution of epicenters from March 2002 to
the end of 2013 where mb is the preferred magnitude estimate. Indeed most of
them are located far from the Iberian Peninsula, Canary Islands or Balearic Islands
(so the Lg waves had a relatively long path through thin crust before reaching the
Spanish stations) and/or had deeper hypocenters (compare with the distribution of
seismicity in Fig. 3.1).

3.4.5

Mw (2002–present)

For earthquakes with mbLg & 3.5 occurred since 2002, the moment magnitude, Mw
(Hanks & Kanamori, 1979), and moment tensor are calculated (Rueda & Mezcua,
2005) with Dreger & Helmberger’s method (1993) and reported in the abridged
IGN catalogue (not in the full-format one). The detailed moment tensor results
are reported in a separate catalogue online (Instituto Geográfico Nacional, 2015).
The IGN catalogue also reports Mw for a few earlier earthquakes, taken from the
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Figure 3.9: Geographic distribution of epicentres from March 2002 to the end of 2013,
separated by their preferred magnitude type (the one reported in the abridged catalogue
online). Left: mbLg . Right: mb . Only few earthquakes had Mw as the preferred magnitude
during this period (not shown; see maps in Cabañas et al., 2015).

literature (e.g. Batlló et al., 2008). Complementary Mw and moment tensor catalogs
in the region are those of Stich et al. (2010), Martín et al. (2015) and references therein.
The Mw values determined by IGN are usually similar to those by other authors,
when available (e.g. Chevrot et al., 2011; Cabañas et al., 2015).

3.4.6 Evolution of magnitude values in the catalogue
The overall pattern of the magnitudes throughout time is shown in Fig. 3.10. A
running median magnitude (see e.g. Gentili et al., 2011, for a similar graph) is
calculated for each of the two regions analysed. For both there is a decreasing overall
trend, correlative with the general improvement of the network, which allowed
detecting and recording smaller earthquakes. Specific changes in this trend are
commented and interpreted below.
In the Iberian region, at the beginning of November 1997, the median magnitude
dropped by ∼ 0.5 units. This effect cannot be due to the introduction of mb since
initially almost all earthquakes still used mbLg . Moreover, mb is typically higher
than mbLg (see Cabañas et al., 2015), so the opposite effect in the median magnitude
would be expected. This sudden decrease must be due to the increased reporting
of smaller earthquakes thanks to the new automatic procedures for detection and
location then implemented (Sec. 3.2.10), and the resulting increase in the number of
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Figure 3.10: Preferred earthquake magnitudes (i.e. those from the abridged catalogue
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phases used for location (Sec. 3.3.1). This would also explain the slight increase in
the rate of earthquakes detected since that date (Fig. 3.2).
In March 2002, the introduction of the new mbLg formula caused two effects
(see Gulia, 2012, for similar issues in other catalogues). First, as expected (Sec.
3.4.3), it stretched the magnitude range reported. Second, it caused a drop in the
median magnitude, because most earthquakes occurred close to the stations and
were assigned lower magnitude values than with the old formula (Fig. 3.8). Both
effects may have been intensified by the increasing ability of the broadband network
to detect small earthquakes nearby and moderate earthquakes far away.
Brief, transient decreases of the running median are due to the recording
of earthquakes with particularly low magnitudes close to seismic stations. For
example, the swarms of low-magnitude earthquakes in Loja (1985) and Villanueva
de Algaidas - Antequera (1989) took place in locations with relatively dense
monitoring (Carreño et al., 1991a; Posadas et al., 1993), leading to a global decrease
of the running median magnitude.
Conversely, distant sequences where most small earthquakes are undetected
tend to cause sharp increases of this running median. The clearest examples are due
to large earthquakes in northern Africa and their aftershock sequences, such as: 10
October 1980 El Asnam (now Chlef, Algeria), 21 May 2003 Zemmouri (Boumerdes,
Algeria), 24 February 2004 Al Hoceima (Morocco), as well as abundant moderate
earthquakes south of Nador (Morocco) starting in late 2004.
In the Canary Islands, very few magnitude values are reported before 1985 (not
shown in Fig. 3.10). In November 1997 there was an increase in the reported
magnitude values, correlative to the replacement of the MD scale by the old mbLg .
A clear decrease of about a magnitude unit in the early 2000’s must be due to the
deployment of the first broadband stations and the use of the new mbLg scale since
March 2002. From mid-2011 onwards, successive swarms at the island of El Hierro,
monitored by a dense local network, have yielded recordings of numerous small
earthquakes and a complicated pattern of the running magnitude median.

3.5 Magnitude of completeness
This section analyses the magnitude of completeness of the catalogue. It first
reviews the concept, then describes the method used to calculate and map it in detail
during the instrumental era, and finally describes the results separately for both the
Iberian region and the Canary Islands.
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3.5.1

Definition and influencing factors

The magnitude of completeness (Mc ) is the lowest magnitude at which all
earthquakes are detected and included in the catalogue (e.g. Rydelek & Sacks,
1989; Wiemer & Wyss, 2000; Woessner & Wiemer, 2005; Mignan & Woessner,
2012). Earthquake detection depends on natural and artificial factors, and requires
identifying the signal above the noise level at a minimum number of stations.
Most importantly, because of seismic wave attenuation, Mc at a given point in
the Earth increases with the epicentral distance to the network stations and with
depth (e.g. Wiemer & Wyss, 2000; Schorlemmer & Woessner, 2008; Schorlemmer et
al., 2010b). In turn, higher instrumentation sensitivity and/or signal-to-noise ratios
tend to favour earthquake detection and thus lower Mc . Dense, non-permanent
local networks reduce Mc locally and temporarily (e.g Schorlemmer & Woessner,
2008; Häge & Joswig, 2009a,b). Reduction of Mc may also be achieved by improving
signal processing and earthquake location techniques, such as using waveform
cross-correlation (e.g. Schaff & Waldhauser, 2010; Domínguez Cerdeña et al., 2011).
More earthquakes are typically recorded during nighttime and weekends; this
effect has been attributed to a lower Mc due to the lower artificial noise during
such periods (e.g. Rydelek & Sacks, 1989; Zotov, 2007; Atef, 2009; Iwata, 2013).
Seasonal variations of the noise level (e.g. Burtin et al., 2008; Hillers & Ben-Zion,
2011; Custódio et al., 2014, and references therein) may also cause Mc to vary
systematically between different seasons (Ringdal & Bungum, 1977; Custódio et al.,
2015).
In swarms and aftershock sequences, Mc rises; numerous events are missed
because their waveforms are masked by the coda and the overlapping wave arrivals
of previous ones (e.g. Wiemer & Wyss, 2000; Kagan, 2004; Kilb et al., 2007; Nanjo
et al., 2007). This effect even obstructs global earthquake detection after a large
earthquake (e.g. Iwata, 2008); for a particular example see Heimann et al. (2013) and
Tauzin et al. (2013). Special techniques of waveform analysis are required to identify
some of the missing aftershocks (e.g. Peng et al., 2007; Peng & Zhao, 2009).
Changes in magnitude reporting will obviously also change Mc (e.g. Tormann
et al., 2010). And, finally, an artificially high Mc may result if earthquakes below a
magnitude threshold are detected but purposely excluded from the catalogue.
All these factors imply that catalogue completeness is heterogenous in space
and time, and that Mc may be only stable (and meaningful to calculate) in small
enough regions and short enough periods, with a sufficiently stable network and
homogenous magnitude reporting (e.g. Hutton et al., 2010).
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For a given network, a theoretical detection threshold (minimum magnitude
which can be reliably detected) can be calculated and mapped for each location,
considering the network geometry, the noise level at each station, the minimum
number of stations required to detect and locate an earthquake, and the attenuation
of signal amplitude with distance. For the Spanish National Seismic Network,
Rueda & Mezcua (2006) provided a software to calculate such a threshold based on
the detection of the Lg wave, and D’Alessandro et al. (2013) applied a more complex
simulation-based method. But the IGN catalogue is not only compiled using the
real-time backbone network (Figs. 3.4 and 3.14). Stations from other networks are
also eventually considered for calculating final earthquake locations (Sec. 3.2.14). So
theoretical detection thresholds are relevant to real-time network capabilities, but
may be higher than the magnitude of completeness of the expanded and revised
catalogue.

3.5.2 Method used to calculate Mc
Here, Mc was calculated and mapped in successive periods using only the
earthquake catalogue itself, as detailed below. The Iberian Region and the Canary
Islands were analysed separately, considering the catalogue differences between
them.
The seismicity generated by the fault network in a rock volume commonly
follows an exponential magnitude-frequency distribution (Ishimoto & Iida, 1939;
Gutenberg & Richter, 1944):
log10 [ N (≥ M)] = a − bM, for M ≥ Mc .

(3.10)

where N (≥ M ) is the number of earthquakes with magnitude ≥ M, and a and b are
parameters. This relation has been observed to extend down at least to Mc = −4.4
(Boettcher et al., 2009; Kwiatek et al., 2010), and even to lower values in laboratory
experiments of rock deformation (e.g. Yoshimitsu et al., 2014).
For M < Mc , N ( M) is lower than expected from the extrapolation of Eq. 3.10.
This departure can be blamed on catalogue incompleteness (e.g. Båth, 1981; Kwiatek
et al., 2010), since small-magnitude earthquakes are less likely to be detected
(e.g. Schorlemmer & Woessner, 2008) and thus are preferentially missing. Several
objective methods have been proposed to calculate the precise magnitude at which
such a departure begins, albeit they do not always agree with each other (e.g.
Mignan & Woessner, 2012; Michael, 2014; Roberts et al., 2015).
Here the Entire Magnitude Range method (EMR) was chosen, because of its
proven reliability with small samples (as low as 60 earthquakes, Woessner &
Wiemer, 2005). It is available in the free software ZMAP (Wiemer, 2001) and
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R (Mignan & Woessner, 2012). This method is computationally intensive, and
calculates Mc by fitting the entire range of the observed magnitude-frequency
distribution (both the complete and the incomplete part).

For M < Mc , a

cumulative normal (Gaussian) distribution function is used, with mean µ and
standard deviation σ (as also proposed by Ringdal, 1975; Ogata & Katsura, 1993).
For M ≥ Mc , Eq. 3.10 is fitted using a robust maximum-likelihood technique (Aki,
1965; Utsu, 1965). The latter, unlike the least-squares method (Sandri & Marzocchi,
2007), is barely sensitive to possible departures from the exponential distribution
of the few largest earthquakes in the range observed (e.g. Fig. 3.11). The most
likely value of Mc is provided by the best fitting model, which maximizes the
log-likelihood function for the four parameters: µ, σ, a and b. The EMR method
is somewhat conservative, as it may overestimate Mc in some cases (Mignan,
2012). For caution, I should note that for determining b reliably, a larger sample of
earthquakes would be required (preferably at least 200 with M ≥ Mc , Schorlemmer
et al., 2005; Roberts et al., 2015); additional insight on fitting Eq. 3.10 and related
distributions was provided by Deluca & Corral (2013).
To calculate Mc and its uncertainty in a robust way, bootstrap resampling
(Efron, 1979) was used, following Woessner & Wiemer (2005). Each sample of
earthquakes was resampled with replacement 200 times, and Mc was calculated
for each resulting bootstrap sample. This figure is high enough to obtain a stable
average Mc and its standard deviation δMc (Woessner & Wiemer, 2005), exemplified
in Fig. 3.11. The presence of quarry blasts in the sample (Cattaneo et al., 2014),
changes in the b-value (e.g. Cesca et al., 2014), or the mixture of magnitude scales
may worsen the fit quality and increase δMc .

3.5.3

Spatial sampling

To account for spatial heterogeneity, here Mc was mapped locally, using a variable
resolution, so that the resulting map is more detailed in the areas were more
earthquakes were recorded. A latitude-longitude grid of nodes was used, following
Wyss et al. (1999) and e.g. Wiemer & Schorlemmer (2007) and Nanjo et al. (2010).
The grid spacing was chosen as 0.1◦ both in latitude and longitude. The resulting
distance between nodes is constant along the meridians (≃ 11.1 km), and variable
with latitude along the E-W direction as the meridians converge towards the poles
(from ≃ 10.0 to ≃ 7.9 km for the whole latitudinal range of the catalogue). In this
way the grid spacing is on the order of the epicentral location uncertainties (Sec.
3.3.2), so a tighter spacing would not be meaningful.
For each node, Mc and δMc were calculated using its closest earthquakes, at
least 60. Distances were measured along the great-circles between the nodes and
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the epicentres, using a spherical model for the Earth, with radius 6371.007 km,
the sphere of equal area of the most frequently used Earth reference ellipsoids
(Moritz, 2000; NIMA, 2000). Initially, a search radius of 5 km around each node
was considered (so that the search area is similar in size to the latitude-longitude
cells of the grid). If there were < 60 epicentres within this radius, it was increased
until it included the 60 closest earthquakes, but up to a maximum of 100 km. This
limit attempts to avoid mixing earthquakes from regions too distant to each other,
with different Mc (e.g. Nanjo et al., 2010) and to minimize the artifact of calculating
it in areas devoid of earthquakes. For most neighbouring nodes, the areas used for
determining Mc will partially overlap, leading to spatial smoothing.
In the resulting map, the blank regions have too few earthquakes recorded per
unit area to calculate a meaningful Mc (< 60 within 100 km from a node). Compared
with the other regions, they have either an intrinsically lower seismicity rate, or
a higher Mc , or both. For some regions, Mc could be calculated in periods with
high seismicity rate (for example, with aftershock sequences) but not in others. It
might be possible to extrapolate Mc to these blank areas using different procedures,
which consider how it increases with distance from the stations (Schorlemmer &
Woessner, 2008; Mignan, 2012). To properly use such methods it would be necessary
to know (or to deduce, e.g. Gentili et al., 2011) when each station was in operation
and contributing data to the catalogue. In the IGN catalogue this would be possible
for the stations of the backbone network, but becomes exceedingly complicated for
the additional stations from other institutions.
Since depths are often poorly determined, or not determined independently at
all (Sec. 3.3.3), I chose not to set a fixed maximum depth threshold. Only the five
earthquakes with depth > 600 km (Sec. 3.3.3 and Fig. 3.7) were excluded from
the analysis. This is a conservative approach: deep earthquakes are less likely to
be detected than shallow ones, so the Mc calculated from a sample with mixed
depths will be higher than if only the shallow earthquakes were considered. In
most areas the catalogue is dominated by shallow seismicity anyway (Fig. 3.1 and
Sec. 3.3.3), so except for specific locations discussed later, depth is probably a minor
factor compared to the epicentral distance from the stations.

3.5.4 Choice of temporal periods and magnitude scales
To account for temporal heterogeneities in Mc , the catalogue was divided into
periods. Ideally, these should be long enough to include many earthquakes, for
calculating Mc in as many locations as possible, and reducing the extent of blank
areas. But they should be short enough to ensure that Mc was stable, with a
relatively stable network (e.g. Hutton et al., 2010) and without changes in magnitude
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reporting (e.g. Tormann et al., 2010).

Using too long periods with unstable

completeness would yield underestimated Mc values, because the departure from
Eq. 3.10 is controlled by the statistics of the most complete parts of the catalogue
(e.g. Michael, 2014).
Periods were separated by milestones in the development of the backbone
network, improvements in the earthquake detection routines, and changes of the
magnitude formulae used. The evolution of other networks which contributed
to the catalogue (either temporary ones or from other institutions) had to be
disregarded to avoid exceeding complexity.
The preferred magnitude listed by IGN for each earthquake in the abridged
catalogue was used. Mc at each node depends on the magnitude scale(s) used
locally (e.g. Fig. 3.9). In the full-format catalogue, only one magnitude type is
typically reported, so separating earthquakes by magnitude type would indeed
create subsets less complete than the original catalogue. Thus, it is not statistically
meaningful (although it would be more physically meaningful) to calculate Mc
separately for each magnitude type. Reliable magnitude conversion formulae for
this catalogue (Cabañas et al., 2015, and references therein) are not available for
m . 3, while it was expected that Mc < 3 in most of the region, so I used the
catalogue as it is originally provided, without attempting to convert magnitudes to
a common scale.
Assessing the reliability (e.g. Martínez Solares & Mezcua, 2002; Udías, 2015)
and completeness (e.g. Albarello et al., 2001) of historical earthquake catalogues
is particularly challenging, so it will not be attempted here. Occasionally, the
review of even relatively recent historical earthquakes in the Iberian region has
substantially modified the location and intensity estimates (e.g. Ribeiro et al., 2015).
Determining earthquake location and size of historical events is especially difficult
when originated offshore or in coastal areas (even great ones, e.g. Martínez-Solares
& López Arroyo, 2004; Hough, 2013) and in scarcely populated regions. Also,
aftershocks are very irregularly accounted for in the historical chronicles (e.g.
Vere-Jones, 1992).
Given the catalogue differences between the Iberian Region and the Canary
Islands, I will analyse them separately in the subsections below, separating periods
with similar instrumentation, magnitude reporting and detection and location
procedures during the instrumental era. The evolution of other networks which
contributed to the catalogue (either temporary ones or from other institutions) had
to be disregarded to avoid exceeding complexity.
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Figure 3.11: Example of magnitude of completeness (Mc ) and its standard deviation (δMc )
for a site in two different periods. This site is the closest node in the map to the largest
earthquake of the catalogue in the instrumental era (28 February 1969, offshore Portugal,
mbLg = 7.3). Solid lines: Magnitude-frequency distributions of the closest 60 earthquakes
to the node in the periods indicated. Dotted lines: Mc calculated automatically with the
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calculated by bootstrap. The distribution is more gradually curved in the second period,
leading to a larger δMc . These values of Mc and δMc are mapped at this node in the
corresponding periods in Figs. 3.12 and 3.13 respectively.
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3.5.5

Mc in the Iberian Peninsula and surroundings

According to Mezcua et al. (2011); Martínez Solares et al. (2013), the catalogue may
be complete in the Iberian Peninsula for M & 5 since the early XIX century, and
for M & 4 since the mid-XX century, being less complete offshore, in northern
Africa, and in earlier times. The reader is referred to these works and references
therein for further details. These assessments estimated the missing magnitudes
from macroseismic intensity, and assumed that, for a given magnitude threshold,
the catalogue is complete from the moment at which the earthquake rate from that
threshold upwards becomes stationary (following Stepp, 1972).
The analysis made here covers the years 1962 onwards, for which the catalogue
reports magnitude systematically for most events. The increasing slope of the
cumulative number of earthquakes (Fig. 3.2) and the overall decrease of the median
magnitude (Fig. 3.10) already evidence that Mc in the catalogue has been reduced
throughout the decades. Figure 3.4 shows maps with the backbone stations in each
period, while Mc and δMc are mapped in Figs. 3.12 and 3.13 respectively.
During the first four periods considered (January 1962 to October 1997) a single
mbLg scale was used; relatively few earthquakes were recorded (Fig. 3.2) so Mc can
be reliably determined only in the most seismically active areas.
The first period analysed is chosen to include from January 1962 (for which the
mbLg scale started to be used, Mezcua & Martínez-Solares, 1983) to September 1978,
and during this time only a few IGN observatories operated, including the WWSSN
stations of Toledo and Málaga (these from late April 1962 onwards, International
Seismological Centre, 2015a). Mc was 3.0–3.7 in the Alborán Sea (the westernmost
corner of the Mediterranean) and its surrounding mountain ranges (Betics to the
north, Rif to the south), while it was 3.2–3.5 in the Pyrenees. In the Atlantic Ocean,
the location of the largest earthquake in the instrumental era, occurred in 1969, has
the highest Mc determined in this period, ≃ 4.1 (see also Fig. 3.11).
During the initial deployment of the short-period, telemetred, Spanish National
Seismic Network (October 1978 to December 1984) Mc improved slightly, but was
still > 3 in the Iberian Peninsula. In NW Algeria, the catalogue is dominated by the
1980 El Asnam (now called Chlef) earthquake and its aftershock sequence, which
were recorded with Mc ≃ 4.5.
During the first years of the new network (January 1985 to December 1991), and
with an increasing number of stations, Mc decreased to < 3 in all areas where
calculable in the Iberian Peninsula and immediate surroundings, reaching down
to 2.4–2.6 at and around the location of the 1985 Loja swarm in the Betics, which
was monitored by IGN with temporary stations (Carreño et al., 1991a). This swarm
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and others during this period caused a decrease of the median magnitude in the
catalogue (Fig. 3.10 and Sec. 3.4.6). In the periphery of the network, such as on the
northern side of the Pyrenees and in the Rif, Mc was still 3.0–3.3. Meanwhile, Mc
dropped to ∼ 3.7 at the same spot in NW Algeria mentioned in the previous period.
The catalogue is complete in the most seismic areas of the Peninsula down to
Mc ≃ 3 since 1992. At that time, the first automatic location procedure was fully
in operation (which also corresponds to a different pattern in depth reporting, Fig.
3.7 and Sec. 3.3.3), and since late 1992 the Sonseca Array started providing data
to the catalogue. Between January 1992 and October 1997, the best monitored
areas continued to be in the SE of the peninsula, Mc reaching 2.3 locally, while Mc
increased according to distance from the network, reaching 3.5 offshore to the SW
of the peninsula, and in sites of northern Africa.
A major improvement of the catalogue completeness is observed from
November 1997, when the new automatic location procedures were implemented.
This was also evidenced by a sudden drop in the median magnitude (Fig. 3.10 and
Sec. 3.4.6). Anywhere in the peninsula (where measurable) Mc ≤ 2.8, and reached
down to 1.7 precisely at the site with the densest monitoring, in the Granada region
(Betics). Even the values calculated offshore and in northern Africa were . 2.8,
which is surprisingly low. This may be attributed to the underestimation of mbLg
for distant offshore earthquakes (Sec. 3.4.3); mb had started to come into use, but
during this period only for < 1% of earthquakes, so with very slight influence on
Mc .
The most dramatic drop in Mc took place since March 2002, which also
corresponds to a drop in median magnitude (Fig. 3.10 and Sec. 3.4.6), and to the
most remarkable increase in the apparent frequency of earthquakes with M ≤ 3
(Fig. 3.2). This must be due both to the deployment of the new broadband network
and to the use of the new, improved mbLg formula, which provides lower magnitude
values for earthquakes at epicentral distances . 440 km from the station (Secs.
3.4.3 and 3.4.6). Between March 2002 and June 2005, Mc . 2.0 over the whole
Iberian Peninsula, and typically . 1.5 in the most densely monitored areas, a pattern
which continues along the broadband era. Despite the network improvement, Mc
rose with respect to the previous period in locations far offshore and in regions
in northern Africa, which is explained by the systematic use of mb for distant

Figure 3.12: Evolution of the magnitude of completeness (Mc ) of the catalogue in the
Iberian Peninsula and surroundings, mapped in cylindrical equal-area projection, for the
periods indicated. The corresponding maps of uncertainties are shown in Fig. 3.13.
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earthquakes, that tends to provide higher magnitudes (this also occurs with the new
mbLg scale compared with the older one at distances & 440 km).
Between July 2005 and June 2010 the broadband network continued to grow.
Completeness improved noticeably in offshore areas. The greatest drop of Mc , down
to ≃ 1.0 in the western Pyrenees, was due to the deployment of the dense network
around the Itoiz and Yesa reservoirs (Sec. 3.2.12). Regions exist however, where
stations were closed down (Fig. 3.4) and Mc worsened nearby, especially in Galicia
(NW Iberian Peninsula) and other areas in the interior of the Peninsula.
During the last period analysed (July 2010 to December 2013) the completeness is
similar to the previous one, although the progressive closing of almost all remaining
short-period stations of the backbone network explain local deteriorations of
completeness (such as around 3◦ W, 39◦ N).
The uncertainty of the results, δMc (Fig. 3.13), is remarkably low (typically ≤ 0.2,
that is, in the order of the magnitude uncertainties themselves, Sec. 3.4). But a
few exceptions during the broadband era require additional explanation. Offshore
and in Northern Africa, a sharp transition from Mc ≃ 2.5 to & 3.5 is measured,
associated to the highest δMc values (≥ 0.4). This must be due to the use of
different magnitude scales (Fig. 3.9 and Sec. 3.4), with mb values for the more
distant earthquakes being systematically higher than the mbLg values of similar,
closer earthquakes (because of overestimation of mb , Cabañas et al., 2015). So in
the spatial fringes where the mixture of magnitudes takes place, the measured
Mc changes abruptly, the theoretical fit to the magnitude-frequency distribution
is poorer and with higher δMc . In the Alborán Sea, a N-S area has higher Mc
than the surroundings, and with relatively high δMc ∼ 0.3. Relatively abundant
intermediate-depth earthquakes (plus shallow ones) take place here (Buforn et al.,
1997). So, consequently, a local mixture of Mc ensues: the deeper earthquakes are
being less completely recorded (and measured in mb scale, both factors raising the
overall Mc ), while the shallower ones are more completely recorded (and in mbLg
scale). In other offshore areas, in the Atlantic, intermediate-depth earthquakes also
take place, and a similar situation probably occurs, though less spatially localized.
In Peninsular Spain, within each period, Mc generally correlates with the
distance to the stations shown in Fig.

3.4, and largely agrees very well with

the theoretical detection thresholds of the Spanish National Seismic Network
for specific dates. Maps of these thresholds, elaborated by IGN personnel and
apparently based on the method implemented by Rueda & Mezcua (2006), are

Figure 3.13: Standard deviation (δMc ) of the magnitude of completeness Mc of the
catalogue mapped in Fig. 3.12.
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available for the network configuration ca. 1990 (Fig. 16 of Mezcua, 1995), 1993
(Fig. 17 of Mezcua, 1995), 2002 (Fig. 3 of Carreño et al., 2003) and 2010 (Rueda,
2010, which does not include the dense network in the Aragón Valley). The most
recent theoretical analysis of the detection threshold was made by D’Alessandro
et al. (2013), assuming that all the stations listed in their Table 1 were functioning
simultaneously (Antonino D’Alessandro, pers. comm., 2013). That list, however,
includes all stations ever operating in the backbone network, mixing stations that
were opened up to mid-2010 with those already permanently closed. This prevents
a meaningful comparison with such a detection threshold in most of the region.
For the dense IGN network around the Itoiz and Yesa reservoirs, for which indeed
the stations were simultaneously operating by mid-2010, the detection threshold
(local magnitude ML ∼ 1.0) calculated by D’Alessandro et al. (2013) is like the Mc
calculated there during the last two periods.
During the broadband era, Mc is lower than the expected detection thresholds
(from Carreño et al., 2003; Rueda, 2010) in the eastern Pyrenees (most notably since
2010), southern Portugal, several locations in Andalusia (southern Spain) and in
NW Africa (with notable progressive improvements since 2005). These are areas
where the catalogue truly benefits from the data from additional stations of other
institutions within Spain and neighbouring countries, whose networks were also
improving at the time. Conversely, Mc is higher than expected in the areas where mb
was predominantly used, because such theoretical detection thresholds were based
on mbLg .

3.5.6

Mc in the Canary Islands

In the Canary Islands the catalogue seems quite incomplete before the XIX century
(e.g. Vinciguerra & Day, 2013), and even until the mid-1980’s (only 67 earthquakes
are listed from 1962 to 1984). An overview of the historical earthquakes was given
by González de Vallejo (2006). The Canary catalogue until 1980 is taken from
Mezcua & Martínez-Solares (1983), who warned that it is probably not valid for
statistical analyses, since it relies on diverse partial sources (Galbis, 1932, 1940;
Monge Montuno, 1981), and they had to complement the instrumental observations
during 1960-1980 with the bulletin of the International Seismological Centre. Given
those limitations, I have chosen to calculate Mc only from 1985 onwards.
For each period considered for completeness analysis, the stations of the Spanish
National Seismic Network, Mc and δMc are mapped in Fig. 3.14. Several of the
milestones used for separating periods are different than for the Iberian Region,
given that the Canary subnetwork had a separate temporal evolution and that (as
it comprises few stations) Mc may be notably influenced by each station opening or
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Figure 3.14: Evolution of the network and catalogue completeness in the Canary
Islands. Left: Permanent IGN stations contributing to the catalogue, during the periods
indicated. Centre: Magnitude of completeness (Mc ). Right: Uncertainty of the magnitude of
completeness δMc . The colour scales are identical to those in Figs. 3.12 and 3.13.

closing. Before the seismic swarms below El Hierro island, most of the seismicity
had taken place near the center of the archipelago, especially between the two
largest islands, Tenerife and Gran Canaria. Until May 2004, Mc can be calculated
with sufficient spatial detail only in this central area, while later on there are
sufficient earthquakes for measuring it over a wider region.
During the early years of the short-period telemetred network (1985 to 1989), Mc
(in MD scale, Sec. 3.4.2) was 2.7–2.8. The new stations opened in Tenerife in 1990
(Sec. 3.2.7) lowered Mc there to 2.4–2.6 from January 1990 until October 1997. From
November 1997 until February 2002, the median magnitude rose (Fig. 3.10) and Mc
also rose to 2.7–2.9, despite the new automatic location procedures. This worsening
is partially due to the change in magnitude scale (to the older mbLg ), and probably
also due to the closing of one of the three short-period stations in Tenerife in January
1997, which left the island with only two operating stations for more than four years.
Data from the first broadband stations during April 2001 to February 2002 reduced
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the median magnitude (Fig. 3.10) and probably reduced Mc , but this could not be
measured as too few events were recorded during this brief period.
As in the Iberian region, Mc has been greatly reduced during the broadband
era. The introduction of the new mbLg scale in March 2002 (Sec. 3.4.6) and the
deployment of the initial broadband network reduced Mc down to 1.5–2.0 until
mid-May 2004. The new stations deployed since this date in Tenerife (Sec. 3.2.13)
further lowered Mc to ∼ 1.3 just below this island, while it rose outwards from there
up to 2.4 at the farthest locations from the network.
In the last period considered, the catalogue is dominated by the seismicity in
El Hierro, thanks partly to the dense seismic network there deployed since 21 July
2011 (Sec. 3.2.13). Mc below and around El Hierro is spatially heterogenous, with
the lowest values (∼ 1.2) to the south of the island, probably because that was the
location of the shallowest hypocentres, close to the submarine eruption site (e.g.
Domínguez Cerdeña et al., 2014). The apparent extension of these low Mc up to
100 km offshore SE of El Hierro, where actually no earthquakes were recorded, is
an artifact of the spatial windowing procedure. West of El Hierro, where several
swarms of more distant, deeper earthquakes took place after the eruption, is where
the highest values (up to 2.9) are measured. During the swarms preceding the
eruption, the earthquake foci migrated significantly with respect to the network,
and new stations were opened (Domínguez Cerdeña et al., 2014). These factors
contribute to explain the temporal changes of Mc observed by Ibáñez et al. (2012) and
Telesca et al. (2016). During the eruption, reported magnitudes were typically higher
than before (e.g. Ibáñez et al., 2012, their Fig. 3B). This may be, at least partially,
a consequence of the volcanic tremor of variable amplitude which accompanied
the eruption and which hampered the detection of the smallest earthquakes. All
the mentioned factors bring about a sense of the complexity of determining a
meaningful Mc in the El Hierro earthquake series (see also Roberts et al., 2015).
Meanwhile, two of the Tenerife stations were no longer in operation in this last
period, what explains the increase of Mc there up to 1.6–1.8.

3.6 Daily and weekly variations
The seismic noise produced by human activities (vehicle traffic, machinery from
industries, etc.)

typically has daily and weekly cycles.

It is higher during

daytime than nighttime, and also higher on weekdays than at weekends (e.g.
Bonnefoy-Claudet et al., 2006; Díaz et al., 2010; Custódio et al., 2014).

Even a

relative decrease of seismic noise is sometimes observed during lunch breaks (e.g.
Bonnefoy-Claudet et al., 2006; Díaz et al., 2010). As a result, since the ability to
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Figure 3.15: Hourly and weekday earthquake frequencies in the Iberian region and
Canary Islands (areas of Figs. 3.12 and 3.14) for the periods indicated. The magnitude
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each earthquake. Solar noon is around 12 h Universal Time (UT) in the Iberian Peninsula
and 11 h UT in the Canary Islands. Monday is shown as the first day of the week following
the international standard (ISO, 2004).

detect and locate earthquakes decreases with noise amplitude, commonly more
earthquakes are recorded in the catalogues during nighttime (e.g. Rydelek & Sacks,
1989; Iwata, 2013), lunch breaks (e.g. Custódio et al., 2015) and weekends (Zotov,
2007; Atef, 2009).
Daily variations, with fewer detected events during the daytime hours
attributable to higher artificial noise, are apparent in the catalogue (Fig. 3.15). This
effect had already been reported by Carniel et al. (2008), Del Pin et al. (2008) and
Domínguez Cerdeña et al. (2011) in the Canary Islands and by Custódio et al. (2015)
in the Portuguese catalogue. The daily variation is less apparent during the period
with volcano-tectonic episodes in El Hierro (not plotted in Fig. 3.15), indicating
that recorded earthquake frequencies may then have been mostly dominated by
natural, temporal variations of the seismicity rate. I made attempts at mapping Mc
separating daytime and nighttime events, which showed a tendency for smaller Mc
during nighttime, but splitting the catalogue into two such parts for each period
severely limited the spatial resolution of the analysis.
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A slightly higher frequency of earthquakes is recorded around noon in
the Iberian region.

This could be attributed either to the effect of catalogue

contamination by blasts detonated precisely during the lunch break (Sec. 3.7, see
also Gulia, 2012), and/or to a lower Mc thanks to the lower artificial noise at
lunchtime, as proposed for the Portuguese catalogue (Custódio et al., 2015).
A weekend effect is clearly observed in the Iberian region, with significantly
more earthquakes being recorded on Saturdays, and especially on Sundays (Fig.
3.15). In the Canary Islands it is not observed (not plotted in Fig. 3.15 for simplicity),
which might mean that artificial noise has a similar amplitude throughout the whole
week.
Such cyclic effects should be smoothed out if only the complete part of
the catalogue is considered, above a completeness threshold (e.g. Rydelek &
Sacks, 1989). To test this (and thus indirectly the reliability of the completeness
analysis), I considered for each earthquake the local Mc and δMc at the particular
latitude-longitude cell and specific period at which each earthquake occurred
(Fig. 3.15). Most earthquakes in the instrumental era took place in sites where
completeness had been determined. If only earthquakes with M ≥ Mc − δMc are
considered (that is, a low, optimistic, threshold), the daily and weekly variations are
greatly reduced, but do not disappear completely, so the catalogue is not complete
for that threshold. For M ≥ Mc , these variations seem to vanish completely, and
the remaining variability in earthquake frequency is probably real. The pattern is
very similar if a higher, more conservative completeness threshold, M ≥ Mc + δMc ,
is used.

These results support the completeness analysis, evidencing that the

calculated Mc is the minimum threshold of completeness of the catalogue, and that
its uncertainty, δMc , is partially due to the daily and weekly variations in the noise
level.

3.7 Catalogue contamination by blasts
Earthquake catalogues are often contaminated by artificial events, most frequently
quarry or mine blasts (e.g. Wiemer & Baer, 2000; Gulia, 2010, 2012; Cattaneo et al.,
2014). Blasts misclassified as natural earthquakes alter the statistics made with the
catalogue and may artificially rise the seismicity rate and the calculated seismic
hazard. They are especially difficult to identify when they take place in seismically
active regions.
The online IGN catalogue aims to only include natural earthquakes and to
exclude artificial seismicity, a challenging task since the Iberian Peninsula hosts
extensive mining activities.

In the printed bulletins up to 1986, earthquakes
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identified as artificial explosions were still listed, and specifically labelled. Artificial
events are typically of low magnitude, so they started to become more frequently
recorded since the 1980s.

The reduction of Mc since the deployment of the

broadband network in the 2000’s (Section 3.5) enabled recording tens of thousands
of blasts in the Iberian Peninsula, outnumbering by far the actual earthquakes
(Rueda Núñez, 2006; García Vargas et al., 2016). Routine screening relies on analyst
judgment, based on waveform analysis and on the time of occurrence, being blasts
expected preferentially during daylight hours (García Vargas et al., 2016).
Despite such efforts, artificial events occasionally pass this screening and are
incorporated in the catalogue as if they were natural seismicity (García Vargas et
al., 2016). For example, thanks to the use of a dense local network, Torcal et al.
(2005) identified several explosions or quarry blasts which had been considered
natural microearthquakes in the IGN catalogue. In a more generic analysis, Gulia
(2010) identified sites with suspect contamination of quarry blasts in this and other
European earthquake catalogues. Her analysis is based on the ratio of daylight to
nighttime events, which takes into account that blasts at quarries or construction
sites typically occur during daytime (e.g. Benson et al., 1992; Wiemer & Baer, 2000;
Gulia, 2012; Panzera et al., 2016), while natural earthquakes are typically more
abundantly recorded in the catalogues during nighttime, because of the lower
artificial noise (Rydelek & Sacks 1989, and Section 3.6).
An illustrative example of blast contamination highlighted by a high daytimeto-nighttime ratio is the Trimouns talc quarry (de Parseval et al., 2004), the largest
open-pit talc mine in the world. It is located near Luzenac, in the French Pyrenees,
where natural earthquakes also take place (42.805◦ N, 1.804◦ E, Fig. 3.16). Mining is
carried out there from May to November, and blasting is performed at a very narrow
time interval within the evening breaks, shortly before 16 h UT, that is 18 h summer
official time (Julien Conté, former Trimouns mining project manager, pers. comm.,
2015; Godey et al., 2013). At this location, the IGN catalogue includes tens of highly
likely quarry blasts, recorded in different years since 2004 with origin time between
15:50-15:56 UT, and mbLg ≤ 2.0 (Fig. 3.16).
The catalogue however, offers examples of blast contamination with precisely
the opposite pattern: a particularly high frequency of nighttime blasts. Figure
3.17 shows the seismicity in part of the Iberian Pyrite Belt, a geologic region rich
in massive sulphide deposits (Leistel et al., 1998; Rosa et al., 2010), which is also
seismically active. Two tight clusters of small-magnitude earthquakes (mbLg ≤
2.3, and ∼ 1 in most cases) pinpoint the Portuguese mine of Neves-Corvo and
the Spanish mine of Aguas Teñidas, where sulphide ores (mostly of copper and
zinc) are extracted after large-scale underground blasting (Chadwick, 2007; García
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Figure 3.16: Example of catalogue contamination by quarry blasts. Star: Location of the
Trimouns talc quarry in the French Pyrenees. Circles: Earthquakes recorded until December
2013, with size proportional to magnitude (mbLg scale). Red circles: Highly likely blasts, that
is, recorded at the typical daily blasting schedule at this quarry (a narrow range of just seven
minutes, 15:50-15:56 UT) during different months and years. White circles: Earthquakes
recorded at other times, which are most likely natural seismicity. Digital elevation model
from the Shuttle Radar Topography Mission (Farr et al., 2007).

Maneiro et al., 2012). Neves-Corvo (currently the largest copper and zinc mine
in the European Union) started operating in 1988, but seismicity is recorded in
the catalogue only since 1999 (perhaps because this is about the time when the
magnitude of completeness began to be low enough to record these small events,
Fig. 3.12). At Aguas Teñidas, recorded seismicity began in 2009, right when
commercial extraction started. Other earthquakes in the area may be tectonic, which
underlines the need of distinguishing blasting from actual seismicity. In both mines,
most recorded events occur in agreement with blasting schedules (Fig. 3.17). For the
sake of safety, underground blasts are performed when workers are out of the mine
(during meal breaks or shift changes). So they typically occur every 8 hours (at early
morning, lunch time and dinner time), and also around official midnight in Aguas
Teñidas (Sheila Maqueda –former drill and blast engineer at this mine–, pers. comm.
2014). Finally, these mines are exploited (and earthquakes have also been recorded
at them) all days of the week. These observations cast doubts on the reliability
of identifying and removing blasts in seismic catalogues based only on day/night
activity ratios, or by their occurrence on working days (instead of weekends).
Identifying blasts from their location alone is hampered by location errors. This
is evidenced by the wide dispersion of blast epicentres in the examples shown,
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Digital elevation model from Farr et al. (2007).

especially in Trimouns (Figs. 3.16 and 3.17). Quarry or mine blasts have very
shallow origin depths (∼ 0 km), what might help in distinguishing them from
natural (deeper) earthquakes. But these small events, typically recorded by few
stations, have poor depth determinations. In the three examples detailed here,
most blasts have no depth determined independently (depth is fixed to 0 km in
the analysis), and those for which depth is calculated have diverse reported depths,
even ≥ 10 km in several cases, evidencing poor depth accuracy.
For statistical analysis of the catalogue, it is useful to set a magnitude threshold
above which blasts are absent or highly unlikely (e.g. Habermann, 1987). In Europe,
quarry blasts do not usually reach M ∼ 2.5 (Giardini et al., 2004; Gulia, 2010). But in
Spain, blasts recorded and identified by IGN occasionally reach mbLg > 3.0 (Rueda
Núñez, 2006). An exceptional case of mining-related seismicity in Spain was the
ground shaking caused by the collapse of the Reocín mine (7 January 1965), which
reached mbLg = 4.1 and whose entry was recently removed from the IGN catalogue.
This early exception aside, it seems likely that only small collapse events may be
confused with natural seismicity and included in the catalogue, such as a probable
case with mbLg = 2.2 analysed by Alvarez-Garcia et al. (2013).
To

estimate

the

upper

magnitude

threshold

of

non-tectonic

events

contaminating the IGN catalogue, I compared it with the list of non-tectonic
events in the same region, supplied by the EMSC for January 1998 - July 2012
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(Gilles Mazet-Roux, pers. comm., 2015). The list contains over 34,000 events,
mostly mine explosions, and is built with data contributions from IGN and other
agencies, plus further screening by EMSC operators, which considers the location
of known blasting sites and the times at which blasts are typically detonated
(Godey et al., 2013). I considered that an event in the IGN catalogue was also on
the EMSC list if there was a difference in origin time ≤ 1.5 s and epicentral distance

≤ 10 km between them. This lead to identifying 210 non-tectonic events in the
IGN catalogue, all located in the Iberian Peninsula and southern France (none in
Northern Africa or the Canary Islands). This figure is optimistic, considering the
number of potential blasts already identified in the cases analysed here. However,
it is expected to include at least the largest blasts, which should be the easiest to
identify and the most consistently located in both catalogues. The IGN magnitudes
of these events was mbLg ≤ 2.5 and in most cases ≤ 2.0. Is thus unlikely that
the IGN catalogue is contaminated by non-tectonic events with mbLg & 2.5, an
observation that also holds for the blasts identified in the examples above and for
the collapse event discussed by Alvarez-Garcia et al. (2013).

3.8 Discussion
This chapter has tried to offer a comprehensive review of the Spanish National
Earthquake Catalogue and its main overall properties, focusing on the instrumental
era.

The evolution of the catalogue is detailed, highlighting the upgrades of

the monitoring network, of the techniques used for locating earthquakes and
of the determination of magnitudes. These developments have resulted in an
heterogeneous catalogue with a marked overall improvement over time.
The hypocentral location precision has improved over the decades and shows
a clear spatial pattern, being typically much better in the Iberian Peninsula than
elsewhere, especially for the hypocentral depth. The most notable improvement
began with the introduction of the new automatic location procedures in November
1997.

As in other instances (e.g. Amato & Mele, 2008; Custódio et al., 2015),

earthquakes in distant offshore areas are the least precisely located, because they are
far from the stations and recorded with a large azimuthal gap. The determination
of focal mechanisms off the Iberian Peninsula shore also suffers from these
factors (Domingues et al., 2013). Such limitations are particulary relevant because
tsunamis and the largest earthquakes in the region have indeed originated in such
areas. Ocean-bottom seismometers could greatly improve offshore monitoring, as
highlighted by results from temporary deployments (e.g. Geissler et al., 2010) and
theoretical modelling (Zahradník & Custódio, 2012).
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The catalogue includes a temporal and spatial mixture of non-equivalent
magnitude scales. In other catalogues such diversity is known to affect, e.g. the
calculated seismicity rates and b-values, and should be carefully considered before
any statistical analysis (e.g. Habermann, 1987, 1991; Zúñiga & Wyss, 1995; Zúñiga
& Wiemer, 1999; Tormann et al., 2010, and references therein). Homogenizing
the magnitudes from this catalogue has been carried out in several instances by
converting them all into moment magnitude by using empirical relations (Mezcua
et al., 2011; Martínez Solares et al., 2013; Gaspar-Escribano et al., 2015, and references
therein).

But reliable conversion relationships (Cabañas et al., 2015) are only

available for magnitudes & 3 (that is, for a minority of events), since original
moment magnitudes for small earthquakes in the area can rarely be calculated.
Backward review of catalogue magnitudes into a single scale when possible (e.g.
Tormann et al., 2010) would alleviate part of this heterogeneity.
Improvements in earthquake detection have enabled recording increasing
numbers of earthquakes in the region per unit time, evidencing a progressive
lowering of the magnitude of completeness, Mc . For the first time for this catalogue,
detailed maps of Mc are here calculated, during several periods in each region
analysed. These periods, as short as data availability allows, are chosen considering
the reviewed evolution of the catalogue, taking care that during each of them the
network was relatively stable, and the same routines for location and magnitude
determination were used. This kind of detailed temporal analysis had so far only
been carried out for catalogues with many more events (e.g. Hutton et al., 2010). The
appropriateness of the temporal and spatial choices of the analysis is evidenced by
the consistency of the results (the lowest Mc is systematically found in the areas with
densest monitoring) and their typically low uncertainties (except for areas where
earthquakes with different magnitude scales overlap). Mc first improved slowly
from the 1960’s to the 1990’s. A sudden improvement was due to the introduction
of new automatic location routines in late 1997, and a dramatic one was achieved
by the new digital, broadband network from 2002 onwards. The catalogue is
more complete in the most seismically active (better monitored) areas within the
Iberian Peninsula and the Canary Islands than elsewhere, although a progressive
improvement of completeness over the years is observed even in offshore areas.
A weekend effect (more earthquakes recorded during weekends) is found in
the catalogue for the first time, as well as the better known daily variations (more
earthquakes recorded during nighttime). Both effects are interpreted as related to
the variable amplitudes of artificial noise. They disappear when only the complete
part of the catalogue is regarded, which supports the values of magnitude of
completeness calculated here.
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Clear examples of contamination by quarry and mine blasts (with magnitudes

. 2.5) are pinpointed, despite the monitoring agency has successfully removed
the vast majority of artificial explosions from the catalogue. The cases studied
here indicate that useful complementary screening would be provided by checking
known mining sites and their typical blasting schedule. Examples of large-scale
underground mines are found where blasts are set off during nights and weekends,
indicating that it is not always correct to assume that blasts are only made during
daylight times (e.g. Wiemer & Baer, 2000) and in weekdays.
Hopefully, this review will provide useful guidelines for users of this valuable
database, and also insight for planning where and how this catalogue would most
benefit from future upgrades in instrumentation or in routine analysis of the seismic
data.
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C HAPTER 4

Measurement of areas on a sphere
using Fibonacci and
latitude–longitude lattices
Measure what is measurable, and make measurable what is not so.
Galileo Galilei.
Chapter adapted and expanded from:
Álvaro González (2010)
Measurement of areas on a sphere using Fibonacci and latitude–longitude lattices.
Mathematical Geosciences, 42 (1), 49–64.

4.1

Introduction

The area of a region is easy to measure, without explicitly considering its
boundaries, by determining which points of a lattice are inside or outside the region.
This point-counting method is commonly applied to estimating areas on a plane
(Bardsley, 1983; Jarái et al., 1997; Howarth, 1998; Gundersen et al., 1999; Baddeley &
Jensen, 2004). A related issue is how to approximate the region boundaries from this
sampling (Barclay & Galton, 2008).
Point-counting on the sphere is commonly used for estimating the Earth
coverage of satellite constellations (Kantsiper & Weiss, 1998; Feng et al., 2006), the
fraction of the Earth’s surface efficiently seen by one or more satellites (Fig.4.1). In
the simplest case, each satellite covers a circular region (cap), so the constellation
covers a complex set of isolated and/or overlapping caps (Kantsiper & Weiss, 1998).
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Figure 4.1: Coverage of an example satellite constellation. The Orbcomm constellation,
consisting of thirty-six communication satellites orbiting the Earth at a height of 825 km.
Image elaborated with the SaVi satellite constellation visualization software (Wood &
Worfolk, 2011).

Similarly, some maps designed for earthquake forecasting depict earthquake-prone
regions as complex sets of up to tens of thousands of caps (Kossobokov & Shebalin,
2003; Kafka, 2007; Kafka & Ebel , 2011, and Chapter 2). To assess these forecasts it is
necessary to measure the fraction of the Earth’s area covered by these regions.
Analytical solutions exist if the spherical region has a known, regular or
polygonal shape (Kimerling, 1984; Bevis & Cambareri, 1987; Sjöberg, 2006). The
area of a set of caps on the sphere has a complex analytical solution (Kantsiper &
Weiss, 1998), which unfortunately does not indicate whether any particular location
on the surface of the sphere is covered.
The numerical error of point counting should ideally decrease rapidly as the
lattice density increases. Numerous works deal with errors on the plane (Bardsley,
1983; Jarái et al., 1997; Howarth, 1998; Gundersen et al., 1999; Baddeley & Jensen,
2004).

Some particular cases using latitude–longitude lattices were analyzed

elsewhere (Kantsiper & Weiss, 1998). In automated counting, the computation
time is directly proportional to the number of lattice points. Satellite constellation
coverage (Ochieng et al., 2002) or the areas marked on rapidly-updated earthquake
forecasting maps (Chapter 2) need continuous monitoring, implying a trade-off
between accuracy and computational load. Thus it is important to find lattices able
to measure areas as efficiently as possible.
On the plane, the regular hexagonal lattice provides optimal sampling (Conway
& Sloane, 1998). On the sphere, it is impossible to arrange regularly more than 20
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points (the vertices of a dodecahedron), and the optimum configuration of a large
number of points is problem-specific (e.g. Saff & Kuijlaars, 1997; Conway & Sloane,
1998; Williamson, 2007; Gregory et al., 2008). For optimal point-counting, the area
represented by every point should be almost the same.
Traditionally, the latitude–longitude lattice is used for measuring Earth coverage
(Kantsiper & Weiss, 1998; Ochieng et al., 2002; Feng et al., 2006). However, it
is very inhomogeneous (Fig. 4.2), requiring non-uniform weighting of the point
contributions. Also, its number of points is restricted by geometrical constraints.
The Fibonacci lattice is a particularly appealing alternative (Dixon, 1987, 1989,
1992; Fowler et al., 1992; Svergun, 1994; Kozin et al., 1997; Swinbank & Purser,
1999, 2006a,b; Winfield & Harris, 2001; Nye, 2003; Hannay & Nye, 2004; Purser &
Swinbank, 2006; Purser, 2008). Being easy to construct, it can have any odd number
of points (Swinbank & Purser, 2006b), and these are evenly distributed (Fig. 4.2)
with each point representing almost the same area. For the numerical integration
of continuous functions on a sphere, it has distinct advantages over other lattices
(Hannay & Nye, 2004; Purser & Swinbank, 2006).
This chapter demonstrates that for measuring the areas of spherical caps, the
Fibonacci lattice is much more efficient than its latitude–longitude counterpart.
For this reason, the former was used for measuring the areas covered within each
distance threshold in the retrospective forecast maps of Ch. 2. A description of both
lattices (Sects. 4.2 and 4.3) is followed by an explanation of how to use them for
measuring cap areas (Sect. 4.4) and how the error of this measurement is assessed
(Sect. 4.5). The error results obtained from an extensive Monte Carlo simulation are
described, and to some extent explained analytically (Sect. 4.6). The conclusions are
set out in the final section.

4.2

Latitude–longitude lattice

The latitude–longitude lattice is the set of points located at the intersections of
a grid of meridians and parallels, separated by equal angles of latitude and
longitude (Fig. 4.2). This is the “latitude–longitude grid” (Swinbank & Purser,
2006b; Williamson, 2007) or “equal-angle grid” (Gregory et al., 2008). The points
concentrate towards the poles, due to the converging meridians, resulting in high
anisotropy.
The number of points, P, depends on the angular spacing, δ, between grid lines.
Since δ = 180◦ /k with k = 1, 2, . . . ,
P = 2k (k − 1) + 2.
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(4.1)

Figure 4.2: Latitude–longitude lattice (top) and Fibonacci lattice (middle and bottom), with
1014, 1001 and 2001 points, respectively. Orthographic projections, centred at the pole (left),
latitude 45◦ (middle) and equator (right). In the Fibonacci lattice, the points are much more
evenly spaced, and the axial anisotropy is much smaller.
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Figure 4.3: Generative spirals of a Fibonacci lattice with 21 points. The angle turn between
consecutive points along a spiral is based on the golden ratio (ϕ): either the golden angle,
360◦ ϕ−2 ≃ 137.5◦ (first spiral, red), or its complementary, 360◦ ϕ−1 ≃ 222.5◦ (second spiral,
blue). No point is placed at the poles in this lattice version. Orthographic projection, centred
at longitude 0◦ , latitude 45◦ .

That is the number of meridians (2k) times the number of parallels (k − 1), plus the
two poles. Frequently, to evaluate satellite coverage, (Feng et al., 2006) δ = 0.25◦ , so
more than a million points are used.

4.3

Fibonacci lattice

The points of the Fibonacci lattice are arranged along a tightly wound generative
spiral, with each point fitted into the largest gap between the previous points
(Fig. 4.3). This spiral is not apparent (Fig. 4.2) because consecutive points are spaced
well apart. The most apparent spirals join the points closest to each other, and form
crisscrossing sets (Swinbank & Purser, 2006b). The points are evenly spaced in a
very isotropous way.
The following subsections describe how to construct the lattice used in this
chapter, and the history of the Fibonacci lattice in various research fields.

4.3.1

Lattice construction

The Fibonacci lattice is named after the Fibonacci ratio. The Fibonacci sequence
was discovered in ancient India (Singh, 1985; Knuth, 1997) and rediscovered in the
middle ages by Leonardo Pisano, better known by his nickname Fibonacci (Sigler,
2002). Each term of the sequence, from the third onwards, is the sum of the previous
two: 0, 1, 1, 2, 3, 5, 8, 13, 21, . . . Given two consecutive terms, Fi and Fi+1 , a Fibonacci
ratio is Fi+1 /Fi . As first proved by Robert Simson in 1753 (Weisstein, 2002), this
quotient, as i → ∞, quickly approaches the golden ratio, defined as ϕ = 1 + ϕ−1 =
√
(1 + 5)/2 ≃ 1.618.
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Figure 4.4: Dependence of the lattice geometry on the longitudinal angle turn. These four
spiral lattices on the sphere (shown as orthographic projections centred at the pole) have
1001 points each, but different angle turn between consecutive points (labelled above). If this
is rational, the resulting periodicities cause a heterogenous arrangement (first two examples).
If it is irrational, strict periodicities disappear (third and fourth examples). Near-periodicities
are avoided only if the golden angle (or its complementary) is used (Fibonacci lattice,
rightmost example).

The Fibonacci lattice differs from other spiral lattices on the sphere (Weiller, 1966;
Klíma et al., 1981; Rakhmanov et al., 1994; Saff & Kuijlaars, 1997; Chukkapalli et al.,
1999; Bauer, 2000; Hüttig & Stemmer, 2008) in that the longitudinal turn between
consecutive points along the generative spiral is the golden angle, 360◦ (1 − ϕ−1 ) =
360◦ ϕ−2 ≃ 137.5◦ , or its complementary, 360◦ ϕ−1 ≃ 222.5◦ . Some lattice versions
replace ϕ by its rational approximant, a Fibonacci ratio.
The golden angle optimizes the packing efficiency of elements in spiral lattices
(Ridley, 1982, 1986). This is because the golden ratio is the “most irrational” number
(Weisstein, 2002), so periodicities or near-periodicities in the spiral arrangement
are avoided, and clumping of the lattice points never occurs (Ridley, 1982; Dixon,
1987; Prusinkiewicz & Lindenmayer, 1990; Jean, 1994; Hannay & Nye, 2004). Such
optimization is illustrated in Fig. 4.4.
The lattice version used here (Swinbank & Purser, 2006b) is probably the most
homogeneous one. It is generated with a Fermat spiral (also known as the cyclotron
spiral) (Vogel, 1979; Dixon, 1987, 1992), which embraces an equal area per equal
angle turn, so the area between consecutive sampling points, measured along the
spiral, is always the same (Swinbank & Purser, 2006b). Also, its first and last points
are offset from the poles, leading to a more homogeneous polar arrangement (Purser
& Swinbank, 2006; Swinbank & Purser, 2006b) than in other versions (Svergun, 1994;
Kozin et al., 1997; Nye, 2003; Hannay & Nye, 2004; Purser & Swinbank, 2006). When
a Fibonacci ratio is used (Svergun, 1994; Kozin et al., 1997; Nye, 2003; Hannay & Nye,
2004), the number of lattice points is F + 1, where F > 1 is a term of the Fibonacci
sequence. The lattice used here is instead based on the golden ratio and can have
any odd number of points.
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To elaborate the lattice (Swinbank & Purser, 2006b), let N be any natural number.
Let the integer i range from − N to + N. The number of points is
P = 2N + 1,
and the spherical coordinates, in radians, of the ith point are:
(
)
2i
lati = arcsin
,
2N + 1
loni = 2πiϕ−1 .

(4.2)

(4.3)
(4.4)

This pseudocode provides the geographical coordinates in degrees:
For i = − N, (− N + 1), . . . , ( N − 1), N, Do {
(
)
lati = arcsin 2N2i+1 × 180◦ /π
loni = mod(i, ϕ) × 360◦ /ϕ

If loni < −180◦ , then loni = 360◦ + loni
If loni > 180◦ , then loni = loni − 360◦
} End Do
Here, arcsin returns a value in radians, while mod( x, y) returns the remainder when
x is divided by y, removing the extra turns of the generative spiral. For example,
mod(6, ϕ) = 6 − 3 × ϕ. The last two lines keep the longitude range from −180◦ to

+180◦ .
Every point of this lattice is located at a different latitude, providing a more
efficient sampling than the latitude–longitude lattice. The middle point, i = 0, is
placed at the equator (lat0 = 0 and lon0 = 0). Each of the other points (lati , loni )
with i ̸= 0, has a symmetric one with (−lati , −loni ). The lattice as a whole is not
symmetric. Thanks to the use of a Fermat spiral, each point of the lattice is inside a
spherical collar of equal area (Fig. 4.5).
The number of points in this lattice lattice version is odd because of the
convention of placing a point at the equator, used by Swinbank & Purser (2006b).
Removing this requirement would enable an even number of points.
The longitudinal turn between consecutive lattice points along the spiral (Eq. 4.4)
is the complementary of the golden angle (Swinbank & Purser, 1999, 2006b). To use
the golden angle instead, we can substitute Eq. 4.4 by
loni = −2πiϕ−2 .

(4.5)

With Eq. 4.4, the spiral progresses eastwards, while the minus sign of Eq. 4.5
indicates a westward progression.
Not yet mentioned is the fact that the lattice points are placed at the intersections
between these Fermat spirals of opposite chirality, except at the poles (Fig. 4.3). To
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Figure 4.5: Latitudinal distribution of points in a Fibonacci lattice. Each of these 21 points
is located at a different parallel (left, with the equator pictured blue). Also, each one is inside
a spherical collar of equal area (right), i.e. a latitudinal band between consecutive violet
parallels. The area of each collar is thus the total area of the sphere divided by the number
of lattice points.

draw the spirals, i is made continuous in Eqs. 4.3, 4.4 and 4.5, and ranges from

(− N − 1/2) to ( N + 1/2). The 1/2 term accounts for the polar offset (Purser &
Swinbank, 2006; Swinbank & Purser, 2006b).

4.3.2 Lattice history
The Fibonacci lattice is a mathematical idealization of patterns of repeated plant
elements, such as rose petals, pineapple scales, or sunflower seeds (Fig. 4.6).
The study of these arrangements is known as Phyllotaxis (Prusinkiewicz &
Lindenmayer, 1990; Jean, 1994; Adler et al., 1997; Kuhlemeier, 2007). The Bravais
brothers (Bravais & Bravais, 1837) were the first to describe them using a spiral
lattice on a cylinder. They argued that the most common angle turn between
consecutive elements along this spiral in plants is the golden angle. The latter
provides optimum packing (Ridley, 1982, 1986), maximizing the exposure to light,
rain and insects for pollination (Maciá, 2006).
also follow this pattern (Erickson, 1973).

Structures in cells and viruses

In some experiments, elements are

spontaneously ordered on roughly hemispherical Fibonacci lattices, because the
system tends to minimize the strain energy (Li et al., 2005) or to avoid periodic
organization (Douady & Couder, 1992).
Unwrapping the cylindrical Fibonacci lattice (Fig.

4.7) produces a flat one

(Bravais & Bravais, 1837; Hannay & Nye, 2004; Swinbank & Purser, 2006b),
frequently used for numerical integration (Zaremba, 1966; Niederreiter, 1992, 1994;
Sloan & Joe, 1994).
Projecting the cylindrical Fibonacci lattice to the sphere generates the spherical
version (Hannay & Nye, 2004; Swinbank & Purser, 2006b). This can be generalized
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Figure 4.6: Spherical Fibonacci lattices in Nature – an oblique view of two Mammillaria
solisioides. The elements of many plants form Fibonacci lattices, for example, the areoles
(spine-bearing nodes) of Mammillaria cacti (Fowler et al., 1992; Kuhlemeier, 2007).

Figure 4.7: A flat Fibonacci lattice with 101 points, that is, a cylindrical equal-area Lambert
projection of its spherical counterpart. Below, the same projection applied to the Earth’s
surface, using Blue Marble imagery (NASA, 2002).
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Figure 4.8: The Starshine-3 satellite (Maley et al., 2002; Lean et al., 2006) had 1500 mirrors
arranged on a spherical Fibonacci lattice.

Picture by Michael A. Savell and Gayle R.

Fullerton, taken while the satellite was being inspected by John Vasquez. Reproduced by
courtesy of the U.S. Naval Research Laboratory.

to arbitrary surfaces of revolution (Ridley, 1986; Dixon, 1992). The first graphs
of spherical Fibonacci lattices used, as here, the golden ratio and a Fermat spiral
(Dixon, 1987, 1989, 1992). A version based on the Fibonacci ratio is used in the
modelling of complex molecules (Vriend, 1990; Svergun, 1994; Kozin et al., 1997).
In this case (Svergun, 1994; Kozin et al., 1997), a “+” sign in the formula for the
longitude should be substituted by “×” (D. Svergun, personal communication,
2009). Versions with the golden ratio serve to simulate plants realistically (Fowler
et al., 1992) and to design golf balls (Winfield & Harris, 2001).

The latter

method was used by Douglas C. Winfield (B. Moore and D. C. Winfield, personal
communication, 2009) in the Starshine-3 satellite (Fig. 4.8).

The spherical Fibonacci lattice is a highly efficient sampling scheme for
integrating continuous functions (Nye, 2003; Hannay & Nye, 2004; Purser &
Swinbank, 2006), as was observed in magnetic resonance imaging (Ahmad et al.,
2007). It is also advantageous for providing grid nodes in global meteorological
models (Michalakes et al., 1999; Swinbank & Purser, 1999, 2006a,b; Purser &
Swinbank, 2006; Purser, 2008).
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Figure 4.9: Measurement of cap area. The cap (left), centred at p, has height h and
great-circle radius r, and is a region of a sphere with radius R. Placed at random (right),
its area can be estimated by considering the lattice points it covers.

4.4

Area measurement

The area measurement starts by finding which points of the lattice are inside the
considered region. This is expressed by a Boolean function f i , such that f i = 1 if
the ith point is inside, and f i = 0 otherwise (Kantsiper & Weiss, 1998). If the region
is a cap with radius r, it suffices to measure di , the shortest distance (great-circle
distance) between the sampling point and the cap centre (Fig. 4.9):
{
fi =

1 if di ≤ r,
0 if di > r.

(4.6)

Each lattice point must be assigned a weight, wi , proportional to the area it
e of the region area A, is measured considering
represents. Then the estimate, A,
the sphere area, AS , and summing the contribution of all P points of the lattice:
P
e = A S ∑ i =1 f i w i .
A≃A
∑iP=1 wi

(4.7)

The weights depend on the lattice type, as described below.

4.4.1

Weights in the latitude–longitude lattice

The weights should be inversely proportional to the point density, which here
increases towards the poles (Fig. 4.2). The linear spacing between parallels is
constant. The length of a parallel is 2πR cos(lat), where R is the sphere radius.
In any parallel there is the same number of lattice points (2k), so their density is
inversely proportional to (Kantsiper & Weiss, 1998; Van den Dool, 2007):
wi = cos(lati )
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(4.8)

4.4.2 Weights in the Fibonacci lattice
Thanks to the even distribution of points in this lattice, the same weight can be
assumed for all of them (Purser & Swinbank, 2006; Swinbank & Purser, 2006b),
namely
wi = 1.

(4.9)

Each point represents the area corresponding to its Voronoi cell (Thiessen
polygon). This is the region of positions closer to the corresponding lattice point
than to any other (Evans & Jones, 1987; Na et al., 2002). Using the exact area of each
Voronoi cell as weight for its lattice point (Ahmad et al., 2007) would improve the
area measurement only slightly. The average cell area equals AS /P. Here, regardless
of P, only the areas of less than ten cells, located at the polar regions, differ by
more than ∼ 2% from this value (Swinbank & Purser, 2006b). As P increases,
proportionally fewer cells depart significantly from the average area. Unlike the
latitude–longitude lattice, the homogeneity of the Fibonacci lattice improves with
the number of points.

4.5 Error assessment
This section details how to assess the error involved in measuring the area of
spherical caps placed at random on the sphere.

A good way to measure the

homogeneity of a spherical lattice is to compare the proportion of lattice points in
spherical regions with the normalized areas of the regions (Cui & Freeden, 1997).
For this task, it is common to use spherical caps (Saff & Kuijlaars, 1997; Damelin &
Grabner, 2002; Brauchart, 2004), which also appear in the applications mentioned in
the introduction of this chapter.
The area of a spherical cap (see Fig. 4.9) is:
(
r)
AC = 2πRh = 2πR2 1 − cos
.
R

(4.10)

The normalized cap area is:
F=

AC
1 − cos(r/R)
=
,
AS
2

(4.11)

where AS = 4πR2 is the sphere area.
The absolute error of measuring a single cap is the absolute difference between
the estimated fraction and the actual one:
eC /AS − F .
E= A
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(4.12)

This depends on the lattice type, the number of points, and the size and location of
the cap. If E = 0, the cap gets its fair share of weighted lattice points. If AC = 0,
E = 0. A plane cuts the sphere into two complementary caps. For any cap, E is the
same as for the complementary cap with area AC′ = 1 − AC , so it suffices to consider
caps not larger than a hemisphere (AC = AS /2).
The error is characterized here numerically using a Monte Carlo method. In each
particular realization, a cap is randomly placed. Every point of the sphere has the
same probability of becoming the cap centre, p, with coordinates:
180◦
arcsin(2X − 1)
π
= 360◦ X − 180◦ .

lat p =
lon p

(4.13)
(4.14)

Here, X is a random number, chosen with uniform probability in the range [0, 1],
independently for each equation. The area of this jth cap is estimated, and its
corresponding error is Ej .
The process is repeated for a total of n independently located caps of the same
size, providing a sample of n values of E. The root mean squared error is (Weisstein,
2002):

v
u
u1
rmse = t
n

n

∑ E2j .

(4.15)

j =1

The supremum error in Eq. 4.12 for caps of any size, for a given lattice type and
P, using wi = 1, is the “spherical cap discrepancy” (Saff & Kuijlaars, 1997; Damelin
& Grabner, 2002; Brauchart, 2004). It cannot be determined exactly with a Monte
Carlo simulation because it might result from a cap size not used, or a location not
sampled. However, it is unfortunately difficult to compute explicitly (Damelin &
Grabner, 2002). The maximum E measured for the Fibonacci lattice is a lower bound
to its spherical cap discrepancy.

4.6

Results

This section details the maximum errors and root mean squared errors measured
with the Monte Carlo simulation detailed in the previous section.
Thirteen lattice configurations of each type, from P ≃ 102 to P ≃ 106 , were
analyzed. The chosen values of P increase in logarithmic steps, as accurately as
possible (P ≃ 102 , 107/3 , 108/3 , 103 , . . . ). It is impossible to use identical P for both
lattices because P is odd in the Fibonacci lattice but even in the latitude–longitude
lattice. Moreover, there are considerably fewer possible values of P in the latter.
For each configuration, 200 different cap sizes were used: from AC = 0.0025AS to
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Figure 4.10: Maximum error measured for randomly located spherical caps of any size.
For area measurements on the Earth, about a million points are frequently used (Feng et
al., 2006), for which the maximum error would be one order of magnitude smaller in the
Fibonacci lattice.

AC = 0.5AS in steps of 0.0025AS . To obtain smooth results, n = 60, 000 was chosen
for each cap size and lattice configuration.
In total, 312 million caps were measured (2 lattice types × 13 values of P × 200
cap sizes × 60,000 caps). After optimization, the calculation took 43 days of CPU
time using 2.8 GHz, 64-bit processors.
The maximum E measured, for caps of any size and location, is represented in
Fig. 4.10. For the Fibonacci lattice, it is much lower and decays faster than for the
latitude–longitude lattice, despite the non-uniform weighting of points of the latter.
The rmse depends on the lattice type, number of points and cap size, as
shown in Fig. 4.11. Because of the symmetry of the latitude–longitude lattice, any
hemispherical cap covers one half of the points of the lattice, and (thanks to the
point weights) the estimation is perfect (E = 0 and rmse= 0). This exception aside,
the rmse tends to increase with the cap area, in a non-trivial way, which is more
complex for the latitude–longitude lattice than for the Fibonacci lattice.
Figure 4.12 (top) shows the maximum values of rmse of each curve. They follow
parallel power laws:
rmsemax ≃ kP−3/4 ,

(4.16)

with k ≃ 0.505 for the latitude–longitude lattice, and k ≃ 0.362 for the Fibonacci
lattice. Interpolating for the same P, the rmsemax would be 0.505/0.362 ≃ 40%
larger in the latitude–longitude lattice.
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Figure 4.11: Root mean squared error. For randomly placed caps which occupy an area
fraction given by the abscissas, the curve indicates the root mean squared error of the area
measurement. Each curve corresponds to a different number of lattice points, labelled
to its right. For similar lattice densities, the Fibonacci lattice provides smaller and more
homogeneous errors.
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Figure 4.12: Scaling of the maximum root mean squared error. Each dot corresponds to
the maximum value of a curve in Fig. 4.11. Top: For the same number of points, the values
would be about 40% smaller for the Fibonacci lattice. Bottom: The latitude–longitude lattice
is inefficient because the effective (weighted) number of points is smaller than the real one.
Considering this fact, the results collapse to a single function. The power-law decay and its
exponent agree with analytical scaling arguments (see text).
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4.6.1

Analytical approach to the root mean squared error

The scaling shown in Fig. 4.12 can be explained using arguments from similar
problems in the plane (Kendall, 1948; Huxley, 1987, 2003). The number of points
of a regular square lattice enclosed by a sufficiently smooth, closed curve placed at
random can be expressed as (Huxley, 2003):
Pin = AM2 + D,

(4.17)

where A is the area enclosed by the curve, M is the inverse to the lattice spacing, and
√
D is the discrepancy. The nominal spacing of a spherical lattice is AS /P (Swinbank
& Purser, 2006b). Assuming that the Fibonacci lattice is regular enough,
√
P
M≈
.
AS

(4.18)

Substituting this into Eq. 4.17,
Pin ≈ P

A
+ D.
AS

(4.19)

Dividing all the terms of this equation by P,
E≈

rms( D )
|D|
; rmse ≈
.
P
P

(4.20)

In the planar case, the root mean squared of D, rms( D ), is proportional to

√

M

(Kendall, 1948; Huxley, 1987, 2003). Extrapolating this fact, we obtain the scaling
observed in the Monte Carlo simulation:
√
M
( P/AS )1/4
rmse ∝
≈
∝ P−3/4 .
P
P

(4.21)

In the latitude–longitude lattice, the same scaling holds if we consider its smaller
sampling efficiency. The latter may be measured with the denominator of Eq. 4.7.
This is the number of points of a homogeneous lattice that would do the same work,
and is up to ∼ 36% smaller than P in the range of P considered here. If Fig. 4.12
is plotted using these effective points in the abscissas, the same fit suffices for both
lattice types (Fig. 4.12, bottom).
If the sampling points were placed at random, the rmse would decrease more
slowly, as ∝ P−1/2 (Bevington & Robinson, 1992).

4.7

Discussion

This chapter analyses the errors involved in measuring the areas of spherical caps
using lattices of sampling points: the latitude–longitude lattice (classically used for
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this task), and a Fibonacci lattice (Swinbank & Purser, 2006b). The latter has low
anisotropy, is easy to construct, and is shown to result from the intersection of two
generative spirals (Fig. 4.3). A a review of the literature (Sect. 4.3.2) reveals the
successful applications of this spherical lattice dated since the 1980s.
If the Fibonacci lattice were used instead of its latitude–longitude counterpart
(as done in Chapter 2), the area measurement would be more efficient, allowing a
significant reduction of the computation time. For approximately the same number
of lattice points, the maximum root mean squared error would be about 40% smaller
(Fig. 4.12). The maximum errors would also be smaller, and would decay faster with
the number of points (Fig. 4.10). If about a million points were used, as is commonly
the case (Feng et al., 2006), the maximum error would be one order of magnitude
smaller (Fig. 4.10).
It is also found that the maximum root mean squared error obeys a single scaling
relation when the sampling efficiency is taken into account (Fig. 4.12). This is
partially explained using arguments from similar problems on the plane (Kendall,
1948; Huxley, 1987, 2003).
The area estimate depends also on the orientation of the sampling lattice,
especially if the latter has high anisotropy. The difference may be assessed (Hannay
& Nye, 2004) by rotating the lattice (Greiner, 1999). Such an issue is not relevant
in the case analysed here because the caps were placed at random with uniform
probability over the spherical surface.
Here the Earth’s shape has been approximated by a sphere (Kantsiper & Weiss,
1998), adding a slightly higher error than other shape models (Kimerling, 1984;
Earle, 2006; Sjöberg, 2006). Assessing this difference may be a topic of future
research.
Finally, the article presenting this work (González, 2010a), currently cited in

∼ 20 publications, has served as inspiration for further applying the spherical
Fibonacci lattice to fields as diverse as biochemistry (e.g. Illes-Toth et al., 2015),
computer science (e.g. Keinert et al., 2015), crystallography (e.g. Watson & Curtis,
2013), geodesy (e.g. Slobbe et al., 2012), mathematics (e.g. Fuselier et al., 2014) and
industrial design (e.g. Brockmeyer et al., 2013).
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Part II

Temporal Earthquake Forecasting
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If the stresses of an earthquake district affected only homogeneous rock and were always
relieved by slipping on the same fault plane, the cycle of events would be regular; but with
complexity of structure and multiplicity of alternative points of collapse, all superficial
indication of rhythm is lost. If rhythmic order shall ever be found in the apparent confusion,
it will be through an analysis which takes account of the points of origin of all important
shocks.

Grove Karl Gilbert (1909, p. 128).

138

C HAPTER 5

Probabilistic temporal forecasting
of large earthquakes in the
Parkfield section, San Andreas
Fault.
Since all models are wrong the scientist cannot obtain a “correct” one by excessive
elaboration. On the contrary following William of Occam he should seek an economical
description of natural phenomena.
George E.P. Box (1976, p. 792)
Essentially, all models are wrong, but some are useful.
George E.P. Box & Norman R. Draper (1987, p. 424).

Chapter adapted and expanded from:

Álvaro González, Javier B. Gómez & Amalio F. Pacheco (2005)
The occupation of a box as a toy model for the seismic cycle of a fault.
American Journal of Physics, 73 (10), 946–952. [Erratum: (2007) 75 (3), 286.]

Álvaro González, Javier B. Gómez & Amalio F. Pacheco (2006)
Updating seismic hazard at Parkfield.
Journal of Seismology, 10 (2), 131–135.
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5.1 Introduction
This chapter deals with the temporal forecasting of large earthquakes in individual
faults. It is devoted to calculating time-varying earthquake probabilities and their
intertwined binary forecasts, in which earthquakes are expected to occur in specific
time intervals. It introduces a new model as an idealization of the seismic cycle,
and applies it and existing ones to the series of earthquakes with magnitude ∼ 6
generated by the San Andreas Fault at Parkfield (California). The reader should bear
in mind that the original probability estimates included here were submitted for
publication (González et al., 2005, 2006a) just after the last mainshock at Parkfield,
in 2004, so they can be considered as prospective, real time, forecasts.
Section 5.2 reviews the current knowledge of how regularly earthquakes occur
in individual faults and in regional scales. The relative temporal regularity of large
earthquakes in individual faults is shown to result from the classical Reid’s classical
elastic rebound theory, supported by the results of laboratory experiments and by
the records of regular series of earthquakes both in geological timescales and in the
recent instrumental era. The short-term temporal clustering of regional seismicity
will be considered as an emergent property due to the effects of short-term
earthquake triggering between different faults.
Section 5.3 reviews how the so-called renewal models are being applied
to calculate time-varying probabilities of specific faults, and the importance of
considering these models, and not just time-independent hazard estimates. The
background and data about the Parkfield case study is set out in Section 5.4.
In section 5.5, a new model resulting from statistical physics (González et al.,
2005) is presented as a simple description of the seismic cycle. First the rules of the
model are described, and its properties are deduced analytically. It is then used as
a renewal model for calculating time-varying probabilities of the next earthquake at
Parkfield.
The framework of binary forecasting and a simple strategy for the long-term
forecasting of earthquakes at Parkfield using the new model is set out in Section 5.6.
Finally section 5.7 proceeds analogously as above, but considering several
candidate models, instead of just one. After fitting other renewal models to the
Parkfield series, the resulting probabilities for the next earthquake will be calculated,
emphasizing the similarities and differences between the models, and comparing
them to a time-independent estimate. The section ends with the discussion on how
to use the models for binary forecasting and by mentioning more recent, relevant
developments.
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5.2

The seismic cycle

Forecasting the moment of occurrence of a large earthquake depends crucially on
how regularly such events occur. To characterize a series of events it is natural to
consider the period between consecutive ones (called waiting time, inter-event time
or recurrence interval). A measure of the regularity of the series is the coefficient
of variation, sometimes called aperiodicity, which here will be denoted α.

This

non-dimensional coefficient equals the standard deviation of the inter-event times
(σ) divided by their mean. In a perfectly periodic sequence, α = 0. In a Poisson
process, in which the events occur randomly at a mean rate independently of when
previous ones took place, α = 1 (albeit the converse is not necessarily true). Series
where 0 < α < 1 are called quasiperiodic, while clustered series are those with α > 1
(e.g. Kagan & Jackson, 1991).
Clustering dominates earthquake occurrence at regional scales in the time
periods covered by instrumental, high-quality earthquake catalogues (usually the
last few decades, e.g. Kagan & Jackson, 1991). Aftershock sequences and earthquake
swarms are obvious examples of temporal clustering. But earthquakes are clustered
in time even when the earthquake rate (frequency) appears stationary (Corral,
2004). A very similar temporal clustering is observed for regional seismicity and
for acoustic emission events produced during the formation of micro-cracks during
the compression of rocks and porous materials in laboratory experiments (e.g.
Davidsen et al., 2007; Baró et al., 2013). Usually, the pattern of temporal occurrence
of earthquakes in a region is reasonably well described statistically (e.g. Saichev &
Sornette, 2007; Zhuang et al., 2011; Baró et al., 2013; Main, 2013) by the model of
epidemic-type aftershock sequences (ETAS, first introduced by Kagan & Knopoff,
1981; Ogata, 1988). In this model, of which many variants have been proposed, some
earthquakes occur in a Poissonian way at a specified rate, triggering aftershocks
which in turn can trigger further aftershocks (as in an epidemic outbreak, hence the
name).
However, the large earthquakes (which release most of the elastic deformation)
along any given fault are typically separated by recurrence intervals much longer
than than the periods covered by instrumental earthquake catalogues. A recent
example is the earthquake originated in 2011 offshore Tōhoku, Japan (magnitude
Mw =9.0), which was caused by sudden slip of up to tens of meters (e.g. Romano et
al., 2014), worth of several hundred years of plate motion, and whose last similar
predecessor at the same location took place in the year 869 CE (Sawai et al., 2012).
This great difference in timescales prevent extrapolating directly the properties of
instrumental earthquake catalogues to the long-term seismic behaviour of faults.
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In reporting the mechanism of the great California earthquake of 1906, Reid
(1910) presented the elastic rebound theory. It hypothesizes that an earthquake is
the result of a sudden relaxation of elastic strain by sudden slip or rupture along a
fault. This theory extended earlier insights into the relation between earthquakes
and faults by other geologists (Yeats et al., 1997), especially Gilbert (1884, 1909),
McKay (1890), Griesbach (1893) and Koto (1893). Since its formulation, it has been
the basis for interpreting the earthquakes that occur in faults in the Earth’s upper,
fragile crust (e.g. Scholz, 2002; Kanamori & Brodsky, 2004).
According to Reid’s theory, potential elastic energy slowly accumulates on a
fault over a long time after the occurrence of an earthquake, as the rock blocks on
both sides of the fault are strained elastically by tectonic forces. When the strain
is large enough, the system relaxes by fast rupture and/or frictional sliding along
the fault during the next earthquake. The elastic waves generated by this sudden
event are the seismic waves that seismometers detect. As the tectonic forces keep
operating in the long term, Reid theorized that the tectonic loading and relaxation
process of a fault is cyclic. The seismic cycle is the time interval between two
successive large earthquakes generated by slip on the same fault (e.g. Scholz &
Gupta, 2000).
Reid’s theory was supported by the co-seismic displacements measured on the
San Andreas Fault, but it took sixty years until it was supported by laboratory
experiments of rock friction. The earthquake cycle was shown to be explained
by unstable, stick-slip frictional behaviour (Brace & Byerlee, 1966), so even if
the long-term velocity between the rock blocks is constant, their movement can
be episodic, with long periods during which the blocks are stick to each other
(“locked”), while shear stress increases, until the friction threshold is reached
and then sudden slip ensues, causing a stress drop. As frequently observed for
earthquakes, this stress drop is much smaller than that associated with the fracture
of intact rock (e.g Brace & Byerlee, 1966; Scholz, 1998, 2002). Rupture and frictional
slip are thus two complementary processes during earthquake generation. Once a
fault is formed, it can grow and accumulate slip during thousands of earthquakes
(e.g. Nicol et al., 2005).
Laboratory experiments of friction of stony materials at constant slip rate
typically generate either quasi-periodic cycles (of stick-slip behaviour) or stable
sliding (fault creep), depending, for example, on the properties of the fragmented
rock between the blocks (fault gouge) (e.g. Anthony & Marone, 2005, see Fig. 5.1).
In each of these stick-slip cycles, the shear stress rises initially in a linear, elastic,
way. Then increases progressively more slowly due to aseismic slip, approaching
a plateau. Finally, the sudden slippage of the blocks (analogous to an earthquake)
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causes an abrupt stress drop. Complex numerical models of the seismic cycle of a
fault on a elastic medium display very similar patterns (Ben-Zion, 2008). When the
models take into account that the lower crust and mantle deform in a viscoelastic
(instead of elastic) way, the faster stress accumulation during the beginning of the
cycle is more evident (Michael, 2005). These cycles with fast post-seismic reloading
are, for example, the standard model for interpreting the cyclic deformation in
subduction zones (e.g. Bourgeois, 2006). Both frictional behaviours (stick-slip or
creep) are the end-members displayed by natural seismic faults (Scholz, 1998, 2002).
Elastic rebound theory implies that the seismic cycle in individual faults should
be quasi-periodic, given that the fault would require some time until enough elastic
strain accumulates before generating the next large earthquake. If the seismic
cycle were periodic, earthquake forecasting would be easy. There is increasing
information about earthquake occurrences in the seismic record, compiled with
historical data and recognition of ancient large earthquakes on faults (Yeats et al.,
1997; McCalpin, 2009). These data show that the seismic cycle of any given fault is
not strictly periodic.
Large earthquakes are indeed quasiperiodic in the few instances where their
geologic record is sufficiently long and precisely dated as to be well constrained. The
most complete records of major earthquakes in individual faults are probably those
of the southern San Andreas Fault, in California (with 29 events in two temporal
periods, with a combined α = 0.7, Scharer et al., 2010) and the central part of
the Alpine Fault in New Zealand (24 events in a single period, with α = 0.33
Berryman et al., 2012). The more regular sequences are shown by the faults with
simpler geometry and which are relatively isolated from others (Berryman et al.,
2012). Sequences are more irregular for complex fault systems (e.g. Berryman et al.,
2012) or for long-term local records of ground shaking caused by earthquakes from
different faults (Gomez et al, 2014).
Relevant examples of earthquakes for which the seismic cycle follows a
quasi-periodic pattern are the so called repeating earthquakes, which have very
similar magnitudes, hypocentral locations and are recorded with nearly identical
waveforms. These earthquakes, typically of low to moderate magnitude, are usually
interpreted as produced by the sudden slip of stronger patches of a fault (asperities),
which experience stick-slip and which are surrounded by others where the fault
moves by aseismic creep (e.g. Nadeau et al., 1995; Okada et al., 2003; Uchida et al.,
2012). Their quasi-periodicity makes them indeed time-predictable to some extent
(Zechar & Nadeau, 2012).
The general reason for the irregularity of the earthquake cycle is that the tectonic
loading and relaxation of a fault are complex nonlinear processes (e.g. Rundle et
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Figure 5.1: Seismic cycles in laboratory experiments of rock friction, from Anthony &
c
Marone (2005) (⃝American
Geophysical Union, reproduced with permission). Top: The
experimental apparatus is a double-direct shear device in non-fracture loading regime, in
which a block is displaced at a constant loading velocity (VL , slip rate) between other two
fixed ones, under a constant normal stress σn . Middle: The frictional regime was either
quasi-periodic stick-slip or stable friction (creep), depending on the simulated fault gauge
(with a variable percentage of angular sand grains mixed with spherical glass beads). Middle
and bottom: In each seismic cycle, shear stress first increases linearly with displacement or
time (in a elastic fashion), and later progressively more slowly because of stress dissipation
(by aseismic slip in this case).
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al., 2000). Moreover, faults occur in topologically complex networks (e.g. Bonnet
et al., 2001) and an earthquake occurring in a fault influences what occurs in other
faults by static and dynamic stress transfer (e.g. Harris, 2000; Freed, 2005), which
can operate up to great distances (e.g. Pollitz et al., 2012; Parsons et al., 2014). Even
simple deterministic models of interacting faults may exhibit complex and chaotic
behaviour (e.g. Huang & Turcotte, 1990). Irregular recurrence of large earthquakes
in the same fault might also result if these only release a small fraction of the total
stress accumulated (Tormann et al., 2012), so that the fault could produce them
(occasionally) within intervals much shorter than the mean (e.g. Kagan & Jackson,
1999; Valée & Satriano, 2014). Short-term earthquake triggering synchronizes the
seismic cycles of different faults (e.g. Scholz & Gupta, 2000; Scholz, 2010; Benedetti
et al., 2013), what would explain the short-term temporal clustering of regional
seismicity as an emergent property (a property of the system as a whole, which
emerges from the interactions among its components that themselves do not exhibit
such property).

5.3

Renewal models

The duration of the seismic cycle is thus not constant, but is follows a statistical
distribution that can be empirically deduced from the earthquake time series (e.g.
Savage, 1994). This distribution, if it were known, could be extrapolated to estimate
the temporal probability of the next earthquake. However, it is not well known,
because there are little data (typically less than ten) in the earthquake time series for
any given fault or fault section. To use this probabilistic approach, it is convenient
to fit the data to a theoretical statistical distribution.
Especially since the 1970s (Vere-Jones, 1970; Utsu, 1972a,b; Rikitake, 1974;
Hagiwara, 1974; Rikitake, 1976b; Vere-Jones, 1978) earthquake recurrence is
frequently modelled as a renewal process (Çinlar, 1975; Daley & Vere-Jones, 2003)
in which the times between successive events, in this case the large earthquakes in a
fault, are assumed to be independent and identically distributed random variables,
disregarding correlations between them. In this interpretation, the expected time of
the next event does not depend on the details of the last event, except the time it
occurred. This is the simplest approach beyond a Poisson process, in which only the
rate of the events is relevant and the probability for the next earthquake is constant.
In a quasi-periodic renewal process, in agreement with the elastic rebound
theory, the probability of another large earthquake would be low just after the last
one, and would then gradually increase, as tectonic deformation slowly stresses the
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fault again. When the next large earthquake finally occurs, it resets the renewal
process to its initial state.
Several well-known statistical distributions, such as the gamma (Utsu, 1984),
log-normal (Nishenko & Buland, 1987) and Weibull (Hagiwara, 1974; Utsu, 1984;
Kiremidjian & Anagnos, 1984; Sieh et al., 1989; Abaimov et al., 2008; Rundle et al.,
2005) have been used to describe the duration of the seismic cycle and to calculate
the probabilities of future earthquakes. The gamma model fits well the (clustered)
distribution of time intervals between earthquakes in a region, if time is re-scaled
by the average earthquake rate, as first shown by Corral (2004) and discussed by
Lippiello et al. (2012) and references therein. All these distributions have also been
used as failure models for reliability and time-to-failure problems (Mann et al., 1974).
More recently, many numerical models have been devised for simulating the
tectonic processes occurring on a seismic fault (e.g. Main, 1996; Ben-Zion, 2001,
2008). These models can generate as many synthetic earthquakes as desired (e.g.
Ward, 2000), so the statistical distribution of the time intervals between them can be
fully characterized. Sometimes this distribution is alike an already known one (e.g.
Weibull, Rundle et al., 2005), but in general it is specific to the model (e.g. Robinson,
2004; Field, 2015) and may be affected by new features included in it (e.g. Yoder et
al., 2015).
Two highly idealized models are the Brownian passage time model (Ellsworth et
al., 1999; Matthews et al., 2002) and the minimalist model (Vázquez-Prada et al., 2002,
2003; Gómez & Pacheco, 2004, and next chapter). Their seismic cycle distributions
have been used as renewal models, to fit actual earthquake series and estimate
future earthquake probabilities (e.g. Ellsworth et al., 1999; Matthews et al., 2002;
Gómez & Pacheco, 2004). They, as well as the gamma, log-normal and Weibull
distributions, provide a reasonably good fit to the existing data (e.g. Utsu, 1984;
Gómez & Pacheco, 2004).
Renewal models provide a more realistic framework than a time-independent
Poisson model for earthquake recurrence in individual faults (e.g. Parsons, 2008a;
Berryman et al., 2012; Biasi et al., 2015).

They allow computing time-varying

probabilities which, in the long-term, may be up to several times larger than for the
Poissonian assumption (e.g. Imoto, 2004). For these reasons, they are being applied
systematically, for example, in the authoritative earthquake probability assessments
for individual faults in California (e.g. Working Group on California Earthquake
Probabilities, 2003; Field et al., 2015a). Moreover, it is possible to modify the renewal
models to calculate changes in probabilities due to earthquake interactions, such as
static stress triggering (e.g. Parsons et al., 2000).
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5.4

The Parkfield series

There are a few cases in which the recurrence interval between large earthquakes
in a fault is short enough to be observed. The most studied example of this kind
is the series of major earthquakes generated by the San Andreas Fault at Parkfield,
California.
The San Andreas fault is a dextral, strike-slip fault which takes up most of
the relative motion between the North American and Pacific plates in California.
It stretches for over 1200 km, from the Salton Sea, near the Mexican border, to
just north of San Francisco, where it enters the Pacific Ocean. It further extends
northwards undersea, and continues into other faults southwards (Fig. 5.2).
During the last century and a half, several earthquakes with magnitude around
6 have occurred along a 35 km-long section of the San Andreas Fault that crosses the
tiny town of Parkfield. This section separates a locked part of the fault to the south
(whose last slip generated the great Fort Tejon earthquake in 1857, M ∼ 8 ) and a
creeping section to the north where steady aseismic slip takes place, accompanied
by small-magnitude earthquakes. The 1989 Loma Prieta and 1906 San Francisco
earthquakes were generated by slip in sections of the fault located further north
(Fig. 5.2).
The apparent temporal regularity of this series lead since 1985 to attempts at
forecasting when the next one might happen, and to deploy dense networks of
instruments in the area, the so-called Parkfield Prediction Experiment (Bakun &
Lindh, 1985; Roeloffs, 2000). Thanks to this detailed monitoring the last mainshock
(Mw =6.0), which took place in 2004, was the best monitored earthquake in history
(Bakun et al., 2005).
The basic Parkfield series (Fig.

5.2) only includes the largest earthquakes

generated by the San Andreas Fault in the immediate vicinity of Parkfield and
disregards others originated before 1922 at uncertain locations nearby (Bakun et
al., 2005; Toppozada & Branum, 2006). The formal definition of the next Parkfield
mainshock for forecasting purposes was proposed by Michael & Jones (1998),
encompassing what was known about the earlier ones. It is an event with Mw ≥ 5.7
that produces surface rupture along the San Andreas fault, and/or the Southwest
Fracture Zone (a fault parallel and adjacent to the main trace of the San Andreas
Fault), between 36◦ N and 35◦ 45′ N, and with its epicentre within 5 km of the mapped
trace (see Michael & Jones, 1998, for a detailed map). The 2004 mainshock fulfilled
this definition (Michael & Jones, 2004).
Including the most recent event, the Parkfield series consists of seven
mainshocks (Bakun & Lindh, 1985; Bakun, 1988; Michael & Jones, 1998; Bakun et al.,
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Figure 5.2: Background on the Parkfield earthquake sequence. Top: Shaded relief map
of California, showing the trace of the San Andreas Fault (red where locked, blue where
creeping), with segments marking the extent of the last major earthquake ruptures (years
and magnitudes indicated). (Map adapted from Zoback, 2006, used with permission).
Bottom: Sketch of the temporal sequence of mainshocks at Parkfield, including the current
open interval.
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2005) which occurred on 9 January 1857; 2 February 1881; 3 March 1901; 10 March
1922; 8 June 1934; 28 June 1966; and 28 September 2004. The durations, in years
(calculated from the exact intervals in days) of the six observed seismic cycles are
c1 = 24.066, c2 = 20.077, c3 = 21.018, c4 = 12.246, c5 = 32.055, and c6 = 38.253. In
most other cases, the dates of large past earthquakes at a given site on a fault are not
precisely known, complicating the application of recurrence models (e.g. Rhoades
et al., 1994; Ogata, 1999).
The last earthquake has notably increased the mean and aperiodicity of the
series, which made necessary to update the existing fits of renewal models
(Ellsworth et al., 1999; Gómez & Pacheco, 2004; González et al., 2005, the second
paper being formally published just days after the last mainshock, in the October
issue of the corresponding journal).
The mean of this series is
m=

1 6
ci = 24.62 yr,
6 i∑
=1

(5.1)

and its sample standard deviation (square root of the bias-corrected sample variance
Book, 1979) is

[
s=

6
1
( c i − m )2
∑
6 − 1 i =1

]1/2

= 9.25 yr.

(5.2)

The coefficient of variation, or aperiodicity, is
α=

s
= 0.3759 .
m

(5.3)

The latter value was directly calculated from the set of intervals to avoid loss of
accuracy from rounding off, since 9.25/24.62=0.3757.

5.5

The box model

This section introduces a renewal model based on a simple cellular automaton.
Cellular automata models are frequently used to model earthquakes and other
natural hazards (e.g. Malamud & Turcotte, 2000; Jiménez, 2013). These models
evolve in discrete time steps (so they are automata), and consist of a discrete grid
of cells (so they are cellular), where each cell can be only in a finite number of
states. Each cell’s state is updated at each time step according to rules that usually
depend on the state of the cell or that of its neighbours in the previous time step.
Examples of more complex cellular automata applied to modelling seismicity will
be mentioned in the next chapter. In the simplest models (e.g. Newman & Turcotte,
2002; Vázquez-Prada et al., 2002; Tejedor et al., 2008, 2015, Ch. 6), an stochastic
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Figure 5.3: Sketch of the box model, a new cyclic, stochastic model. For simplicity, it is
represented as a box being filled by balls, in the spirit of urn problems (classical experiments
in probability theory, e.g. Johnson & Kotz, 1977). The box has a fixed number of cells (the
only parameter of the model) and is loaded by balls thrown at random, one ball per time
step. These are lost if they land on already occupied cells. When all cells are filled, the box
is emptied and a new cycle starts.

loading is used, there are only two possible states for each cell, and the earthquakes
are generated according to simplified breaking rules. The model proposed here is of
this last type.

5.5.1 Rules of the model
The model will be described as a box being filled by balls, in an analogy to classical
experiments in probability theory involving balls in an urn (e.g. Johnson & Kotz,
1977). Consider an array of N cells. The position of the cells is irrelevant, but we can
assume that they are arranged in the shape of a box (see Fig. 5.3). At the beginning
of each cycle, the box is completely empty. At each time step, one ball is thrown, at
random, to one of the cells in the box. That is, each cell has equal probability, 1/N,
of receiving the ball. If the cell that is chosen is empty, it will become occupied. If it
was already occupied, the thrown ball is lost. (Thus, each cell can be either occupied
by a ball or empty.) When a new throw completes the occupation of the N cells of
the box, it topples, becoming completely empty, and a new cycle starts. The time
elapsed since the beginning of each cycle, expressed by the number of thrown balls,
will be called n. The duration of the cycles is statistically distributed according to a
discrete distribution function PN (n).
The box represents the area of the fault or fault segment, and the random
throwing of balls represents the increase of regional stress. This randomness is a
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way of dealing with the complex stress increase on actual faults. The occupation
of a cell by a ball stands for the elastic strain induced by the stress in a patch or
element of the fault plane. The loss of the balls that land on already occupied cells
mimics stress dissipation on this plane; this dissipative rule is common to other
models where the cells have only two possible states (filled or empty, e.g. Henley,
1993; Malamud et al., 1998; Newman & Turcotte, 2002; Vázquez-Prada et al., 2002;
Tejedor et al., 2009b). The total elastic strain (or conversely the total shear stress or
the potential elastic energy) accumulated in the fault is represented by the number
of occupied cells. This number is a state variable which completely describes the
state of the system. It gradually grows up to the limit N (analogous to the failure
threshold of the fault), and the toppling of the box represents the occurrence of the
earthquake in the fault. It is easy to simulate the evolution of this system with
a Monte Carlo approach (frequently used in stochstic models, e.g. Binder, 1997).
Examples of the evolution of the cycles in the model are represented in Fig. 5.4.
This model is similar to that introduced by Newman & Turcotte (2002). The
difference is that their model is a square grid of cells in which the topology is
relevant: they consider that the earthquake occurs when a cluster of adjacent,
occupied cells percolates the grid from one side to the opposite one. This percolating
cluster (Stauffer & Aharony, 1994) happens before the grid is completely full.

5.5.2

Analytical results on the model properties

5.5.2.1 Review of the geometric distribution
To describe the box model analytically, it is convenient to recall some elements of the
geometric distribution. Consider the probability that exactly x independent Bernoulli
trials, each with a probability of success p, will be required until the first success
is achieved. The probability that ( x − 1) failures will be followed by a success is

(1 − p) x−1 p. The resulting probability function,
f ( x; p) = (1 − p) x−1 p,

(5.4)

is known as the geometric distribution. Its mean and variance are

⟨x⟩ =

1
,
p

σ2 =

1− p
.
p2

(5.5)

5.5.2.2 Mean, variance and aperiodicity of the cycles
Now we deal with the box model further. In each cycle, the filling of the box
proceeds sequentially and continues until the Nth cell is occupied. Because each
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Figure 5.4: Seismic cycles in the box model for different system sizes. The number of
occupied cells along ten cycles is represented for models with N cells. As N increases, the
cycles become more regular and are longer on average. Compare with the cyclic pattern of
shear stress evolution in laboratory experiments (Fig. 5.1).
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of these sequential steps is an independent process, the mean number of throws to
completely fill the box will be

⟨ n ⟩ N = ⟨ x1 ⟩ N + ⟨ x2 ⟩ N + · · · + ⟨ x N ⟩ N ,

(5.6)

where ⟨ xi ⟩ N is the mean number of throws it takes to fill the ith cell. Because the
filling of the ith cell is geometrically distributed with pi = ( N + 1 − i )/N, it follows
that

⟨ xi ⟩ N =

N
,
N+1−i

(i = 1, 2, . . . , N )

and therefore

N

⟨n⟩ N = 1 + ∑

i =2

N
.
N+1−i

(5.7)

(5.8)

Relations similar to Eqs. (5.6) and (5.8) can be written for the variance of the number
of thrown balls to fill the box, namely
N+1−i
1−
2
N
σN
= σ12 + σ22 + · · · = 0 + ∑ (
) ,
N+1−i 2
i =2
N
N

(5.9)

and consequently, the standard deviation is
[

N ( i − 1)
σN = ∑
( N + 1 − i )2
i =2
N

]1/2
.

(5.10)

The coefficient of variation (aperiodicity) of the series, α N , for a given N is
αN =

σN
.
⟨n⟩ N

(5.11)

The mean and standard deviation of the cycle duration in the model are shown in
Fig. 5.5. The aperiodicity is represented in Fig. 5.6. The latter reaches a maximum
of ≃ 0.47 for N = 2 and N = 3, and decreases towards 0 as N → ∞.
The mean and the standard deviation of the box model can be calculated by
summing the N − 1 terms of Eqs. (5.8) and (5.10). For N ≥ 10, these two equations
can be approximated (with an absolute error < 0.01) by their asymptotic expressions
(deduced in sections A.1.2 and A.1.3 of the Appendix):
1
⟨n⟩ N −−−→ N (C + ln N ) + ,
N →∞
2

(5.12)

where C ≃ 0.5772157 is Euler’s constant, and
[

π 2 1 + C + ln N
−
σN −−−→ N
N →∞
6
N

]1/2
,

(5.13)

and the aperiodicity can be estimated by using Eq. (5.11) with Eqs. (5.12) and (5.13).
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Figure 5.5: Mean and standard deviation of the cycle duration in the box model, as a
function of the number of cells (N).
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5.5.2.3 Probability distribution for the duration of the cycle
The function PN (n), represented in Fig. 5.7 for several instances, is not as easy to
obtain as its mean and standard deviation, and is given by
N −1

PN (n) =

∑ (−1)

(
j +1

j =1

)
N−1 (
j ) n −1
1−
,
j−1
N

(5.14)

and the cumulative probability function, A N (n):
A N (n) =

n

N −1

j= N

j =1

∑ PN ( j) = 1 − ∑ (−1)

(
j +1

)
N−1 (
j )n N
.
1−
N
j
j−1

(5.15)

We have deduced Eq. (5.14) by means of a Markov chain approach analogous to the
one we used with other model (Vázquez-Prada et al., 2002, 2003). This derivation
is included in the Appendix (Sec. A.1.1). In the limit n → ∞, PN (n) tends to a
geometric distribution (Fig. 5.7).
5.5.2.4 Conditional probability
The conditional probability is the probability that an earthquake will occur in the
period n + ∆n, given that it has not yet occurred in the step n − 1. That is:
Pn+∆n ( N, n) =

A N (n + ∆n) − A N (n)
.
1 − A N ( n − 1)

(5.16)

As n → ∞, PN (n) decays as a geometric distribution, where the conditional
probability is constant. This asymptotic conditional probability is derived in the
Appendix (Sec. A.1.4) and is given by:
(
Pn+∆n ( N, n) −−−→
n→∞

1
1−
N

)[

(

1
1− 1−
N

)∆n ]
.

The hazard rate is the instantaneous conditional probability.

(5.17)
In discrete

probability functions, it equals the probability of occurrence in the next time step
(e.g. Shaked et al., 1995). It is given by Eq. 5.16 with ∆n = 1.
5.5.2.5 Pattern of loading
In the model, the number of occupied cells increases rapidly just after a toppling,
and then slows down (Fig. 5.4). This increase is due to the fact that, as a cycle
progresses, there are more occupied cells, and thus it is less probable for an incoming
ball to land on an empty cell. The evolution of the system in the next time step
depends only on the state of the system in the current time step. If ρn is the fraction
of occupied cells at time step n, there is a probability 1 − ρn for the next ball to be
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thrown to an empty cell. Because such a throw would increase ρ by 1/N, the mean
ρ at step n + 1 is

⟨ ρ n +1 ⟩ = ⟨ ρ n ⟩ +

1
[1 − ⟨ρn ⟩].
N

(5.18)

The box is empty at the beginning of the cycle (ρ0 = 0), so from Eq. (5.18), the mean
value of ρn is

(
1 )n
,
⟨ρn ⟩ = 1 − 1 −
N

(5.19)

which approaches one asymptotically.
In real faults, the shear stress and elastic strain are expected to follow a similar
trend, in which they increase faster just after a large earthquake, and more slowly
later on (Sec. 5.2). In the box model, this behaviour emerges from the stress
dissipation being proportionally larger as the cycle progresses, qualitatively in
agreement with laboratory experiments (Fig. 5.1).
5.5.2.6 Stress shadow
The relaxation of a real fault by means of a large earthquake reduces the stress
in the system. Thus a minimum time has to elapse before the fault accumulates
enough stress to produce the next large earthquake. This effect is called stress shadow
(e.g. Harris, 2000; Scholz, 2002). In the box model there exists a stress shadow: an
earthquake cannot occur until the Nth step in the cycle.

5.5.3

Fitting the box model to the Parkfield series

We will fit the cumulative probability function (Eq. 5.15) to the Parkfield series using
the method of moments (Utsu, 1984). The first so-called moments of a statistical
distribution are the mean and the variance. The method consists in making the
model model series to have the same mean and variance as the real series of events.
Another method that could be used is that of maximum likelihood, which is more
complex but typically yields similar results for quasiperiodic series (e.g Utsu, 1984).
We have seen in Sec. 5.5.2.2 that the aperiodicity in the box model depends only
on N. Thus, it is necessary to choose the N for which the aperiodicity is the closest
to that of the Parkfield series, that is, α ≃ 0.3759. The result is N = 11, for which,
from Eq. (5.11), the aperiodicity is α = 0.3752.
This model can be applied only to rather regular earthquake series, with
coefficient of variation of the series of intervals α ≤ 0.47. To allow dealing with
more irregular series, we later developed (Abadías et al., 2006) a different model,
based on a reduction of states (coarse-graining type) of the box model. In this new
model the aperiodicity of the cycles is 0.47 < α < 1.
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Figure 5.8: Probability distribution function (PN (n)) for the duration (in time steps, n) of
the seismic cycle in the box model with N = 11. This distribution has the same aperiodicity
as the Parkfield earthquake series.

From Eq. (5.8) the mean value of n for N = 11 is ⟨n⟩ N =11 = 33.22. Because the
actual mean of the Parkfield series is m = 24.62 yr, one time step (ball throw) in
the model is equivalent to τ = 24.62 yr/33.22 = 0.74 yr ≈ 9 months. The discrete
distribution function for the duration of the seismic cycle in a box model with N =
11, P11 (n) is shown in Fig. 5.8.
Fig. 5.9 shows the evolution of the number of occupied cells for ten cycles with
N = 11. Note the fluctuations in the duration of the cycles, which are consistent
with the mean and the standard deviation of the series.
According to the box model, the minimum time between consecutive
earthquakes (stress shadow) for the Parkfield series is τN ≃ 8 yr.

All past

intervals of the series are indeed larger than this value, so they cannot be used to
reject the model for this case study. Moreover, at the time of this writing (November
2015), the open interval since the 2004 Parkfield mainshock is > 11 yr, also larger
than the calculated period of stress shadow.

5.5.3.1 Earthquake probabilities at Parkfield with the box model
We now evaluate the quality of the box model fit for the Parkfield series and estimate
the probability of the next earthquake in this fault segment.
In Fig. 5.10, the empirical distribution function of the Parkfield series is plotted.
It is a cumulative step function ranging from 0 to 1.0, with a jump of 1/r at the
duration of each of the r observed recurrence intervals in the sample (1/6 in this
case). This function indicates the empirical probability (frequency) that a cycle lasts
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Figure 5.9: Number of occupied cells during ten cycles of a box model with N = 11. For
this value, the model series has on average the same aperiodicity as the Parkfield earthquake
series.

less or equal than in the time indicated in the abscissas. If the sample of cycles comes
from a stable probability distribution, the empirical distribution function converges
to this distribution as r → ∞, according to the Glivenko–Cantelli theorem. The
cumulative distribution of the box model in Eq. (5.15) for N = 11 with τ = 0.74 yr
also is drawn.
The goodness of this fit can be evaluated with a two-sided Kolmogorov-Smirnov
test extended to discrete distributions (Arnold & Emerson, 2011).

This

nonparametric test is based on the maximum vertical distance between the
empirical distribution function of the sample and the cumulative distribution
function of the reference distribution.

The larger the sample size (number of

observed cycles in this case), the smaller that distance is allowed in order to not
reject the fit with a specified level of statistical significance. According to this test,
and given the small sample size (6 cycles), the fit to the Parkfield series cannot be
rejected at any relevant level of statistical significance.
Now we calculate the yearly probability of the next earthquake, that is, the
conditional probability of the next shock occurring in a certain year, given that it has
not occurred previously. For the box model, from Eq. 5.16 it is
Pτ ( N, n) =

A N (n + 1/τ ) − A N (n)
.
1 − A N ( n − 1)

(5.20)

Note that 1/τ is the number of time steps of the box model corresponding to one
year. After calculating Pτ from Eq. (5.20), it is necessary to rescale the abscissas, n, to
actual years, nτ + t0 , where t0 is the calendar year at which the last earthquake
occurred (t0 = 2004.75 for the Parkfield series).

Fig. 5.11 shows the yearly

probability for the new cycle at Parkfield according to the box model. During the
first eight years after the last earthquake at Parkfield (which occurred in September
2004), the box model indicates that another big shock should not be expected. From
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Fit of the cumulative distribution of the box model to the empirical

distribution function of the Parkfield earthquake sequence. These distributions provide
the probability that a cycle will be shorter than or equal to the recurrence interval indicated.

that time on, the probability of the next earthquake increases, tending to a constant
equal to 11%, according to Eq. 5.17.
In the seismological literature there is a well-known question about the
conditional probability of the next earthquake for a time much longer than the
mean value of the series (Davis et al., 1989): “The longer it has been since the last
earthquake, the longer the expected time till the next?” Sornette & Knopoff (1997)
discussed some statistical distributions that lead to affirmative, negative, or neutral
answers to it. The result shown in Fig. 5.11 leads us to conclude that the box model
produces a neutral answer. The reason is that for a long cycle duration (large n), the
PN (n) of the box model decays geometrically (analog to exponentially if it were
a continuous function), and asymptotically the box model behaves as a Poisson
model, in which the conditional probability of occurrence of the next earthquake
is constant (but different from the purely Poisson case, see Sec. 5.7).

5.6 Binary earthquake forecasting
In this section we consider the forecasting of the series of earthquakes in the
framework of binary forecasts, in which the probability for the next event is not
stated explicitly, but which can be evaluated in a probabilistic way (e.g. Mason,
2003; Molchan, 2003; Zechar & Jordan, 2008). In earthquake forecasting an “alarm”
is sometimes turned on when it is estimated that there is a high probability for a
large earthquake to occur (e.g. Keilis-Borok, 2002; Keilis-Borok & Soloviev, 2003;
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Figure 5.11: Yearly probability of the next mainshock at Parkfield, according to the box
model.

Rundle et al., 2003; Zechar & Jordan, 2008). If a large shock takes place when the
alarm is on, the forecast is considered to be a success (a hit). If it takes place when
the alarm is off, there has been a forecast failure (a miss). The fraction of errors, f e ,
is the number of forecast failures divided by the total number of large earthquakes
(equal to one minus the hit rate). The fraction of alarm time, f a , is the ratio of the
time during which the alarm is on to the total time of observation. A good strategy
of forecasting must produce both small f e and f a , because both the forecast failures
and the alarms are costly (e.g. van Stiphout et al., 2010; Stein & Stein, 2014). As a
general rule, the larger f a , the smaller f e . Depending on the trade-off between the
costs and benefits of forecasting (Molchan, 1997), we can try to minimize a certain
loss function, L. For simplicity, we will consider the simplest loss function, defined
as

L = fa + fe.

(5.21)

The procedure described below to minimize L would proceed analogously if a
different definition were used. For example, it would be possible to give more
weight to f e than to f a (if failures are particularly costly) or vice versa (if it is
specially impractical to declare the alarm for a long time). L = 0 would imply a
perfect forecast, in which the instant of occurrence of every earthquake is forecast in
advance (so f e = 0) and the alarm time is infinitesimal ( f a = 0).
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5.6.1 The random guessing strategy as baseline
A random guessing strategy consists in randomly turning the alarm on and off, and
yields L = 1 in the long term. This result can be easily understood. The alarm
will be on, randomly, during a certain fraction of time, f a . Thus, there will be a
probability p = f a for it being on when an earthquake eventually occurs, and a
probability p = 1 − f a for it being off. So on average, when the number of cycles
tends to infinity f e → 1 − f a , so L → f a + f e = 1. This strategy has two trivial
cases: if the alarm is always on ( f a = 1), all the target earthquakes are “forecast”
( f e = 0). Conversely, if the alarm is always off ( f a = 0), all them are missed ( f e = 1).
The random guessing strategy is considered as the simplest baseline (e.g. Molchan,
1997, 2003; Zechar & Jordan, 2008). When there is only a finite number of target
earthquakes (especially when there are only a few), even a random guess may yield
a L ̸= 1, and it is necessary to evaluate statistically if the results are significantly
different from those of a random guess (Zechar & Jordan, 2008).
In the long term, a forecasting strategy makes sense only if it gives L = f a + f e <
1. If L > 1, the strategy is performing exactly the opposite to how it should. Thus,
the exact reverse strategy should be considered, and this will provide the opposite
results ( f a′ = 1 − f a , and f e′ = 1 − f e ).

5.6.2 Reference strategy
The reference strategy is the simplest meaningful forecasting approach which can be
consider for any quasi-periodic series of events (Fig. 5.12). It consists in turning on
the alarm at a fixed time after the last big earthquake, and maintaining the alarm on
until the next one (e.g. Newman & Turcotte, 2002; Molchan, 2003; Vázquez-Prada et
al., 2003). Then the alarm is turned off, and the same strategy is repeated, evaluating
f a and f e for all cycles. The shorter this time, the larger f a and the lesser f e . This
strategy has no false alarms; if the alarm is on, an earthquake will eventually occur,
as long as the fault remains active in geological time scales.
To implement the reference strategy in the box model fitted to the Parkfield
series, we consider that n is the number of time steps before sounding the alarm.
If the earthquake occurs at the nth time step or earlier, the alarm has still not been
sounded, and the earthquake should be considered a forecast failure. An earthquake
in the box model cannot occur before the Nth time step of each cycle, so f e = 0 if
and only if n < N.
In the long term, as the number of cycles tends to infinity, the analytical f e and
f a depend only on the probability distribution of the cycle duration, and can be
deduced analytically as follows. f e is simply the fraction of cycles which last ≤ n
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Figure 5.12: Reference strategy for assessing the predictability of a quasi-periodic series
of earthquakes.

Stars are the target earthquakes to be forecast (five in the example,

excluding the initial one). In a quasiperiodic series, an alarm is turned on (blue periods)
after some waiting time (orange arrows) since the last earthquake and maintained on until
the next earthquake happens. An earthquake is considered as correctly forecast (green ticks)
if it occurs when the alarm is on and as a forecast failure otherwise (red cross). The fraction
of alarm time ( f a ) will be the sum of periods during which the alarm is on divided by the
total time. The fraction of errors ( f e ) will be the number of forecast failures divided by the
total number of target earthquakes (1/5 in the example shown).

time steps:
n

f e (n) =

∑
′

P ( n ′ ).

(5.22)

n =1

While f a is the following fraction of time:
f a (n) =

′
′
∑∞
n′ =n+1 P ( n )( n − n )
.
′ ′
∑∞
n ′ =0 P ( n ) n

(5.23)

To interpret the numerator of f a , note that the alarm is turned on the cycles which
last a minimum of n′ = n + 1 time steps, but the alarm only lasts n′ − n time steps.
These relations are illustrated in Fig. 5.13(a), together with L = f a + f e . For each
value of N, L(n) has a minimum at a specific value of n, n∗ ( N ). As can be seen in
Fig. 5.13(a), n∗ (11) = 19, for which
f a (n∗ ) = 0.432,

f e (n∗ ) = 0.084,

L(n∗ ) = 0.516,

(5.24)

For the Parkfield sequence, n∗ corresponds to
τn∗ = 14.1 yr.

(5.25)

If the distribution derived from the box model correctly describes the recurrence of
large earthquakes at Parkfield in the long term, the alarm connected at this time
since the beginning of the cycles and disconnected just after the occurrence of each
shock would yield the results given in Eq. (5.24). Note that this time is substantially
smaller than the mean duration of the cycles, m = 24.62 yr.
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Figure 5.13: Performance of the reference forecasting strategy in the box model applied to
the Parkfield series. Top: Fraction of errors ( f e ), fraction of alarm time ( f a ), and loss function
(L = f a + f e ) as a function of the time before the alarm in each cycle (time steps, n) for
the forecasting strategy in a box model with N = 11 cells. Bottom: Error diagram for this
strategy. Each point on the curve is the result of using a different value of n. The large dot
corresponds to n∗ , for which the loss function reaches a minimum. The diagonal lines are
isolines of L. A random guessing strategy would render L = 1.
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The quality of the model-earthquake forecast also can be understood visually
by means of an error diagram, (Fig. 5.13b), in which f e is plotted versus f a (e.g.
Molchan, 1997, 2003; Zechar & Jordan, 2008). This plot is analogous to the ones
used in Ch. 2 (note that the hit rate equals 1 − f e ).

5.7

Multi-model approach

This section proceeds analogously as above, but considering several candidate
models, instead of just one. After fitting other renewal models to the Parkfield series,
the resulting probabilities for the next earthquake will be calculated, emphasizing
the similarities and differences between the models, and comparing them to a
time-independent estimate. The section ends discussing how to use the models for
binary forecasting and mentioning recent, relevant developments.

5.7.1

Fits with other renewal models

In this section, five previously existing renewal models are briefly described and
fitted to the Parkfield series. Three of these distributions, the gamma (G), lognormal
(LN), and Weibull (W) have been classically used for earthquake sequences in
individual faults, and in a the broader context of reliability and time-to-failure
problems. The other two distributions are derived from two simple physical models
of earthquake recurrence, which have the virtue of providing an intuitive picture
of the seismic cycle in a fault or fault segment. These are the Brownian Passage
Time Model (BPT, Kagan & Knopoff, 1987; Ellsworth et al., 1999; Matthews et
al., 2002; Working Group on California Earthquake Probabilities, 2003), and the
Minimalist Model (MM, Vázquez-Prada et al., 2002; Gómez & Pacheco, 2004, and
Ch. 6). The first one represents the tectonic loading of a fault by a variable
which evolves by superposition of an increasing linear trend and a Brownian
noise (Parisi, 2005) term, and an earthquake occurs when this variable reaches
a given threshold (Matthews et al., 2002). All the earthquakes in this model are
identical to each other. The Minimalist Model sketches the plane of a seismic fault,
where earthquake ruptures start and propagate according to simplified breaking
rules (Ch. 6). This model generates earthquakes of various sizes, and only the
time between the largest ones (the characteristic earthquakes, that break the whole
model fault, Schwartz & Coppersmith, 1984) are considered for the inter-event
time distribution. The distributions derived from these two models, as well as
the gamma, lognormal and Weibull, generally represent fairly well the observed
distribution of large-earthquake inter-event times in individual faults (Gómez &
Pacheco, 2004). However, they differ significantly in their probability estimates
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for times much longer than the mean inter-event time of the data. Thus, it seems
convenient to take all their different forecasts into account.
Now, we will proceed to fit the Parkfield series using the G, LN and W
families of distributions (Utsu, 1984) and the BPT and MM models (Matthews et
al., 2002; Gómez & Pacheco, 2004). The statistical distribution of inter-event times
in the BPT model is the so-called inverse Gaussian distribution (Kagan & Knopoff,
1987), which, as the three classical distributions mentioned at the beginning, is a
continuum biparametric density distribution. The distribution derived from the
MM is discrete, and strictly speaking has only one parameter, N, the number of cells
in which the model fault plane is divided, directly related to the aperiodicity α of the
series (Gómez & Pacheco, 2004), similarly as for the box model. However, for fitting
the data, it is necessary to assign a definite number of years to each non-dimensional
time step of the model. This second parameter will be called τ, as for the box model
(Sec. 5.5.3). The distribution in the MM has an analytical solution, explicitly written
for N ≤ 5 by Gómez & Pacheco (2004). For larger values of N the distribution can
be calculated numerically with Monte Carlo simulations.
Next, we will write down the explicit analytic form of the four mentioned
continuum probability density distributions. Each of them has a scale parameter
(which stretches or shrinks the distribution) and a shape parameter (which controls
the shape of the distribution). These distributions specify the probability that the
duration of a cycle equals the time t.
Gamma distribution:
G (t) =

c
(ct)r−1 e−ct ,
Γ (r )

c > 0, r > 0

(5.26)

Lognormal distribution:
[

]
(ln t − n)2
LN (t) = √
exp −
,
2σ2
2πσt
1

n > 0, σ > 0

(5.27)

Weibull distribution:
W (t) = aρtρ−1 exp(− atρ ),

a > 0, ρ > 0

(5.28)

Brownian Passage Time distribution (Matthews et al., 2002):
(
BPT (t) =

[
]
( t − m )2
m )1/2
exp −
, m > 0, α > 0
2πα2 t3
2mα2 t

(5.29)

In this last case, the parameters m and α correspond to the mean and aperiodicity
defined earlier.
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Gamma

c = 0.287 yr−1

Lognormal

n = 3.137

r = 7.078
σ = 0.364

6.853 × 10−5

Weibull

a=

BPT

m = 24.62 yr

MM

N = 495

BM

N = 11

Exponential

λ = 1/24.62 yr−1

yr−ρ

ρ = 2.889
α = 0.3759

(α = 0.3759)
(α = 0.3752)

τ = 4.186 × 10−3 yr
τ = 0.74 yr

Table 5.1: Parameter values of the fits to all the models used for the Parkfield series. Six are
renewal models, for which probabilities depend on time since the last earthquake: Gamma,
lognormal, Weibull, Brownian Passage Time (BPT), Minimalist Model (MM) and Box Model
(BM). The exponential is a time-independent (Poisson) model.

We will use the method of moments to fit the data, so within these four families
of distributions, and the same for the MM, we will select that specific distribution
whose mean value and aperiodicity are equal to those of the Parkfield series (Sec.
5.4). The specific values of the parameters that make the different distributions fulfill
this condition are written in Table 5.1.
For reference (albeit not included in our original publications, González et al.,
2005, 2006a), I will also consider here explicitly the exponential distribution (which
is also a special case of the G and W). This is the inter-event time distribution
resulting from a Poisson process, in which the the time since the last even is
irrelevant. It has only one parameter, the rate at which events occur per unit time
(λ), which is the inverse of the mean of the intervals (λ = 1/m).
Exponential distribution:
E(t) = λe−λt .

(5.30)

Note that in the MM model the aperiodicity of the series fixes the value of the
parameter N (Gómez & Pacheco, 2004). In a minimalist system with N = 495, the
mean recurrence interval of the characteristic earthquakes is 5881.2 non-dimensional
time steps. Comparing this mean with the value m = 24.62 yr (Sec. 5.4), we deduce
that one time step of the model corresponds to τ = 24.62 yr/5881.2 = 4.186 × 10−3
yr, or around 1.5 days.

5.7.2

Comparison of probability estimates at Parkfield

Fig. 5.14 shows the cumulative histogram (empirical distribution function) of the
Parkfield series together with the cumulative distributions of the seven models.
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Figure 5.14: Fit to the Parkfield sequence with all the models considered.

These, for the G, LN, W, BPT and E are obtained by integrating Eqs. 5.26–5.30, and
for the BM and MM by summing their discrete probability distributions. Finally,
Fig. 5.15 presents the annual (conditional) probability of occurrence derived from
the five models.
The results shown in Fig. 5.14 indicate that the six renewal models used in
the adjustment, despite being different from each other, describe well the Parkfield
data. The exponential model provides the worst fit, because it expects a higher
frequency (probability) of short intervals than the observed one. In the original
papers (González et al., 2005, 2006a), we discussed qualitatively the residuals of the
fits. Here, instead, as done with the box model in a previous section, I assessed
the goodness of the fits using the two-sided Kolmogorov-Smirnov test, either the
classical one for the continuous distributions or the version newly extended to
discrete distributions (Arnold & Emerson, 2011) when dealing with the fits from the
MM and BM. The exponential fit can be rejected only at a ≃24% level of significance
(p value = 0.2439), so on average, approximately in one out of four sequences, with
six intervals each, actually generated from a exponential distribution the fit can be
as poor as in Parkfield. It is thus unlikely, but not impossible, that the series is
Poissonian. Bakun et al. (2005), in their supplementary materials, argued that the
exponential fit could be “rejected with 98% confidence (p =0.016)”, but apparently
used a flawed Kolmogorov-Smirnov test. For the six renewal models, the residuals
are too small to be statistically significant, so no fit can be rejected at any relevant
level of significance, and no one is significantly better than the others. So for the
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Figure 5.15: Annual probability for the new mainshock at Parkfield according to all the
models.

Parkfield series no particular renewal model can be advocated as the optimal choice
for forecasting purposes.
The cumulative probability is relatively similar, but not entirely alike, for the six
renewal models (Fig. 5.14). The curves corresponding to the BM and MM take off
later than the G, LN and W, because in the former models there is an initial stress
shadow, in which no new event can occur. In the MM it has a duration of N = 495
time steps, i.e. 495 × 4.186 × 10−3 yr, that is 2.07 yr, shorter than the 8.1 yr of the
BM. All the other, continuous renewal models yield low but non-null cumulative
probability during the first years. The LN and BPT curves plot one upon the other
in 5.14 because in the time range shown in the graph their cumulative probability
distributions are similar. Note also that the Weibull model forecasts a cumulative
probability considerably higher for t < 10 yr than the other four models, and that
all six cumulative distribution functions appear to ‘converge’ in probability roughly
18 yr after the last mainshock, with a cumulative probability of around 25%. All the
renewal models indicate that an immediate re-rupture of the Parkfield segment is
unlikely (the cumulative probabilities are lesser than 1% for the first five years), but
it will likely occur not later than 53 years after the last one (moment at which all
cumulative probabilities are at least 99%). Note that these results were submitted
to publication (González et al., 2005, 2006a) just after the last Parkfield earthquake.
The open interval at the time of this writing (over 11 years, in November 2015) is
already longer than the stress shadow of the MM and BM, so the next earthquake is
already possible according to all models.
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The annual probability (Fig. 5.15) is relatively similar for all models until the
year 2035, but there are several differences worth comment. In all these models,
the probability initially rises with time since the last mainshock. In contrast, if the
exponential model, the yearly probability is constant (= λ). At the beginning of
the cycle the W curve is the first in the take off and the MM and BM are the last
ones. This reflects what was mentioned in the previous paragraph. Later, there is
an interval, roughly speaking from 2016 to 2022, in which the MM curve is on top
of the others, forecasting slightly higher annual probabilities. The forecasts from the
LN and the BPT are very similar until about 2040, because the BPT distribution is
similar to, but not identical to, a lognormal distribution (Michael, 2005). Around
2030, when the mean recurrence interval of the series has elapsed, all the models
forecast a yearly conditional probability between 8.5% and 10%.
But from 2035 onwards, the six renewal models start showing their asymptotic
behaviour, or, in other words, their clear discrepancies. The behaviour of the
conditional probability for long times after a large earthquake in specific faults has
been long debated (e.g. Davis et al., 1989; Sornette & Knopoff, 1997), and the different
models used in this paper show three different possibilities for it. First, a decreasing
probability, the case of the LN model, where the probability starts declining from the
year 2053 onwards, approaching zero as time passes. Second, a probability which
increases asymptotically to 100%, the case of the W model, according to which there
is a 95% yearly probability of having a mainshock after 163 yr from the last one. And
third, a probability that increases towards an asymptote smaller than 100%, the case
of the curves forecast by the BPT, G, BM and MM models. The asymptotic yearly
probability value is different for each of these three models: 13%, 26%, 11% and 38%
respectively. This last value in the BM and MM is given by
)[
)1 ]
(
(
1
1 τ
1− 1−
,
lim P(n, τ ) = 1 −
n→∞
N
N

(5.31)

that is, as Eq. 5.17, where n is the number of time steps since the last characteristic
earthquake in the model, and the number of time steps corresponding to a year is
∆n = 1/τ. The formula is identical for both the BM and MM since the cycle in both
models finishes in the same way, with N − 1 cells occupied and a probability of 1/N
for the largest earthquake to occur in the next time step (sections 5.5.2 and 6.2.2). But
the asymptotic probability is different in each model, since N is also different (Table
5.1).
The discrepancies between the forecasts of these six renewal models can be
considered all together to give reasonable upper and lower bounds to the annual
probability of occurrence at Parkfield during the first decades since the last
mainshock: about 2.5% in 2017 (after half of the recurrence interval m), between
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8.5% and 10% in 2030 (after one m) and between 11% and 17% in 2042 (after 1.5
m). In contrast, the exponential model provides a constant conditional probability,
which may initially overestimate the hazard and underestimate it later on.

5.7.3

Binary forecasts

Similarly as done for the box model (Sec. 5.6), we can devise a simple binary
forecast, evaluating for all models the optimal moment to declare an alarm after
the occurrence of the last mainshock, in order to minimize in the long term the loss
function L = f a + f e chosen as reference. All renewal, time-dependent models
have some degree of predictability, but not the exponential (Poisson), which is
unpredictable and would yield a result identical as the random guessing strategy
(L = 1). Figure 5.16 shows the value of L as a function of the time waited for
before connecting the alarm. The optimum times to declare the alarm (t∗), yielding
the lowest L, are model-dependent. They are listed in Table 5.2, alongside their
associated results. The corresponding dots in the error diagram are plotted in Fig.
5.17. Assuming that the statistical properties of the sequence can be extrapolated
into the future, all models indicate that the alarm (for this definition of L) should be
declared 13–17 years after the last earthquake, what would yield a low long-term
f e . If this reference strategy could had been applied retrospectively to the Parkfield
sequence, all renewal models will have missed one out of six target earthquakes in
the series (the one occurred in 1934, which closed the shortest cycle). The models
with lowest long-term L(t∗ ) and f e (t∗ ) are the MM and BM, while Weibull provides
the highest values.
The reference strategy can be also applied retrospectively to the observed series
of cycles without using any model. In that case, the best results so far would have
been to declare the alarm at a time t∗ ∼ 12.245 yr, just slightly lower than the
shortest cycle (12.246 yr). This would have resulted in no miss ( f e = 0), f a ≃ 50%
until the 2004 mainshock, and f a ≃ 46% considering the current open interval until
November 2015.
The optimal dates t∗ turn out to be approximately coincident with the moments
at which the conditional probability surpasses that of the time-independent
exponential model (Fig. 5.15). This can be explained by the results of Molchan
(2003), who considered a more generic alarm function (of which the one used here
is a particular case). He showed that, for renewal models where the hazard rate is
continuously increasing since the last earthquake (such as for the gamma, Weibull,
BM and MM), the optimal moment to declare the alarm is when the hazard rate
reaches that of the exponential model. For the LN and BPT distributions, the hazard
rate (and conditional probability) decreases towards zero after some time since
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Figure 5.16: Optimization of the reference forecasting strategy for all the renewal models
applied to the Parkfield sequence. The optimum moment for declaring the alarm would
be that in which the loss function L reaches a minimum. In a Poisson process (exponential
recurrence model), L = 1 in the long term regardless of when the alarm is declared.
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for all the renewal models applied to the Parkfield sequence. These optimum results
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the alarm during 35% to 45% of the total time (= f a ). See Table 5.2 for details. In a Poisson
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Model

t ∗ (years)

fa

fe

L = f a + fe

Gamma

15.3

0.396

0.149

0.545

Lognormal

14.9

0.405

0.116

0.521

Weibull

16.7

0.359

0.210

0.569

BPT

14.8

0.410

0.112

0.522

MM

13.7

0.446

0.066

0.512

BM

14.1

0.516

0.432

0.084

Table 5.2: Optimum results of the reference forecasting strategy applied to Parkfield. t∗
is the time after the last mainshock at which the alarm should be declared to obtain the
minimum L (Fig. 5.16. Fig. 5.17 shows the corresponding error diagram.

the last mainshock, so it would give slightly better results (lower loss function)
to turn the alarm on only during the period when the hazard rate is above the
time-independent threshold (intersection observed in Fig. 5.15), and turning it off
again when the hazard rate decays below such threshold (Molchan, 2003). These
considerations stress the links between these binary, alarm-based forecasts and the
purely probabilistic ones.

5.7.4

Later developments

Several later works have applied renewal models to the Parkfield sequence. Zöller
et al. (2007) applied a more complex numerical model to fit the recurrence intervals
in Parkfield. Abaimov et al. (2008) proposed to use the Weibull distribution, already
used here (González et al., 2006a). More recently, Tejedor et al. (2012, 2015), building
upon the results presented here, proposed a negative binomial renewal model for
the recurrence of large earthquakes, and applied it to the Parkfield series. In that
model there is also a stress shadow (of four years), after which the yearly conditional
probability rises towards a constant value. After the year 2015, this model provides
lower yearly probabilities than the other renewal models considered above; after
one mean recurrence interval the value is only about 6% . With the same reference
forecasting strategy used here, in that model the optimal time to turn the alarm on
would be at 15.0 years since the last mainshock (see Tejedor et al., 2012, 2015, for
details).
In a clustered series (α > 1), the optimal binary forecast, yielding the lowest loss
function, is attained by turning the alarm on immediately after each earthquake,
and turning it off after some time. This is because in such situations the hazard rate
(or conditional probability) for the next earthquake decreases with time since the
last one (Molchan, 2003). Then, an optimal waiting time has to be found when
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to turn off (instead of on) the alarm after each earthquake in order to minimize
the loss function in the long term. For clustered sequences in numerical models
this has been explored, for example, by Moreno et al. (2003) and Tejedor et al.
(2009a). In real situations, the best examples are aftershock sequences, for which the
highest probabilities, and the highest risk, are forecast to occur just after the largest
earthquakes (e.g. Marzocchi et al., 2015), and sometimes are high enough to ask for
evacuation of the most vulnerable buildings in a cost-benefit analysis of alarms (van
Stiphout et al., 2010).
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C HAPTER 6

Insights on how to synchronize
models with seismic faults for
earthquake forecasting
It is far better to foresee even without certainty than not to foresee at all.
Henri Poincaré (1913, p. 129).
Chapter adapted and expanded from:
Álvaro González; Miguel Vázquez-Prada; Javier B. Gómez & Amalio F. Pacheco
(2004):
Using synchronization to improve the forecasting of large relaxations in a cellular
automaton model.
Europhysics Letters, 68 (5), 611–617.
Álvaro González; Miguel Vázquez-Prada; Javier B. Gómez & Amalio F. Pacheco
(2006):
A way to synchronize models with seismic faults for earthquake forecasting:
Insights from a simple stochastic model.
Tectonophysics, 424 (3–4), 319–334.

6.1

Introduction: Data assimilation in models of seismic
faults

Numerical models are now frequently used to simulate the seismic behaviour of
faults (e.g. Kato & Seno, 2003; Fitzenz and Miller, 2004; Kuroki et al., 2004; Ben-Zion,
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Figure 6.1: Fault model used in the Uniform California Earthquake Rupture Forecast,
c Seismological Society of
version 3 (UCERF3). Figure adapted from Field (2015), (⃝
America, used with permission). For a relief map of California for comparison, see Fig.
5.2. This is an example of a state-of-the-art, complex model used for computing earthquake
ruptures and long-term earthquake probabilities in a fault network. The geometry of the
faults (their traces and dips) is provided by geological mapping, and their long-term slip
rate (colour scale) is constrained by geological and geodetic measurements. Each fault is
primarily discretized as an array of subsections, down to the base of the seismogenic crust;
a finer grid was used for physics-based simulations (Field, 2015). UCERF3 is the most recent
authoritative hazard model for California produced by the United States Geological Survey
and will be used to update “building codes, earthquake insurance products, emergency
plans, and other risk-mitigation efforts” (Field et al., 2015b).

2008) and fault networks (e.g. Ward, 2000; Hashimoto, 2001; Robinson & Benites,
2001; Rundle et al., 2001; Soloviev and Ismail-Zadeh, 2003; Robinson, 2004; Rundle
et al., 2004; Field, 2015; Yoder et al., 2015). In these models, fault planes separate
lithospheric blocks that are strained at specific rates, and sudden slips (earthquakes)
are generated by the faults according to certain friction and/or rupture laws. These
simulations are becoming progressively more realistic and already play a substantial
role in scientific studies of earthquake probability and hazard (e.g. Ward, 2000; Field,
2015, Fig. 6.1).
The final goals of the numerical modelling of seismicity are not different from,
for example, the goals of numerical models of the atmosphere. A good model
should be able to:
1. reproduce the general characteristics of the system,
2. mimic the state of the system at the present moment, and
3. forecast the future evolution of the system.
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Most numerical models of seismicity have been designed to achieve the first goal,
by reproducing general characteristics of earthquakes such as their size-frequency
distribution (e.g. Bak and Tang, 1989; Olami et al., 1992; Dahmen et al., 1998;
Preston et al., 2000; Vázquez-Prada et al., 2002), or the generation of aftershock and
foreshocks (e.g. Hainzl et al., 1999). When a model is designed this way, it is left
to evolve freely according to its rules, and all that is checked is whether the overall
results of the model are similar to the observations made in Nature or not.
The second goal requires data assimilation, that is, the process of absorbing and
incorporating observed information into the model. By this process, the model is
tuned and synchronized, at least partially, with the real system it tries to simulate. In
a meteorological model, data of atmospheric pressure, temperature, humidity, cloud
cover, precipitation, etc. measured in a given moment at different locations and
heights can be included. With this procedure, the model becomes a reasonably good
representation of the atmosphere at that moment. Then it can be used to calculate
the probable future atmospheric evolution (i.e. the third goal cited above).
Seismic data assimilation poses greater problems than its meteorological
equivalent. This explains (at least partially) the relative delay in developing reliable
forecasts of large earthquakes. The inner workings of both the atmosphere (e.g.
Houghton, 2002) and the lithosphere (e.g. Goltz, 1997; Turcotte, 1997; Keilis-Borok,
2002) are complex and chaotic, so they are inherently difficult to forecast. The
atmosphere is indeed a classical example of chaotic system (Lorenz, 1963), what
limits the predictability achieved by weather forecasts (e.g. Mason, 2003). However,
while meteorologists can probe the atmosphere every day at different places
and heights (and assimilate the obtained data in their models in near real-time),
lithospheric variables of paramount importance, such as the stress and strain,
can be measured only in certain places, and not at any time: earthquakes have
unobservable dynamics (e.g. Rundle et al., 2003). For example, the best current
compendium of stress magnitudes and directions in the lithosphere is the World
Stress Map (Zoback, 1992; Heidbach et al., 2008), whose entries are point static
time-averaged estimates of maximum and minimum principal stresses in space.
And the direct measurements of stress on active fault zones at depth are still scarce
(e.g. Ikeda et al., 2001; Tsukahara et al., 2001; Yamamoto and Yabe, 2001; Hickman
and Zoback, 2004; Boness and Zoback, 2004). The dynamical models would need
better spatial and temporal information of stress, both more abundant and more
systematically collected than that currently available (Rundle et al., 2004). It is thus
necessary to seek ways to tune and synchronize the models with more abundant
observable data.
177

A first step of data assimilation in models of earthquake faults is to
introduce information regarding the geometry (shape and location) and topology
(interrelations) of the active faults and their long-term behaviour. For example,
the long-term fault slip rate, and the average recurrence interval of the largest
earthquakes in the fault can be estimated from paleoseismological studies and
should be included in the models (Grant and Gould, 2004). Examples of this
approach are the works of Rundle et al. (2001); Rundle et al. (2004); Robinson (2004)
and Field (2015, Fig. 6.1). The surface deformation measured via Global Positioning
System (GPS) networks and by Synthetic Aperture Radar Interferometry (InSAR)
can also constitute input data for the dynamical fault models (Rundle et al., 2004).
Earthquakes themselves are indeed the most obvious observable events of
lithospheric dynamics, and could provide the most detailed data available to
assimilate in the models, but how? The earthquake rupture area could be an
important clue.
The rupture area and slip distribution in real earthquakes can be very complex
(e.g. Sieh, 1996; Langridge et al., 2002; Haeussler et al., 2004; Kanamori & Brodsky,
2004), but can be estimated in a variety of ways. The actual slip distribution can be
obtained by inverting the observed seismic waveforms (e.g. Cohee & Beroza, 1994;
Lee & Ma, 2000; Kanamori & Brodsky, 2004) or tsunami waveforms (e.g. Tanioka et
al., 2004; Baba & Cummins, 2005; Romano et al., 2014), and/or by geodetic modelling
of surface displacement (e.g. Yabuki & Matsuura, 1992). Some earthquakes produce
surface ruptures, which are useful for estimating the rupture area (e.g. Stirling et
al., 2002). Although most surface ruptures occur in large shocks, with magnitudes
larger than about 6, they have been reported for earthquakes with magnitudes down
to 2.5 (see the compilation of historic earthquakes with surface rupture by Yeats et
al., 1997, pp. 473-485). Also, the rupture area can be estimated from the seismic
moment (typically calculated from the amplitude spectra of seismic waves; Scholz,
2002; Kanamori & Brodsky, 2004), or from the moment magnitude (e.g. Wells &
Coppersmith, 1994; Stirling et al., 2002; Dowrick and Rhoades, 2004; Stirling et al.,
2013). Frequently the location of early aftershocks is used to determine the rupture
area of the mainshock (e.g Wells & Coppersmith, 1994), although the aftershock zone
tends to grow with time (Kisslinger, 1996) and is not necessarily a good indicator of
that area (Yagi et al., 1999).
Complex models with realistic fault geometry (e.g. Fig. 6.1) are able to reproduce
the rupture area and coseismic slip of historical earthquakes. It is thus possible to
force the model to reproduce the rupture of a historical earthquake, and let it evolve
from that moment onwards to see what could happen in the future. For example,
this was already achieved by Ward (2000), who developed a model including the
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network of main faults in the San Francisco Bay Area (California). He forced the
model to reproduce the San Andreas Fault surface coseismic slip of the 1906 San
Francisco earthquake, and let it evolve freely from that earthquake onwards, in an
attempt to simulate the probable sequence of earthquake ruptures during the next
3000 years.
But considering only the data of the largest earthquake in the series is probably
not sufficient to properly synchronize the model. Complex and chaotic systems are
very sensitive to the initial conditions. The information regarding only one event
probably does not sufficiently constrain the initial conditions, and the calculated
evolution will probably be a particular case of a large range of possible outcomes.
Could this panorama improve by forcing the model to reproduce all the observed
earthquake ruptures, including the small ones?
To check whether this idea works, at least to forecast synthetic seismicity, is the
purpose of this chapter. The number of large earthquakes recorded in individual
faults is typically scarce (very rarely more than ten large events, Ch. 5). This
hampers the ability to characterize statistically the effectiveness of any forecasting
method. In contrast, synthetic earthquake catalogues, generated by numerical
models of seismicity, can be as long as desired. This enables to ascertain, with robust
statistics, whether a forecasting strategy could be useful, before endeavouring to
apply it to real earthquake series.
In the following sections, the goal will be to forecast the largest earthquakes
generated by the minimalist model, a simple numerical fault model. We will show
that when all the earthquake ruptures generated by this model are imposed on other,
similar models, these become partially synchronized with the former. We use them
to declare alarms that efficiently mark the occurrence of the largest shocks in the
first model. The results are much better than those obtained with other strategies
that consider only the earthquake series. The model, albeit simple, is stochastic (it
involves randomness), so its efficient forecasting is not trivial. We will describe how
this stochasticity can be dealt with, by using an approach similar to the so-called
ensemble forecasting used in Meteorology (e.g. Palmer et al., 2005). The method
could be used in other more detailed and realistic models (stochastic or not) to test
our general conclusion: that they might be partially synchronized with actual faults
by being forced to reproduce the series of observed earthquake ruptures.
The next section describes the minimalist model and its properties. Then, we
outline the general scheme of forecasting and the strategies used as reference to
assess the merits of any other forecasting method in the model. Finally, the method
based on partial synchronization is explained and its possible utility discussed.
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6.2 The minimalist model
The minimalist model is the numerical model whose largest earthquakes we will try
to forecast. It was introduced in a previous work (Vázquez-Prada et al., 2002), and
has two main, apparently contradictory, advantages for the purpose of this chapter:
it is simple but, at the same time, it is difficult to forecast. Because it is simple,
several of its properties can be derived analytically, and it can be characterized in
detail with numerical simulations which do not require an impractical amount of
computer time. Because it is stochastic, it is difficult to forecast, so the results we
will obtain here are not trivial. In the following paragraphs we will explain how
the model works, and what are its main properties, comparing them with those of
actual faults.

6.2.1 Rules
The model is a simple (hence its name) cellular automaton. Cellular automata are
frequently used to model seismicity (see e.g. Malamud & Turcotte, 2000; Jiménez,
2013, for a recent review). When applied to modelling the generation of earthquakes
on seismic faults, these models represent a fault plane as a grid of cells (each cell
representing a fraction of the fault area), and the time evolves in discrete time steps.
Each cell’s state is updated at each time step according to rules that usually depend
on the state of the cell or that of its neighbours in the previous time step. These
rules can be designed according to certain friction laws (e.g. Ben-Zion, 2001), stress
transfer (e.g. Olami et al., 1992; Hainzl et al., 1999; Preston et al., 2000; Rundle et al.,
2000), and the mechanical effect of fluids (e.g. Miller et al., 1999; Miller, 2002). In the
minimalist model, as well as in other very simple cellular automata (e.g. Newman
& Turcotte, 2002; González et al., 2005; Tejedor et al., 2008, 2015, Ch. 5), these details
are ignored: the model is driven stochastically, there are only two possible states for
each cell, and the earthquakes are generated according to simplified breaking rules.
Let us now explain the simplified view of earthquake generation that the model
tries to sketch. In actual faults, the regional stress strains the rock blocks of the fault,
making portions (patches) of the fault plane to become metastable. That is, they
are static, but store enough elastic energy to propagate an earthquake rupture once
triggered. Different processes (for example, fault creep –aseismic slip– and plastic
deformation) dissipate stress along the fault plane, so stress is not directly converted
into elastic strain (e.g. Sec. 5.2). Earthquakes rupture some of the metastable patches
of the fault, that then become stable, thus relieving strain. The hypocentre of an
earthquake is usually located in a particularly strong patch of the fault plane, called
asperity (Kanamori & Stewart, 1978; Aki, 1984; Das, 2003; Lei et al., 2003). Asperities
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appear to be persistent features where earthquake ruptures start repetitively (e.g.
Aki, 1984; Okada et al., 2003, as also evidenced by the results of Ch. 2). Once the
rupture starts, it propagates along the fault plane until it arrives at a patch of the
fault that is not sufficiently strained. Then the rupture cannot propagate further,
and is arrested. The relatively stable patch that is not sufficiently strained and that
arrests the rupture is called a barrier (Das and Aki, 1977; Aki, 1984; Das, 2003).
The model, depicted in Fig. 6.2, sketches these features as follows. It represents
the fault plane as an array of N cells. This is the only parameter of the model. Each
cell is denoted by an index i. In previous papers (Vázquez-Prada et al., 2002, 2003;
López-Ruiz et al., 2004; Gómez & Pacheco, 2004; González et al., 2004), this array
was drawn vertically, in order to simplify its mathematical description. Here (as in
González et al., 2006a) the model will be drawn horizontally, in order to sketch the
fault plane in a way more similar to that of actual faults (which are usually longer
along the strike than along the dip, Fig. 6.1). Typically, cellular automaton models
discretize the fault plane in a similar way (e.g. Rundle et al., 2004; Field, 2015).
The cells can only be in one of two states: “empty” (stable) or “occupied”
(metastable). The state of the model at each time step can be described simply by
stating which cells are occupied and which are not. The increase of regional stress,
as in other simple models (Bak and Tang, 1989; Newman & Turcotte, 2002; Castellaro
and Mulargia, 2001), and particulary in the box model (Sec. 5.5 and González et al.,
2005), is represented by the random addition of balls, in an analogy with classical
experiments in probability theory involving balls in an urn (e.g. Johnson & Kotz,
1977). This randomness is a way of dealing with the complex stress increase in
actual faults. At each time step, one cell is selected randomly, and a new ball arrives
on it. That is, each cell has the same probability, 1/N of receiving the new ball. If
the chosen cell is empty, the ball “occupies” it. This means that the regional stress
has produced enough strain on that cell to make it metastable. If the cell is already
occupied, that stress ball is lost; this is analogous to stress dissipation on the fault
plane. The total number of occupied cells represents the total elastic strain on the
fault.
In the model, we assume that there is only one, persistent, asperity: the first
cell, i = 1, placed at one end of the array. This option is chosen because it
simplifies the analytical description of the model (e.g. Vázquez-Prada et al., 2002;
Gómez & Pacheco, 2004). This case can be easily extended, because, if the asperity
were located at a different site, the resulting model would be like two joined
minimalist models which share the same asperity. Extensions of the model to
two dimensions and to other spatial distributions of asperities have been explored
elsewhere (Tejedor et al., 2009b).
181

Figure 6.2: The minimalist model as a sketch of a seismic fault. The fault plane is divided
into an array of N equal cells (the only parameter in the model), denoted with an index i,
1 ≤ i ≤ N. Initially all cells are stable (empty). The increase of regional stress proceeds by
randomly choosing a cell at random at every time step, which will become metastable (if
already not so). As for the box model (Sec. 5.5), this is visualized by the random addition
of balls to the cells, one per time step, in an analogy to classical experiments in probability
theory (e.g. Johnson & Kotz, 1977). Earthquake ruptures start at an asperity, the cell i = 1,
when randomly selected (so a ball arrives to it). The rupture propagates through all the k
consecutive metastable (occupied) cells. The rupture area (a measure of earthquake size) is
k (which equals 3 in the example shown).
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When a ball fills cell i = 1, a rupture starts there, and propagates through all
the consecutive metastable cells until it is arrested by a stable cell. That is, if all
the successive cells i = 1 to i = k are occupied, and cell k + 1 is empty, then the
effect of the earthquake is to empty all the cells from i = 1 to i = k. The other
cells, i > k remain unaltered. The cell k + 1 is a barrier: it is empty (stable), so the
rupture cannot propagate through it. The size (rupture area) of the earthquake is k,
the number of cells broken in the synthetic earthquake. Thus, the earthquake size in
the model is discrete, 1 ≤ k ≤ N. Earthquakes, in practice, are instantaneous in the
model (they do not last for any time step). This represents the fact that earthquake
ruptures are, indeed, much faster than the slow stress loading represented by the
addition of balls.
The random addition of balls is what makes the model stochastic.

It also

determines the rate at which earthquakes occur in the model. At each time step,
independently of the previous earthquake history, there is a probability 1/N for the
incoming ball to arrive at cell i = 1 and start an earthquake. Thus an earthquake,
on average, occurs randomly once every N steps, that is, in a Poissonian process
with rate 1/N. In consequence, the time between any two consecutive earthquakes
follows a geometric probability distribution (see Sec. 5.5.2.1 for definition).
The cellular-automaton approach of this model is similar to that of the “forest
fire” models, in which clusters of interconnected occupied cells (“trees”) “burn”
and are reset to empty when they are randomly struck by “lightning” (Drossel and
Schwabl, 1992; Henley, 1993). The utility of this kind of models for earthquake
physics has been noted by Rundle et al. (2003), and extensions of the minimalist
model have followed such a scheme (Tejedor et al., 2009b). In the minimalist model
there is no random “lightning”: the clusters of interconnected metastable sites are
only emptied if they are connected to the cell i = 1 and if this fails.

6.2.2

Main properties

The minimalist model, because of its extreme simplicity, lacks the detailed
description of the seismic process that a fully dynamical model can display. For
example, it does not include the effects of fault friction, elastic stress transfer, or
the role of fluids that more complex models can take into account. However, it
spontaneously displays several properties that are comparable to those of actual
faults, outlined as follows:
1. Earthquake size-frequency distribution.

It is of the characteristic-earthquake

type (Wesnousky et al., 1983; Schwartz & Coppersmith, 1984; Youngs &
Coppersmith, 1985; Wesnousky, 1994), frequently observed in seismic faults
183

(e.g. Wyss, 2015, , and references therein), especially those with simple
traces (Stirling et al., 1996) and in other numerical models if the fault
plane is homogeneous (e.g. Rundle and Klein, 1993; Main, 1996; Dahmen
et al., 1998; Steacy and McCloskey, 1999; Moreno et al., 1999; Hainzl and
Zöller, 2001; Heimpel, 2003; Zöller et al., 2005; Ben-Zion, 2008).

In this

distribution (Wesnousky, 1994), the magnitude-frequency distribution follows
the Gutenberg-Richter distribution (Ishimoto & Iida, 1939; Gutenberg &
Richter, 1944, 1954, Eq. 3.10) for small and moderate earthquakes, but there
is a relative excess of the largest events (called characteristic earthquakes) which
involve the slip of the whole fault or most of it (Fig. 6.3).
Note that earthquake size (k) is a proxy to the area of slip (A). In natural
earthquakes, magnitude scales approximately as M ∝ log A (e.g. Shaw,
2009), so a Gutenberg-Richter distribution (Eq. 3.10) will be shown as a
straight line (power law) decay in this log-log plot. Detailed insight on this
decay for the minimalist model was presented by López-Ruiz et al. (2004).
The Gutenberg-Richter distribution observed in regional seismicity, which
includes contributions from many faults (e.g. Ch. 3) can be reproduced adding
up the seismicity of an ensemble of minimalist models whose sizes (N) are
distributed as in actual faults (López-Ruiz et al., 2004). It can also result from
changing the model by either adding more asperities where earthquakes can
originate, not just one (increasing the heterogenity of the fault plane, Tejedor
et al., 2009b), or from removing all barriers, so that each earthquake empties
all occupied cells (Tejedor et al., 2008).
2. Duration of the earthquake cycle. The earthquake cycle of a fault is the time
interval between two consecutive large earthquakes, which involve rupture
and/or slip of the whole fault or fault section (e.g. Scholz & Gupta, 2000, and
Ch. 5). A seismic cycle of the minimalist model lasts the time elapsed between
two consecutive earthquakes of size N. Its duration is a stochastic variable,
with a discrete probability distribution function, denoted by PN (n) (Fig. 6.4).
This distribution has been proven useful as a renewal model to fit series of
large earthquakes in individual faults (Gómez & Pacheco, 2004; González et
al., 2005, and Sec. 5.7). Note that, despite the occurrence of earthquakes of any
size in the model is Poissonian, the occurrence of earthquakes of a specific size
(such as N) is not, because the maximum possible size of an event depends on
the size of the previous event and the time elapsed since it occurred.
3. Stress shadow. When a fault generates a large earthquake, the elastic strain is
reduced, and typically a minimum time has to elapse until the fault, by slow
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Figure 6.3: Earthquake size-frequency distribution in the minimalist model, for different
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2004; González et al., 2005, and Sec. 5.7).
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tectonic deformation, accumulates enough strain to generate another large
earthquake. This effect is called stress shadow (e.g. Harris, 2000; Scholz, 2002,
and Secs. 5.5.2.6 & 5.7.2 ). In the minimalist model there is a stress shadow: if
an event of size k takes place, at least k time steps have to elapse until another
event of that size can occur.
4. Pattern of strain loading. In actual faults and in laboratory experiments, the
strain increases rapidly just after a large earthquake, and then more slowly,
because of fast post-seismic reloading or by progressively increasing stress
dissipation (e.g. Anthony & Marone, 2005; Michael, 2005; Bourgeois, 2006,
Sec. 5.2). In the model, the total elastic strain (or conversely the total shear
stress or the potential elastic energy) is represented by the occupancy (the total
number of occupied cells, Fig. 6.5), which has a similar pattern. Just after a
large earthquake, there are fewer occupied cells, so it is more probable for the
incoming balls to land on empty cells, and the occupancy grows faster than
later on (Fig. 6.5).
In this model, the system resides in a high level of occupancy during most of
the time (Vázquez-Prada et al., 2002). In each cycle, there are two consecutive
stages. Starting from the empty state, the occupancy increases, but not in
a monotonic way, because of the dissipation of balls which land in already
occupied cells, and also by the occupancy drops caused by earthquakes with
k < N. Eventually, all the N − 1 cells except the asperity are occupied, and the
occupancy resides in this maximum level forming a plateau (Fig. 6.5) until a
ball is randomly assigned to the first cell. Then, an earthquake of maximum
size takes place, all the load in the system is lost, and a new cycle begins.
Because in the model there are earthquakes of different sizes, this loading
pattern is richer and more complicated than in the box model (where the
plateau in occupancy at the end of the cycle is analogous, but earthquakes
had only one possible size, Sec. 5.5) or in simple laboratory experiments (Sec.
5.2). While in the box model the occupancy completely described the system
at any time step, describing the configuration of the minimalist model requires
specifying which cells are occupied (e.g. Vázquez-Prada et al., 2002).
5. Seismic quiescence.

The model displays seismic quiescence (absence of

earthquakes) before the characteristic events.

Once N − 1 cells become

occupied (Fig. 6.5), only an earthquake of size N (and not smaller) can
occur, and from that moment onwards this requires, on average, N time steps.
Seismic quiescence has been observed preceding many large earthquakes
(e.g. Wyss and Habermann, 1988; Scholz, 2002), although in other cases the
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Figure 6.5: Seismic cycles in the minimalist model. The number of occupied cells along
ten cycles is represented for a model with N = 20 cells. This occupancy is analogous to
the total elastic strain accumulated in the fault. Sudden drops correspond to earthquakes.
Each seismic cycle ends with an earthquake of size N. Compare with the simpler patterns
obtained by the box model (where earthquakes had only one size, Fig. 5.4) and in simple
laboratory experiments (Fig. 5.1).

opposite effect (increased activity) has been observed (e.g. Bowman et al.,
1998; Reasenberg, 1999; Tiampo et al., 2002). The minimalist model does not
show this last behaviour. The statistical significance of these precursors in real
seismicity has yet to be proven (e.g. Hardebeck et al., 2008; Rundle et al., 2011).

6.3 General scheme of binary temporal forecasting
In this section we will briefly recall the general framework for the binary temporal
forecasting of earthquakes, already outlined in Sec. 5.6, and the strategies used
as baselines specifically for the minimalist model. In the latter, earthquakes can
have various sizes, so it is necessary to define precisely which target earthquakes
we wish to forecast. In models (e.g. Pepke & Carlson, 1994; Hainzl et al., 2000),
as in real seismicity, they are usually the largest ones. As in previous attempts
(Vázquez-Prada et al., 2003), in the minimalist model it is natural to choose as target
events the characteristic earthquakes (size k = N), as they mark a distinct peak in the
size-frequency diagram, being much more frequent than other large earthquakes.
Along the time series of the model, “‘alarms” will be turned on in periods when
characteristic earthquakes are expected, and turned off when they are not.
As a first remark, we have to consider that the model is stochastic, so it is
not predictable with absolute precision. Only simple deterministic systems are
fully predictable. The evolution of complex systems, such as the atmosphere or
the lithosphere (even if they were deterministic) is very sensitive to the initial
conditions. As these complex systems cannot be fully characterized, they turn out
not to be fully predictable either.
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The fraction of errors, f e , and the fraction of alarm time, f a , will be used to
quantify the forecast skill (Sec. 5.6). The fraction of false alarms, f f , will be also
computed. It is included in f a , and defined as the ratio of the total duration of false
alarms to the total duration of the time series. Of course, a good forecasting strategy
should render small f a , f e and f f . However, as a general rule, a strategy that renders
low f e tends to require large f a and f f . As in the previous chapter (Sec. 5.6) We will
try to minimize the loss function L = f a + f e .
We describe here three forecasting strategies, based on the earthquake series, that
we will use to asses the merits of the new strategy described later in this chapter.
The first two strategies (the random guessing strategy and the so-called reference
strategy) can be used in any system, and were already used in the previous chapter
with the box model. The third one is specific to the minimalist model, and serves to
determine its maximum theoretical predictability.

6.3.1 Random guessing strategy
In this strategy, the alarm is randomly turned on and off, during a certain fraction
of alarm time, f a . To be statistically significant, any forecasting strategy must render
better results than a random guess. A natural way to measure this improvement is
to consider the loss function L = f a + f e . In the long term, if L = 1 means that the
strategy performs as a random guess, while L = 0 would be a perfect forecast (see
Sec. 5.6.1 for details).

6.3.2 Reference strategy
The reference strategy consists simply in declaring an alarm some time after each
target event, and maintaining it on until the next target event, as explained in the
previous chapter (Sec. 5.6.2). For the minimalist model, we can look for the number
of time steps n to use with this strategy for obtaining the smallest L. In a previous
paper (Vázquez-Prada et al., 2003) we observed that indeed, for each N, there is a
n which minimizes L. In Fig. 6.6, the minimum L that can be obtained with this
strategy is plotted for N between 2 and 20, in the curve labelled “Reference”.
This method does not generate any false alarm, and only takes into account
the occurrence of the largest earthquakes. The only information required is the
statistical distribution (probability distribution function) of the duration of the
cycles (Vázquez-Prada et al., 2003, and Sec. 5.6.2). These results (Fig. 6.6) have
negligible uncertainty, since they have been calculated by numerical simulations
with three million seismic cycles for each N.
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Taking into account the effects

Figure 6.6: Comparison of the best forecast results obtained for each strategy, for various
system sizes (N). The loss function (L) equals the sum of the fraction of errors ( f e ) and the
fraction of alarm time ( f a). A lower L indicates a better forecast of the largest earthquakes
in the model. A random guessing strategy would render L = 1 for any N, while L = 0 would
mean a perfect forecast. The model is stochastic, and thus not completely predictable: the
“ideal” strategy marks the lowest possible L and is deduced analytically (Appendix A.2).
The “reference” strategy is based only on the series of the largest earthquakes in the model.
The three strategies labelled “clones” provide the best practical results, and are based on the
synchronization of models with the minimalist model whose largest earthquakes we try to
forecast.

of smaller earthquakes, the forecast can be modestly improved in the model
(Vázquez-Prada et al., 2003).

6.3.3

Ideal strategy

As the minimalist model is very simple, it is possible to explore its maximum
predictability. The ideal strategy needed for getting this result, unlike the two
previously described, is model-specific. It is deduced in Appendix (Sec. A.2). This
ideal result could only be obtained if we could “see” inside the model to check at
each time step which cells are occupied and which are not. Thus it requires a perfect
knowledge of the system, and equivalent strategies cannot be used with actual faults
where we cannot know the detailed state of stress and strain. Ideally the alarm
should be declared at the instant in which N − 1 cells of the model are full (just
at the beginning of the plateau with seismic quiescence commented on in Section
6.2.2). Then, it should be maintained on until the next characteristic earthquake.
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This strategy has no errors and no false alarms ( f e = 0, and L = f a ). As the model
is stochastic, f a is not zero; a minimum alarm time is needed to forecast all the
characteristic earthquakes. It is given by f a = L = N/⟨n⟩, where ⟨n⟩ is the average
duration of the cycles (which depends on N). This L is also plotted in Fig. 6.6, in the
curve labelled “Ideal”. This is the rigourous minimum L that can be obtained in the
model. A good forecasting strategy should produce a L lower than the “Reference”
curve and as close as possible to the “Ideal” curve.

6.4 Synchronization-based forecasting
In this section we will describe the novel forecasting method based on the
synchronization between models, obtained by imposing the rupture area of a
minimalist model onto other, similar models.
Synchronization is the process by which two systems adjust a given property of
their evolution. Synchronization processes in complex systems are an expanding
topic in Statistical Physics, with applications to a wide variety of natural phenomena
(e.g. Arenas et al., 2008). Originally (González et al., 2004), the research of this
chapter was partially inspired by ideas on anticipated synchronization between
chaotic oscillators (e.g. Voss, 2000, 2001a,b,c; Masoller, 2001; Toral et al., 2001; Ciszak
et al., 2003; Calvo et al., 2004; Lindner et al., 2004).
It has been demonstrated, both theoretically and experimentally, that it is
possible to synchronize even chaotic systems under certain conditions, by coupling
or forcing them (e.g. Boccaletti et al., 2002). For our case it is relevant the so-called
unidirectional coupling, in which one system (called the master) evolves freely and
drives the evolution of the other (called a slave or replica). Synchronization between
cellular automata models has been explored since long ago (e.g. Romani, 1976;
Morelli & Zanette, 1998; Urías et al., 1998), but, as far as we know, not with the
purpose of forecasting the evolution of a system.
We will try to forecast the characteristic earthquakes generated by a minimalist
model with N cells. This model will be called master. We will consider it as if it
were an actual fault, from which we can know the rupture area of its earthquakes
(equivalent to the number of cells broken, k), but not the strain or stress at depth
(equivalent to the occupation state of the model cells). As in an actual fault, we
cannot change the state of the master at any moment.
In this forecasting method we will use other models, which we call clones
(González et al., 2004, 2006b). These are equivalent to the models devised for
forecasting the future evolution of the fault. We will modify their evolution at will,
and their governing rules will be different than those of the master.
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In this chapter, for simplicity, we will consider that the clones are also arrays of N
cells. The average duration of the earthquake cycle in the model (average recurrence
interval of the characteristic earthquakes), ⟨n⟩, strongly depends on N (Gómez &
Pacheco, 2004). Choosing a different N for the clones will imply a different loading
rate of the cells and a different average recurrence interval of the characteristic
earthquakes in the clones than in the master. These effects would require further
tuning of the clones, which would complicate the following discussion.
We will use a total of Q clones, that will be loaded (one ball per time step and
per clone) at the same time as the master, but randomly and independently to the
master and to each other. We will apply some procedures for partially synchronizing
the clones with the master. Namely, if in a given time step the master does not
generate any earthquake, we will oblige the clones not to generate any earthquake
either. And if the master does generate an earthquake, we will force the clones to
reproduce the rupture area of this earthquake, as described below in more detail.
Note that, although the master and the clones are driven simultaneously, the effects
of the master are dealt with first.
By using several clones, we can take into account a broad range of possible
evolutions. The master and the clones are all stochastic, so each one evolves trough
time in a different way. By using only one clone, we could not be very sure that it is
satisfactorily mimicking the evolution of the master. However, if several of these Q
clones are in the same state, then it is more probable that the master is also in that
state. If the clones were deterministic, only one would be required.
We have commented before (Sec, 6.3.3 and Appendix Sec. A.2) that the ideal
forecasting strategy for the minimalist model will be to declare the alarm just when
N − 1 cells of the model become occupied. Then the master enters the stage of
seismic quiescence, or plateau, and the next earthquake is the characteristic one. We
will try to determine this ideal instant as well as possible with the clones. For this,
we will use a “democratic” procedure: we will declare an alarm when a minimum
of q clones “vote” (become occupied to a certain threshold, described below). Later
on we will explore the combinations of Q and q that render the best results.
Once the alarm is declared, it is maintained on until the next earthquake in the
master. If it is a characteristic one, this is a successful forecast. Its rupture is imposed
on the clones (so we reset all the cells of the clones to empty) and a new cycle starts.
If the next earthquake is not a characteristic one, this represents a false alarm. We
will disconnect the alarm, and impose the rupture on the clones as is done with
any other earthquake. Of course, if a characteristic earthquake takes place when the
clones have still not declared the alarm (when less than q clones have voted), this
is a forecast failure. If the clones declare an alarm in the same time step in which
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the master generates a characteristic earthquake, we also consider this as a forecast
failure.
The exact rules for driving the clones will follow one of the three approaches
commented on below. Each approach implies a different knowledge of how the
master works, and a different way of imposing the rupture area on the clones. They
are depicted in Fig. 6.7 and described as follows:
1. This first approach will indicate the best result that can be obtained with
the synchronization-based forecasting. For this reason, the clones are indeed
minimalist models identical to the master (González et al., 2004). The clones
are loaded only if the master does not generate an earthquake in that time
step. We know that in this case the ball in the master has gone to one of the
cells i ≥ 2, so the balls in the clones will be randomly thrown to the cells i ≥ 2.
We also consider as known that, just after an earthquake with rupture area k,
the first k + 1 cells in the master, for sure, are stable (the k just broken plus
the one that acts as a barrier for the rupture). Thus, if the master generates an
earthquake of size k, we will reset to empty the first k + 1 cells of the clones. A
clone votes when N − 1 of its cells are full. An example of the evolution of the
loading of a master and a clone obtained by using these rules is shown in Fig.
6.8.
2. In this second approach, we are more ignorant about how the master works.
At every time step we will throw the balls to any of the cells in the clones. If
the master generates an earthquake of size k, we only know which cells have
ruptured, so we will reset to empty only the first k cells of the clones. A clone
votes when its N cells are full.
3. In the third approach we know even less. At every step we will throw the
stress balls to any of the cells in the clones. When an earthquake takes place in
the master, we only know its size, and thus its rupture area, k, but not exactly
which cells have ruptured. Thus, we will randomly empty k occupied cells of
each clone. If the clone has less than k occupied cells, all are emptied. A clone
votes when its N cells are full. In this approach the positions of the cells in the
clone are irrelevant. Each clone is thus equivalent to the box model (González
et al., 2005, Sec. 5.5).
Ideally each clone should have the same number of occupied cells as the master.
The fraction of time, τ, during which this happens is a measure the degree of
synchronization between them. If two independent masters run simultaneously,
they have the same number of occupied cells, just by chance, during a certain τ.
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Figure 6.7: Forcing models to reproduce the earthquake of another model. Models called
clones (C) are forced to reproduce the rupture area of each earthquake of a model which
evolves freely (the master, M), so they become partially synchronized with the latter. In the
example, the master generates an earthquake with rupture area k = 3. Three approaches
are used. In the first one (C1), the first k + 1 cells rupture and will be reset to empty. In
the second one (C2), this occurs only with the first k cells. In the third approach (C3), this
happens to k occupied cells chosen randomly. The first cell of the clones can be occupied
only in the second and third approaches.

Figure 6.8: Synchronization between a master model and its clone. Both models are loaded
independently and stochastically, but the loading state (occupied cells) of the clone becomes
partially synchronized with that of the master. This is achieved by forcing the clone to
reproduce the rupture area of each earthquake generated by the master. The example shows
ten seismic cycles in which the first synchronization approach was used (C1 in Fig. 6.7).
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Figure 6.9: Synchronization of occupancy in the models. Left: The fraction of time, τ,
during which two models have the same number of occupied cells. This depends on
whether they are two independent masters (τ0 ) or a master and a clone (governed by
one of the three different synchronization approaches: τ1 , τ2 and τ3 ). Right: The relative
improvement, defined as τn /τ0 .

When a clone and a master are compared, this τ greatly increases, as shown in Fig.
6.9: partial synchronization is achieved. The best results, as expected, are obtained
with the first of the three approaches.
The results of f a , f e , f f and L = f a + f e , for different values of Q and q can be
plotted as in the diagrams of Fig. 6.10. In this figure we have plotted only results
corresponding to the first of the three approaches and N = 20, but similar figures,
with the same overall properties, can be drawn for the other two approaches and for
any N (see below). There are simple trends in these graphs. In general, a forecasting
strategy that produces lower f e tends to require higher f a and f f . If Q is fixed (same
row), the greater the q, the later the alarm is declared, so f a and f f are lesser and
f e is greater. If q is fixed (same column), the greater the Q, the earlier the alarm is
declared, resulting in the opposite trend.
We are interested in finding the combinations of Q and q that minimize L.
The interesting fact is that the sum f a + f e shows a rectilinear “valley” for certain
combinations of Q and q, marked with squares in the graph of Fig. 6.10. This valley
goes down as Q and q increase. In Fig. 6.11 it can be observed that the valley
goes down indefinitely, tending to a lowest asymptotic value of L. We estimate
this value, as a function of Q, with a three-parameter exponential fit of the form
F = a exp[b/( Q + c)], where a, b, and c are parameters. This fit describes the
observations very well, and in the figure it is indistinguishable from the lines shown
connecting the points of L. The value of a is the asymptotic one for Q → ∞. This
value is represented, for each N, in Fig. 6.6. The f a , f f and f e also have asymptotic
trends along this valley of L, also plotted in Fig. 6.6. They can also be fitted with
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Figure 6.10: Example results of the forecasting with synchronized models. Fraction of
alarm time ( f a ), fraction of false alarm time ( f f ), fraction of errors ( f e ), and loss function
(L) obtained with the the first synchronization-based forecasting approach, for N = 20 and
different numbers of clones (Q) and votes (q). The squared cells mark a rectilinear valley in
the values of L.
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Figure 6.11: Asymptotic results for large numbers of synchronized models. Loss function
(L), fraction of alarm time ( f a ), fraction of false alarm time ( f f ) and fraction of errors
( f e ) obtained with the first synchronization-based forecasting approach, for N = 20 and
different numbers of clones (Q) along the rectilinear valley observed in L in Fig. 6.10 (the
first five points of each curve correspond to the cells marked in that figure). The asymptotic
L is approximately reached already for several tens of clones, and for infinite ones it can be
extrapolated from a precise exponential fit (which overlaps with the lines shown connecting
its points). The asymptotic values of L are those shown in Fig. 6.6

the same kind of three-parameter distribution, to estimate their asymptotic values
as Q → ∞. A nice property is that, as shown in Fig. 6.6 for a certain case, these
approaches forecast most of the characteristic earthquakes ( f e is low), and have a
very small fraction of false alarms. Note also that a few tens of clones already render
results close to the asymptotic ones.
As can be noted in Fig. 6.6, the synchronization-based strategies perform much
better than a random guess, and also much better than the reference strategy. Their
results are intermediate between the ideal forecast and the reference one. The
second and third synchronization-based approaches give only slightly greater L
than the first one. The differences are large only for small N. Although the first
approach synchronizes more efficiently each individual clone with the master (Fig.
6.9), this effect is compensated by using many clones.
To assess the performance of the method with larger systems, we plot in Fig.
6.12 the results of L for the three approaches, for N = 100 and up to 60 clones.
As occurred for smaller N, a rectilinear valley is observed in the graphs, and this
tendency can be extrapolated to estimate the asymptotic value of L. Note that the
results for the first and second approaches are almost identical (although L is slightly
larger in the second approach). With the third approach, L decays to its asymptotic
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Figure 6.12: Example forecasting results with a larger system. Loss function (L) obtained
with the three synchronization-based forecasting approaches, for N = 100 and different
numbers of clones (Q) and votes (q). The squared cells mark rectilinear valleys in the values
of L.

Figure 6.13: Synchronization with the ideal moment to turn the alarm on. Probability that
a clone or thirty clones (with q = 5; the uppermost squared cell in L in Fig. 6.10) declare an
alarm in a given time, around the instant when it should for obtaining the ideal forecast.

value more slowly (the valley floor has a smaller slope, so more clones are needed to
achieve a given low L). The asymptotic values of L, however, are very similar in the
three cases (0.298 for the first and second approaches; 0.306 for the third one). Note
that these values are smaller than for N = 20, as expected from the trend observed
in Fig. 6.6. The f a , f e and f f show trends similar to the ones described for Figs. 6
and 7. The asymptotic f e is very low (0.062, 0.075 and 0.071 for the first, second, and
third approach, respectively).
Another way to measure the synchronization of the clones with the master is
drawn in Fig. 6.13 for N = 20. The ideal strategy (Section 6.3.3 and Appendix A.2),
would be to declare the alarm just when N − 1 cells of the master are full. The figure
shows how a single clone declares the alarm around that moment, but a group of
clones marks this moment with enhanced probability.
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6.5 Discussion and conclusions
In this chapter we have tried to provide some insight into how to synchronize
numerical models with seismic faults, in order to better forecast large earthquakes
in them. The idea is that, although we can rarely measure the stress and strain
in actual faults, we can estimate the rupture area and coseismic displacement of
their earthquakes. If we force a calibrated model to reproduce every earthquake
rupture of the fault it simulates, probably the model will be synchronized with the
fault. Then it could be used to forecast the future evolution of the fault, including
future large earthquakes. This idea is not completely new: e.g. Ward (2000) forced
a model to reproduce a large-earthquake rupture and run the model forward to
see what could happen in the future. The results of this chapter expand on earlier
ones (González et al., 2004), and are still only theoretical, but fully quantitative.
We demonstrate that it is possible to partially synchronize numerical fault models
between themselves, and use this to forecast synthetic earthquakes.
One of the models, called the master, evolves freely. We consider it as an actual
fault, from which we can know the rupture area of its earthquakes, but not the strain
or stress at depth. Our goal is to forecast the largest earthquakes it generates. In
the synchronization-based forecasting, we use several other models, called clones,
similar to the master (calibrated to have the same average recurrence interval of
large earthquakes that the master has). These clones are equivalent to the models
that can be devised to simulate a seismic fault. They are run simultaneously and
independently to the master and to each other. We force them to reproduce the series
of earthquake ruptures of the master, and this makes them partially synchronized
with it. In simple words, if the master does not generate an earthquake, we preclude
any earthquake in the clones; if the master does generate an earthquake, we impose
the same rupture area on the clones. When several of the clones indicate that a
large earthquake is impending in the master, we declare an alarm. This efficiently
forecasts most of the largest earthquakes of the master, with a relatively low fraction
of total alarm time and few false alarms. These results are robust: they are almost
the same when the exact rules for imposing the earthquake ruptures vary, and this
good performance is observed along the whole range of model sizes considered.
This synchronization-based forecasting outperforms other procedures based only
on the earthquake series of the model (Vázquez-Prada et al., 2003; González et al.,
2004).
The master and the clones are stochastic (random), so each individual clone is
only partially synchronized with the master. However, when several clones are in
the same state, then it is more likely that the master is also in this state, so the group
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of clones achieves much better forecasting skill than only one clone. If the clones
were deterministic, as a general rule only one would be needed; more clones would
have identical evolutions if run with the same initial conditions. In our approach,
each clone marks a possible state of the master among a range of possible options.
Several deterministic clones could also be used with different initial conditions.
The procedure developed here is a kind of ensemble forecasting, in which several
models are run to obtain a better picture of how a system will evolve. This concept
is used in atmospheric forecasting (Palmer et al., 2005): several models are run
simultaneously, and their average or weighted result has a larger forecasting ability
than that of each constituent model individually (Houghton, 2002; Palmer et al.,
2005). Each model in this approach typically has slightly different initial conditions,
to take into account measurement errors and then to represent one possible state of
the atmosphere, among various possibilities.
Our procedure also shares some similarities with certain earthquake forecasting
algorithms (Kossobokov et al., 1999; Keilis-Borok & Soloviev, 2003), in which several
seismicity functions are evaluated in real time. When several of these functions
indicate that a large earthquake is probable, an alarm is declared. In our approach,
the clones are performing a role similar to these functions, monitoring what is
happening in the master.
Our proposal is that a possible way to synchronize more complex, calibrated
models with real faults might be to force them to reproduce the past series of
earthquakes (with the same rupture area and/or coseismic displacement). This
would need to be tested in the future. Also it will be possible to test whether this
procedure works in the forecasting of synthetic earthquakes in other models.
As far as we know, this is the first time that a forecasting method based on the
synchronization of purely stochastic systems has been developed. It is also the first
time that ensemble forecasting has been applied to numerical models of seismic
faults. More recently, ensemble earthquake forecasts have been proposed for models
of regional seismicity (e.g. Marzocchi et al., 2012).
Forcing the models to reproduce only one large observed rupture (as in Ward,
2000) probably is not enough (this is certainly the case in our stochastic model).
Complex and chaotic systems, such as the lithosphere, are very sensitive to initial
conditions. Forcing the model to reproduce only one rupture probably does not
constrain the initial conditions sufficiently. We propose that every observed rupture,
albeit small, should be considered. Small earthquakes are much more frequent than
large ones, thus providing much more data (e.g. Ch. 2). Moreover, they provide
insight into the mechanical state of the crust (e.g. Seeber and Armbruster, 2000) and
into the mechanics of earthquake rupture (e.g. Rubin, 2002). Their location may
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indicate the patch of the fault plane which is experiencing higher stresses and is
likely to rupture in the next large shock (e.g. Schorlemmer & Wiemer, 2005). Finally,
they are important in the transfer of stress within the lithosphere, and in earthquake
triggering (e.g. Helmstetter et al., 2005).
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C HAPTER 7

Conclusions
We are a way for the Cosmos to know itself.
Carl Sagan (1980)
The next paragraphs summarize the main conclusions of this doctoral
dissertation, following the order of the chapters in which they were presented.
Distances between past earthquakes forecast the distance to the next earthquake
• A new method without any parameter is proposed for forecasting the location
of earthquakes in space, based on the locations of past earthquakes and their
empirical distribution of nearest-neighbour distances.
• The method calculates the probability that the next earthquake will occur
within any given distance from previous ones.
• The probabilistic maps obtained with this technique are tested and updated
with every new earthquake, so that they refine automatically (self-sharpen).
• This new method is applied to forecast retrospectively the location of
epicentres in three earthquake catalogues: for the whole Earth, southern
California and the Iberian region.

In all them, the expected fraction of

earthquakes is observed to take place within each distance threshold.
• A minimum number of past earthquakes (typically ∼ 1000) is required to
obtain the expected results. The method could be used to assess whether the
earthquakes recorded in a region are numerous enough to be representative of
the longer-term spatial distribution of seismicity.
• Daily, during six years, the Southern California Earthquake Center, within
the Collaboratory for the Study of Earthquake Predictability, has calculated
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forecast maps with an adapted version of this method, and tested them,
for the whole Earth, California and the western Pacific. This became the
first contribution from Spain to this international collaboration. The results
obtained are similar to the retrospective ones, and better than those of the
method typically used as a reference.
• The new method could thus be used as an improved, non-parametric reference
baseline to compare with the performance of more complex models.
• Kernels used for calculating spatial earthquake probabilities should mimic as
closely as possible the observed distribution of nearest-neighbour distances
between past earthquakes.
The National Spanish Earthquake Catalogue
• The development of the National Spanish Earthquake Catalogue (compiled by
the Instituto Geográfico Nacional) is reviewed in detail.
• Catalogue heterogeneities are found to arise because of the changing seismic
network, the introduction of new earthquake location procedures, and the
modification of formulae used to calculate magnitudes.
• The hypocentral location precision is typically much better in the Iberian
Peninsula than elsewhere, especially for the hypocentral depth. Earthquakes
in distant offshore areas are the least precisely located. The precision improved
with time, especially with the introduction of new procedures for automatic
detection and location of earthquakes in November 1997.
• The magnitude of completeness of the catalogue during the instrumental
era is analysed in detail for the first time. It is shown to have improved
(lowered) along the decades, especially thanks to the new automatic detection
procedures since November 1997 and to the deployment of the broadband
network since the early 2000’s.
• The magnitude of completeness is spatially heterogeneous, as highlighted
by successive maps for different periods.

It is lower in the most

densely monitored areas, and increases further away and in regions where
intermediate-depth earthquakes are more frequent.

It is also clearly

affected by the different magnitude scales used for closer and more distant
earthquakes.
• A weekend effect (more earthquakes are recorded during weekends) is found
in the catalogue for the first time, as well as the already known daily variations
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(more earthquakes are recorded during nighttime). Both effects are interpreted
as due to the less complete earthquake detection during weekdays and
daytime because of the higher artificial noise.
• Clear cases of contamination by quarry and mine blasts are pinpointed, so
despite the efforts of network operators, not all artificial blasts are screened
out of the catalogue. In examples from large scale underground mines, blasts
are set off even during nights and weekends, contrary to the usual assumption
that blasting is only performed during daytime in weekdays.
Measurement of areas on a sphere using Fibonacci and latitude–longitude lattices
• The Fibonacci lattice is proposed as a homogeneous sampling scheme for
measuring areas numerically on the sphere. It is applied to measure the areas
of the Earth where earthquakes are expected with a given probability.
• This lattice provides a more efficient sampling (and thus less computation
time) than the latitude-longitude lattice typically used for numerical area
measurements.
• For approximately the same number of lattice points, the maximum root mean
squared error of the area measurement is ∼ 40% smaller with the Fibonacci
lattice than with the latitude-longitude counterpart. This is partially explained
using analytical arguments from similar mathematical problems on the plane.
• The maximum errors of the area measurement with the Fibonacci lattice are
also smaller, and decay faster with the number of points used. If about a
million points are used, as is commonly the case, the maximum error is one
order of magnitude smaller than with the latitude-longitude lattice.
Probabilistic temporal forecasting of large earthquakes in the Parkfield section,
San Andreas Fault
• The box model, a new stochastic system with only one parameter, is proposed
as an idealized representation of the seismic cycle of a fault. The pattern of
loading in the model is similar to the pattern of stress (or elastic strain) increase
in laboratory friction experiments, and to the expected one in actual faults.
Sudden unloading in the model is analogous to an earthquake, which reduces
the stress and elastic strain.
• Despite the model is random, the resulting series of synthetic earthquakes is
quasi-periodic (more regular in time than in a Poisson process).
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• The quasi-periodic series of mainshocks with magnitude ∼ 6 generated
by the Parkfield section of the San Andreas Fault is not well fitted by
a time-independent Poisson process.

It is more adequately described as

renewal process, in which the probability of the next event changes with time,
depending on the period elapsed since the last one.
• Just after the occurrence of the last Parkfield mainshock (September 28th,
2004), fits of the series using renewal models were submitted for publication.
These included classical probability distributions (gamma, log-normal,
Weibull), as well as others based on simple descriptions of the earthquake
generation (Brownian passage time, minimalist model and box model). The
available data is well fitted by all these models.
• The renewal models were used to calculate the annual probability for the
next mainshock at Parkfield along the next decades. All time-dependent
models forecast a low or even null probability in the first years since the last
mainshock, consistent with the fact that the next one has not yet occurred at
the time of this writing.
Insights on a way to synchronize models with seismic faults for earthquake
forecasting
• Except for a Poisson process, in which events are completely uncorrelated
from each other, a stochastic system is predictable to some extent, albeit
randomness imposes a limit to its predictability.
• The largest earthquakes in a stochastic, minimalist model of a seismic fault are
partially predictable, and their predictability limit is found analytically.
• It is demonstrated that stochastic systems (here called clones) can be partially
synchronized with another (the master), so that the former can to some extent
forecast the evolution of the latter. This is the first time that a forecasting
method based on the synchronization of stochastic systems is introduced.
• This synchronization is possible even without knowing the internal state of
the master, but only imposing its observable dynamics to the clones.
• In particular, clones of a minimalist model become partially synchronized with
it when forced to reproduce its earthquake ruptures.
• For this minimalist model, forecasting the largest earthquakes with the aid
of synchronized clones clearly outperforms attempts based only on the time
series of the largest earthquakes.
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• The forecast results are robust even if different synchronization approaches,
with decreasing knowledge about the master, are used.
• It is likely that models of seismic faults could be synchronized with actual
faults if they are forced to systematically reproduce the actual earthquake
ruptures (or slip distributions) that these generate. For this purpose, it would
be adequate to force them to reproduce the ruptures of all earthquakes, not
just of the largest ones as attempted so far.

205

206

C HAPTER 8

Conclusiones
La ciencia [...], al descorrer el velo que ocultaba la explicación de un misterioso fenómeno,
descubre nuevos enigmas que brindan más amplios horizontes a la investigación, cuyos
dominios se ensanchan continuamente por lo mismo que son infinitos e inagotables.
José García Siñeriz (1935, p. 23).
Los siguientes párrafos resumen las principales conclusiones de esta tesis
doctoral, siguiendo el orden de los capítulos en los que se han presentado.
Las distancias entre terremotos pasados pronostican la distancia al terremoto
siguiente.
• Un método nuevo, que carece de parámetro alguno, se propone para
pronosticar la localización de terremotos en el espacio, basándose en las
localizaciones de terremotos previos y su distribución empírica de distancias
a los vecinos más cercanos.
• Este método calcula la probabilidad de que el siguiente terremoto ocurra
dentro de cualquier distancia dada a los previos.
• Los mapas probabilistas obtenidos con esta técnica se ponen a prueba y se
actualizan con cada terremoto, de manera que se refinan automáticamente,
adquiriendo mayor nitidez.
• Este nuevo método se aplica a pronosticar retrospectivamente la localización
de epicentros en tres catálogos de terremotos: para toda la Tierra, para el sur
de California, y para la región Ibérica. En todos ellos se observa que la fracción
esperada de terremotos tiene lugar dentro de cada umbral de distancias.
• Un número mínimo de terremotos pasados (típicamente ∼ 1000) se requiere
para obtener los resultados esperados.
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Este método se podría usar para

evaluar si los terremotos registrados en una región son lo suficientemente
numerosos como para ser representativos de la distribución espacial de la
sismicidad a más largo plazo.
• Diariamente, durante seis años, el Southern California Earthquake Center, dentro
del Collaboratory for the Study of Earthquake Predictability, ha calculado mapas
de pronóstico basados en una versión adaptada de este método, y los ha
puesto a prueba, para toda la Tierra, California y el Pacífico occidental. Esta ha
sido la primera contribución española a esta colaboración internacional. Los
resultados obtenidos son similares a los retrospectivos, y mejores que los del
método típicamente usado como referencia.
• El nuevo método podría por tanto usarse como una base de referencia,
mejorada y no paramétrica, con la que comparar el funcionamiento de
modelos más complejos.
• Las funciones kernel usadas para calcular las probabilidades espaciales de
terremotos deberían imitar tanto como sea posible la distribución observada
de las distancias a vecinos más cercanos medidas entre terremotos.
El catálogo nacional español de terremotos.
• El desarrollo del catálogo nacional español de terremotos (recopilado por el
Instituto Geográfico Nacional) se revisa en detalle.
• Se encuentran heterogeneidades en el catálogo, debidas a la cambiante red
sísmica, a la introducción de nuevos procedimientos de localización y a la
modificación de las fórmulas usadas para calcular magnitudes.
• La precisión de las localizaciones hipocentrales es típicamente mucho mejor en
la Península Ibérica que en otros lugares, especialmente para la profundidad
hipocentral. Los terremotos en áreas marinas distantes son los localizados
con menor precisión. La precisión mejoró con el tiempo, especialmente con
la introducción de nuevos procedimientos para la detección y localización
automática de terremotos en noviembre de 1997.
• La magnitud de completitud del catálogo durante la era instrumental se
analiza en detalle por vez primera. Se muestra que ha mejorado (disminuido)
a lo largo de las décadas, especialmente gracias a los nuevos procedimientos
de detección desde noviembre de 1997 y a la instalación de la red de banda
ancha desde comienzos de los 2000.
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• La magnitud de completitud es espacialmente heterogénea, como resaltan
los mapas sucesivos para distintos periodos. Es más baja en las áreas más
densamente monitorizadas, y se incrementa en lugares más alejados y en
regiones donde los terremotos de profundidad intermedia son más frecuentes.
También está claramente afectada por las diferentes escalas de magnitud
usadas para los terremotos más próximos y más lejanos.
• Un efecto de fin de semana (más terremotos son registrados durante los
fines de semana) se encuentra en el catálogo por primera vez, y también las
ya conocidas variaciones diarias (más terremotos son registrados durante la
noche). Ambos efectos se interpretan como debidos a la menos completa
detección de terremotos durante los días laborables y las horas diurnas por
el mayor ruido artificial.
• Se localizan casos claros de contaminación por explosiones en minas y
canteras, de manera que, pese a los esfuerzos de los operadores de la red
sísmica, no todas las explosiones artificiales se consiguen discriminar y retirar
del catálogo. En ejemplos de minas subterráneas a gran escala, se detonan
voladuras incluso durante las noches y fines de semana, contrariamente al
supuesto habitual de que éstas se realizan sólo durante las horas de luz de los
días laborables.

Medida de áreas en una esfera usando retículos de Fibonacci y latitud-longitud
• El retículo de Fibonacci se propone como un esquema homogéneo de muestreo
para medir áreas numéricamente en la esfera. Esto se aplica a medir las áreas
en la Tierra donde los terremotos se esperan con una probabilidad dada.
• Este retículo proporciona un muestreo más eficiente (y por tanto menor
tiempo de computación) que el retículo latitud-longitud típicamente usado
para medidas numéricas del área.
• Para aproximadamente el mismo número de puntos de muestreo, la máxima
raíz del error cuadrático medio es ∼ 40% menor con el retículo de Fibonacci
que con el latitud-longitud. Esto se explica parcialmente usando argumentos
analíticos a partir de problemas matemáticos similares en un plano.
• Los errores máximos de medida de áreas con el retículo de Fibonacci son
también menores, y disminuyen más deprisa al aumentar el número de
puntos usados. Si se usan alrededor de un millón de puntos, como es el caso
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habitual, el error máximo es un orden de magnitud inferior que con el retículo
latitud-longitud.

Pronóstico temporal probabilista de grandes terremotos en la sección de
Parkfield, Falla de San Andrés.
• El modelo de caja, un nuevo sistema estocástico con un solo parámetro, se
propone como una representación idealizada del ciclo sísmico de una falla. El
patrón de carga en el modelo es similar al patrón de incremento de esfuerzo
(o deformación elástica) en experimentos de fricción en el laboratorio, y al
esperado en fallas reales. La repentina descarga del modelo es análoga a un
terremoto, que reduce el esfuerzo y la deformación elástica.
• Pese a que el modelo es aleatorio, la serie resultante de terremotos sintéticos
es cuasi-periódica (más regular en el tiempo que un proceso de Poisson).
• La serie cuasi-periódica de terremotos principales con magnitud ∼

6

generados por la sección de Parkfield de la Falla de San Andrés no se ajusta
bien con un modelo de Poisson, independiente del tiempo. Se describe más
adecuadamente como un proceso de renovación, en el que la probabilidad del
siguiente evento cambia con el tiempo, dependiendo del periodo transcurrido
desde el anterior.
• Justo tras la ocurrencia del último terremoto principal de Parkfield
(septiembre de 2004), se remitieron para su publicación ajustes a la serie
usando modelos de renovación.

Estos incluían distribuciones clásicas de

probabilidad (gamma, log-normal y Weibull), así como otras basadas en
descripciones simples de la generación de terremotos (de tiempo de primer
paso Browniano, modelo minimalista y modelo de caja). Los datos disponibles
se ajustan bien con todos estos modelos.
• Los modelos de renovación se usaron para calcular la probabilidad anual del
siguiente terremoto principal en Parkfield a lo largo de las siguientes décadas.
Todos los modelos dependientes del tiempo pronostican una baja, o incluso
nula, probabilidad en los primeros años desde el último terremoto principal,
consistente con el hecho de que el siguiente no ha ocurrido aún en el momento
de esta redacción.
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Consideraciones sobre una manera de sincronizar modelos con las fallas sísmicas
que éstos simulan, para el pronóstico de terremotos
• Excepto para un proceso de Poisson, en el que los eventos carecen de
correlación alguna entre ellos, un sistema estocástico se puede pronosticar
hasta cierto punto, aunque la aleatoriedad impone un límite a su
predecibilidad.
• Los mayores terremotos en un modelo estocástico, minimalista, de una falla
sísmica son parcialmente predecibles, y su límite de predecibilidad se deduce
analíticamente.
• Se demuestra que sistemas estocásticos (aquí llamados clones) pueden ser
sincronizados parcialmente con otro (el maestro), de manera que los primeros
pueden hasta cierto punto pronosticar la evolución de éste. Esta es la primera
vez en que se propone un método de pronóstico basado en la sincronización
de sistemas estocásticos.
• Esta sincronización es posible incluso sin conocer el estado interno del
maestro, sino sólo imponiendo su dinámica observable a los clones.
• En particular, clones de un modelo minimalista se sincronizan parcialmente
con él cuando se les fuerza a reproducir las áreas de rotura de sus terremotos.
• Para este modelo minimalista, el pronóstico de los mayores terremotos con
la ayuda de clones sincronizados mejora claramente los resultados de los
intentos basados sólo en la serie temporal de los terremotos más grandes.
• Los resultados de pronóstico son robustos incluso si se usan diferentes
métodos de sincronización, con progresivamente menor conocimiento acerca
del maestro.
• Es probable que los modelos de fallas sísmicas se puedan sincronizar con fallas
reales si se les fuerza a reproducir sistemáticamente la serie real de roturas
(o distribuciones de desplazamiento) que éstas generan. Con este propósito,
sería adecuado forzarlos a reproducir las roturas de todos los terremotos, y no
sólo las de los mayores como se ha intentado hasta ahora.
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A PPENDIX A

Mathematical Appendix
This appendix contains the mathematical deductions which, for brevity, are omitted
from the main text. First those dealing with properties of the box model (González
et al., 2005, and Sec. 5.5), and last the derivation of the optimal forecasting strategy
in the minimalist model (González et al., 2004, 2006b, and Ch. 6)

A.1

Properties of the box model

In this section the following properties of the box model are deduced:
• the discrete probability distribution for the duration of the seismic cycle;
• the asymptotic mean and standard deviation of that distribution (when the
number of cells tends to infinity); and
• the asymptotic conditional probability (when the time since the last
earthquake tends to infinity).

A.1.1

Discrete probability distribution for the duration of the seismic
cycle, PN (n)

The discrete distribution PN (n) provides the probability that, for a box model with
N cells, the seismic cycle lasts n time steps.
The box model is a Markov chain, what enables to deduce PN (n) by using
a technique (e.g. Durrett, 1999) that we already applied to the minimalist model
(Vázquez-Prada et al., 2002), which is also Markovian.

A Markov chain is a

stochastic process defined by a discrete random variable X with two properties:
1) it can only take a finite number of values, and 2) its value at the next time step
depends only upon the value at the present time step, being independent of the
way in which the present value arose from its predecessors. In other words, the
evolution of a Markov system depends only on the present state of the system and
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not on the history of how the state was achieved. This kind of stochastic process
is named after the Russian mathematician Andrey Andreevich Markov (1856-1922),
who first described it in 1906 (Basharin et al., 2004).
In a box model with N cells, the state is only determined by ν, the number
of occupied cells. The succession of values of this random variable defines the
stochastic process of the box model. Note that exactly which cells are occupied
is not relevant, but only how many of them are. The number of stable states in the
model is N; in each of them ν takes one value in the set {0, 1, 2, 3 . . . ( N − 1)}. If N
cells become occupied, the system instantly changes to the empty state. It does not
reside any time step in the state of complete occupancy, so this is not a stable state.
The value of ν in the next time step only depends on the value of ν in the current
time step, so it follows the definition of a Markov chain. For example, if the system
is empty (ν = 0), in the next time step, for sure (with probability equal to 1) it will
move to the state of ν = 1. In this second step the fraction of occupied cells is
1/N, and the fraction of empty cells is ( N − 1)/N. So, in the third time step, with
probability ( N − 1)/N another cell will be occupied by a ball (ν becoming equal to
2), or the model will remain in ν = 1 with probability 1/N (the probability of the
incoming ball landing in the only occupied cell). In general, for ν < N − 1, there is a
probability ( N − ν)/N of moving to ν + 1 in the next time step. If ν = N − 1, there
is a probability ( N − 1)/N of moving to ν = 0 (passing through ν = N, but not
residing any moment there). In each time step there is a probability ν/N of residing
in the same state during the next time step.
As for any other Markov chain, for the box model a transition matrix M can be
written, being a table that contains all the transition probabilities of passing, in one
time step, from any of the states of the system to any of the others or to itself. Each
element of the matrix will be denoted in the standard way as M(i, j), being i the row
(from top to bottom), and j the column (from left to right). Each element gives the
probability of moving from the state X = i in the time step n to the state X = j in
the step n + 1:
M(i, j) = P( Xn+1 = j | Xn = i ).

(A.1)

The transition matrix of the box model is different for each N: as shown above,
the transition probabilities depend on N, and because there are N stable states, the
size of the matrix is N × N. Thus I will it as M N . Given that ν ranges from 0 to
N − 1, while i and j range from 1 to N, the element M N (i, j) will be the transition
probability from ν = i − 1 to ν = j − 1:
M N (i, j) = P(νn+1 = j − 1 | νn = i − 1).
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(A.2)

The seismic cycle starts when ν = 0, and lasts until ν = 0 again. Except for
N = 1, which is a trivial, special case of the model, there is no possible transition
in one time step from ν = 0 to ν = 0 (remember that this impossibility causes the
stress shadow in the model). Speaking more generally, in the first n − 1 time steps of
the cycle there is no transition to the state ν = 0. Because of this, to calculate PN (n)
it is necessary to deduce first the probability that the system evolves from ν = 0 to
ν = N − 1 in n − 1 time steps, without having passed through ν = 0 in between. To
calculate the probability that the system evolves from ν = N − 1 to ν = 0 is simpler.
At the beginning of the n-th step the system has ν = N − 1. Then a new particle is
added to the only one empty cell, so the occupation becomes ν = N, but instantly
drops to ν = 0 at the end of the step. The transition in the time step is thus from
ν = N − 1 to ν = 0. The probability for this to happen is 1/N, the chance for the
incoming particle to land in the only empty cell of the array when ν = N − 1.
Thus, the deduction of PN (n) proceeds according to these steps:
1. Deduce the probabilities of passing between the different states of the system
in one time step.

These transition probabilities will be tabulated in the

transition matrix M N .
2. Remove from M N the possibility of intermediate transitions to ν = 0. The
resulting matrix will be called M′N .
3. Calculate the transition probabilities of passing between the different states
in n − 1 time steps and neglecting the possibility of passing through the state
n −1

with ν = 0. The result is a new matrix, T N = M′ N .
4. One of the elements of this matrix will indicate the probability of passing from
ν = 0 to ν = N − 1 in n − 1 time steps without having passed through ν = 0
in between. Multiplying this probability by 1/N we will obtain PN (n).
Regarding the first step above, the transition matrices for N equal to 2, 3 and 4
are as follows:
For N = 2,

(
M2 =

for N = 3,



0 1
1
2

1
2

0 1 0


M3 = 
 0

1
3

1
3

0

)

2
3
2
3

1
=
2



(

0 2
1 1



)
;

0 3 0

(A.3)





 = 1  0 1 2 ;


3
1 0 2
215

(A.4)

and for N = 4,





0 1 0 0




0 4 0 0




 0 1 3 0 
1
4
4


 0 1 3 0
M4 = 
= 
 0 0 2 2 
4 0 0 2 2
4
4 


1
3
1 0 0 3
4 0 0 4




.



(A.5)

Since all the elements of these matrices are probabilities, they are nonnegative and
the sum of all the elements of any row is always 1. These two are necessary and
sufficient properties of transition matrices of Markov chains. These matrices show
evident regularities, which enable to deduce by inspection that the matrix for any N


is





1 

MN =
N





0

N

0

0

...

0

0

1

N−1

0

...

0

0

0

2

N−2

...

0

...

...

...

...

...

...

0

0

0

0

N−2

2

1

0

0

0

0

N−1







.






(A.6)

Note that the matrix multiplied by 1/N has only three non-null diagonals, all of
them trivial. The first one is the sequence N, N − 1, N − 2 . . . 2, the second one is the
sequence 0, 1, 2 . . . N − 1, and the third one is only the bottom left element, which is
always 1.
The second step is pruning from this matrix the transitions to ν = 0. The
only possible transition to ν = 0 is from ν = N − 1, and the probability for this
transition is given by the bottom left element M N ( N, 1). Nullifying this element,
the resulting matrix, M′ N , is particularly simple, because it has only two trivial,
non-null diagonals:

M′ N







1 
= 
N





0

N

0

0

...

0

0

1

N−1

0

...

0

0

0

2

N−2

...

0

...

...

...

...

...

...

0

0

0

0

N−2

2

0

0

0

0

0

N−1







.






(A.7)

The third step requires computing a new matrix, T N , which indicates all the
transition probabilities, in n − 1 time steps, between all the states, with the restriction
that passing from ν = N − 1 to ν = 0 is forbidden. In Markov chains, the m-step
transition probability matrix is the m-th power of the transition matrix (Durrett,
1999). So the new matrix is
n −1

T N = M′ N .
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This operation is done through the Jordan decomposition of M′ N . The element
T N (1, N ) of this matrix is the transition probability from ν = 0 to ν = N − 1 in
n − 1 time steps and with the transition ν = N − 1 → ν = 0 forbidden. As the
probability of passing, in the next time step, from ν = N − 1 to ν = 0 is 1/N, PN (n)
is obtained by multiplying that element by 1/N. The results, for N = 2 and N = 3
are as follows.
For N = 2,
1
2n −1

=
=

2
1
= n
n
2
2

2−1 [(

∑

j =0

1
[0 + 2];
2n

and for N = 3,
2
3n −1

(2

n −2

)
]
2 n −1
1− j
j (−1) (2 − j) =
j

1
− 1) = n
3

(A.9)
3−1 [(

∑

j =0

)
]
3 n −1
1− j
j (−1) (3 − j) .
j

By inspection, the result for a generic N is
[( )
]
1 N −1
N n −1
1− j
PN (n) =
j (−1) ( N − j) =
N n j∑
j
=0
(
)
N −1
N−1 (
j ) n −1
.
= ∑ (−1) j+1
1−
N
j−1
j =1

A.1.2

(A.10)

(A.11)

Asymptotic mean of PN (n)

The mean duration of the cycle in the box model was indicated in Sec. 5.5.2:
N

⟨n⟩ N = 1 + ∑

i =2

N
=
N+1−i

N
N
N
N
= 1+
+
+···+ +
=
2
1
[ N−1 N−2
]
1
1
1
1 1
= N
+
+
+···+ +
.
N
N−1 N−2
2 1

(A.12)

The asymptotic value of this expression can be obtained considering that
(Gradshteyn & Ryzhik, 1965)
N

1
1
→ C + ln N +
−0
∑ i −N−−
→∞
2N
i =1

(

1
N

)2
,

(A.13)

where C ≃ 0.5772157 is Euler’s constant. Multiplying this equation by N, the
asymptotic mean of PN (n) is obtained:
1
⟨n⟩ N −−−→ N (C + ln N ) + .
N →∞
2
The absolute error of this approximation is < 0.01 for N ≥ 9.
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A.1.3 Asymptotic standard deviation of PN (n)
The variance of PN (n) (Sec. 5.5.2) is:
N+1−i
1−
N
= ∑(
) =
N
+
1
−i 2
i =1
N
N

2
σN

N

=

N
1
−
∑ ( N + 1 − i )2 ∑ N + 1 − i .
i =1
i =1
N
N

1

(A.15)

To simplify the sums, the variable can be changed to k ≡ N + 1 − i. Since i ranges
from 1 to N, k will range from N to 1. Then the above equation can be rewritten as
2
σN

N

N

1

∑ ( k )2 − ∑

=

k =1

k =1

N

= N2

N
N
1
N2
N
=∑ 2 −∑
=
k
k
k
k =1
k =1
N

N

N
1
1
−
N
∑ k2
∑ k.
k =1
k =1

(A.16)

The first sum in the right-hand side of this expression can be simplified to
N

1
∑ k2
k =1

∫

∞

∞ 1
1
−
∑ k2 N k2 dk =
k =1
[
]
1 ∞
π2
1
π2
− −
=
− .
=
6
k N
6
N

=

(A.17)

Inserting Eq. A.13 and this result, Eq. A.16 in the limit of N → ∞ can be written as
( 2
)
1
2
2 π
σN −−−→
N
−
−
N →∞
6
N
[
( )2 ]
1
1
− N C + ln N +
−0
=
2N
N

=
=
=

1
π2
− N − CN − N ln N − =
6
2
2
π
1
N2
− N (1 + C + ln N ) − =
6
2
[ 2
]
π
1 + C + ln N
1
N2
−
−
.
6
N
2N 2
N2

(A.18)

The asymptotic standard deviation is the square root of the above equation,
[ 2
]1/2
π
1 + C + ln N
1
σN −−−→ N
−
−
.
(A.19)
N →∞
6
N
2N 2
Because N → ∞, the term −1/2N 2 can be dropped, so the equation can be further
simplified to

[

π 2 1 + C + ln N
σN −−−→ N
−
N →∞
6
N
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]1/2
.

(A.20)

This approximation has an absolute error < 0.01 for N ≥ 3.
The asymptotic aperiodicity, obtained by dividing Eq. A.20 by Eq. A.14, has an
absolute error < 0.0001 for N ≥ 10.

A.1.4

Asymptotic conditional probability

To deduce the asymptotic conditional probability in the box model I will first
consider the asymptotic value of PN (n) when n → ∞. This value is the first, largest
term in the sum (when j = 1 in Eq. A.11), namely
(
)
1 n −1
PN (n) −−−→ 1 −
= a n −1 ,
n→∞
N

(A.21)

where we have denoted a ≡ 1 − 1/N.
For calculating the asymptotic conditional probability it is necessary to deduce
the value of the cumulative probability distribution, A N (n), for that large n. This is
easier to do by defining the sum
A′N (n) =

∞

a n −1

∑ a i −1 = 1 − a .

(A.22)

i=n

Considering that n is large enough, PN (n) can be replaced by its asymptotic value
(Eq. A.21), which is the term summed in A′N (n). Then it holds that
A N ( n − 1) =

n −1

→ 1 − A′N (n),
∑ PN (n) −n−−
→∞

(A.23)

i =1

so
A N (n) −−−→ 1 − A′N (n + 1).
n→∞

(A.24)

The conditional probability for the next interval of ∆n time steps is:
Pτ ( N, n) =

A N (n + ∆n) − A N (n)
.
1 − A N ( n − 1)

(A.25)

Inserting Eqs. A.22 to A.24, it results that
Pτ ( N, n) −−−→
n→∞

1 − A′N (n + ∆n + 1) − [1 − A′N (n + 1)]
=
A′N (n)
A′ (n + 1) − A′N (n + ∆n + 1)
=
= N
A′N (n)

an+1−1 − an+∆n+1−1
1−a
=
=
a n −1
1−a (
)
1+∆n
= a−a
= a 1 − a∆n =
(
)[
(
) ]
1
1 ∆n
= 1−
1− 1−
.
N
N
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(A.26)

A.2 Deduction of the ideal forecasting strategy in the
minimalist model
In this appendix we will deduce the ideal strategy outlined in Section 6.3.3. This
strategy renders the lowest (best) value of L = f a + f e achievable in the minimalist
model.
For this reasoning we would consider every cycle of the model as composed of
two independent and consecutive stages. The first, that will be called the loading
stage, starts just after the occurrence of a characteristic earthquake. During this
stage the total number of occupied cells grows, but not in a monotonic way, because
the particles may land in already occupied cells (and then be dissipated), and also
because of the occurrence of non-characteristic earthquakes (Fig. 2). When N − 1
cells (all but the first one) become occupied, this first stage ends and the second
stage, that will be called the hitting stage (or plateau in the occupation), starts. In this
second stage, the system resides statically in the state of maximum occupancy (Fig.
2) until a particle arrives at the first cell. Then, a characteristic event occurs, all the
cells are emptied, and a new cycle begins. The hitting stage can be mathematically
treated as a form of Russian roulette.
Both the time spent by the system in the loading stage, x, and in the hitting
stage, y, are statistically distributed. The distribution of y, denoted by P2 (y), is
geometric. Considering that, in each time step, the probability of hitting the first cell
is p = 1/N, and its complementary is q = 1 − 1/N, it follows that
(

1
P2 (y) =
N

1
1−
N

) y −1
,

(A.27)

whose mean is

⟨y⟩ = N,
and whose standard deviation is

√
σ=N

1−

(A.28)

1
.
N

(A.29)

The time elapsed between consecutive characteristic events has been denoted by
n, which is statistically distributed according to the function PN (n) (Vázquez-Prada
et al., 2002, 2003; Gómez & Pacheco, 2004). Because the variables x and y are
independent, the mean length of the cycles ⟨n⟩ is the sum of the mean lengths of
the two stages:

⟨ n ⟩ = ⟨ x ⟩ + ⟨ y ⟩.

(A.30)

It is clear that the best L would be obtained only if we knew the state of
occupation of the system and could mark, for each cycle, the instant at which the
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stage of loading concludes. In this case, f e = 0, but because the hitting stage is
completely stochastic, f a (and thus L) cannot be nil.
Let us explore the result of L obtained if we turn the alarm on at a given value
y = y0 within the second stage of all the cycles. With this strategy, the fraction of
errors is given by
y0

f e ( y0 ) =

∑ P2 (y),

(A.31)

1

and inserting Eq. A.27 we obtain
f e ( y0 ) = 1 − q y0 .

(A.32)

With respect to to the fraction of alarm, its form is
∞

∑(y − y0 ) · P2 (y)
f a ( y0 ) =

y0

⟨ x ⟩ + ⟨y⟩

,

(A.33)

and inserting Eq. A.27, we get
f a ( y0 ) =

Nqy0
.
⟨x⟩ + N

(A.34)

Note the important contribution of the first stage of the process in the
denominator. Thus, the specific form of the loss function is
L ( y 0 ) = 1 − q y0 +

Nqy0
.
⟨x⟩ + N

(A.35)

It is noteworthy that in the absence of the first stage, i.e. in the hypothesis of a pure
geometric distribution, the value of L would be 1, not dependent on the value of
y0 . In this sense, the geometrical and the Poisson distributions are equivalent. The
minimum value of L in Eq. A.35 as a function of y0 is obtained for y0 = 0, i.e. just
after the end of the first stage, when the N − 1 upper cells of the system are full.
And this minimum value is
Lmin =

N
.
⟨n⟩

(A.36)

This result constitutes a rigourous lower bound for the expected accuracy of any
forecasting strategy in the minimalist model. For this model, ⟨n⟩ increases rapidly
as N grows (Gómez & Pacheco, 2004). This implies that the minimum L, obtained
with this optimal forecasting strategy, decreases as N increases, as shown by the
curve labeled as “Ideal” in Fig. 3. That is to say, minimalist models with more
cells are more predictable. This is consistent with the fact that the time series of
characteristic earthquakes is more periodic for larger N (Gómez & Pacheco, 2004).
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Catastral y de Estadśtica, Madrid, Spain, 807 p.
Galbis, J. (1940) Catálogo sísmico de la zona comprendida entre los meridianos 5◦ E . y 20◦ W. de
Greenwich y los paralelos 45◦ y 25◦ N.; Tomo II. Instituto Geográfico y Catastral, Madrid,
Spain, 277 p.
Galve, J.P.; Remondo, J. & Gutiérrez, F. (2011) Improving sinkhole hazard models
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