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Resumen

En esta Tesis Doctoral se aborda el análisis de incertidumbre de la solución en problemas geo-
físicos lineales y no lineales en espacios altamente dimensionales. En una primera parte teórica
se justifica el análisis de incertidumbre desde un punto de vista determinista mediante técnicas
provenientes del álgebra lineal y de la teoría de optimización. En particular, en el caso de los pro-
blemas inversos lineales se demuestra que el condicionamiento del sistema lineal está relacionado
con la excentricidad de la región de equivalencia. En el caso de los problemas inversos no lineales
se justifica por qué las técnicas de linealización sólo proporcionan un análisis de incertidumbre
en el entorno de la solución adoptada, pudiendo conducir a soluciones erróneas en el caso de que
la información a priori utilizada sea incorrecta.

Se realiza un análisis teórico exhaustivo del efecto del ruido y de la regularización de Tikhonov
en la topografía de la función objetivo en los casos de los problemas inversos lineales y no lineales,
mostrando analíticamente que en ambos se ve deformada dicha topografía. El ruido la deforma
de un modo homogéneo en el caso de los problemas lineales y no homogéneo en los problemas
inversos no lineales. En el caso de la regularización de Tikhonov la deformación es anisotrópica,
actuando de forma diferente en cada componente del modelo solución.

En segundo lugar, se ha desarrollado un método de inversión en 2D y 3D para la resolución
(estimación del mejor modelo y su análisis de incertidumbre) del problema gravimétrico inverso
en cuencas sedimentarias, en su formulación no lineal para la determinación de la interfase de
separación sedimentos-basamento, basado en el algoritmo Particle Swarm Optimization. Se han
obtenido muy buenos resultados con ejemplos sintéticos y reales, tanto en la estimación del
modelo de mejor ajuste como en el análisis de su incertidumbre, lo que convierte al algoritmo
PSO en una alternativa seria para la resolución de este tipo de problemas.

Palabras clave: Problemas inversos, inversión lineal y no lineal, análisis de incertidum-
bre, ruido, regularización, Particle Swarm Optimization, problema gravimétrico inverso, cuenca
sedimentaria.
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Abstract

This PhD Thesis tackles the uncertainty analysis of the solution of linear and nonlinear geo-
physical inverse problems in high-dimensional spaces. In a first theoretical part, the uncertainty
analysis from a deterministic and from the optimization theory point of view is justified. Par-
ticularly, it is demonstrated that in linear inverse problems, the linear system conditioning is
related to the equivalence region eccentricity. In the case of nonlinear inverse problems, the
reason why the linearization techniques only provide a local uncertainty analysis, and can lead
to wrong solutions if the a priori information used is not correct, is demonstrated.

An exhaustive theoretical analysis of the effects of noise and Tikhonov regularization in the
objective function topography for linear an nonlinear inverse problems is developed, analytically
showing that both effects deform the aforementioned topography. Noise deforms it in a homo-
geneous way in the case of linear inverse problems, while the deformation is non-homogeneous
for nonlinear problems. In the case of Tikhonov regularization, the deformation is anisotropic,
affecting each component of the solution model in a different way.

Secondly, a method for 2D and 3D nonlinear gravity inversion in sedimentary basins (in
the nonlinear form for determination of the interface sediments-basement) has been developed,
comprising the best model estimation and its uncertainty analysis and based on the Particle
Swarm Optimization algorithm. Very good results have been obtained, both with synthetic and
real examples, regarding the best model estimation and its uncertainty analysis, which makes
the PSO algorithm a serious alternative for the solution of this kind of problems.

Keywords: Inverse problems, linear and nonlinear inversion, uncertainty analysis, noise,
regularization, Particle Swarm Optimization, gravimetric inverse problem, sedimentary basin.
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Chapter 1

Introduction and state of the art

1.1 Introduction

The concept of ill-posedness was proposed by J. Hadamard in 1902, and involves problems
that either have no solution, have an infinity of solutions, or have an unstable (ill-conditioning)
solution. This character is translated to the cost function topography as the existence of one or
various regions that contain the equivalent models, which are those that predict the observed
data at the same level of tolerance and are compatible with the prior information that it is
at disposal (Fernández-Martínez et al., 2012a). These equivalent regions, from the geometrical
point of view, are valleys in the model space, rectilinear or curvilinear (depending on whether
the problem is linear or nonlinear, respectively) and with almost null gradients. The uncertainty
analysis of the adopted solution for a problem consists of adequately mapping these valleys, which
is always a necessary task as the regularization techniques do not provoke the disappearance of
the equivalent model sets, and instead they only stabilize the inversion (Tikhonov and Arsenin,
1977; Fernández-Martínez et al., 2012a).

On the other hand, inverse problems are a special kind of optimization problems since the
cost function involves observed (direct or indirect) data, that is always affected by noise. It is well
known that, specially for ill-conditioned linear inverse problems, the noise is amplified back to
the model parameters through the Moore-Penrose’s pseudoinverse operator, generating spurious
solutions if regularization techniques are not used. In the case of nonlinear inverse problems,
which are very important in Geophysics and industrial applications, the noise deforms in a non-
homogeneous way the cost function topography, decreasing the size of good misfit regions and
increasing the medium misfit ones. As a result, the global optimum search becomes a harder
task, but medium misfit zones are easier to find. This explains the success of global search
algorithms in solving problems with few parameters and relatively computational inexpensive
direct problems (Fernández-Martínez et al., 2010a; García González, 2011).

The study of the effect of noise in the inverse problem solution has a paramount importance
since its influence will determine in a crucial way the quality and uncertainty of the obtained
result, which will in turn influence the future decision-making steps in real applications. Tra-
ditionally, the uncertainty analysis of inverse problems has been addressed from a probabilistic
(Bayesian) point of view, mainly through the use of random search methods, which deal with
the uncertainty considering it the result of a stochastic process (Mosegaard and Tarantola, 1995;
Gouveia and Scales, 1998). Nevertheless, the application of this technique is not suitable for
industrial applications due to the direct’s problem high dimensional character and/or the high
computational cost, which are common in this kind of environments. In addition, the use of
random search methods for the uncertainty analysis is not the best approach as the problem
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has a clear algebraic structure. Finally, the linear techniques based on the inverse problem lin-
earization only provide a local uncertainty analysis (around the adopted solution) when they are
applied to nonlinear inverse problems. Therefore, the uncertainty analysis of nonlinear inverse
problems in high dimensional spaces and with computationally highly expensive direct prob-
lems is still an open field in scientific research, although significant steps have been taken using
a deterministic analysis of the cost function topography (Fernández-Martínez et al., 2012a) and
through dimension reduction techniques (Fernández Muñiz, 2012) and global search methods
(Fernández-Martínez et al., 2011).

The two main objectives of this PhD Thesis are:

1. To perform an exhaustive analysis of the effect of observational noise and zero-order
Tikhonov regularization in the cost function topography for linear and nonlinear inverse
problems. Expressions for the quantification of the noise and regularization effects in the
cost function topography will be developed for linear and nonlinear problems. This anal-
ysis, although theoretical at this stage, is valuable in order to get important information
for the future design of inversion methods, and might impact how the uncertainty analysis
is performed, since noise in data is always present and good prior models are not always
available.

2. To develop a method for nonlinear gravity inversion in sedimentary basins (for 2D and 3D
environments), comprising the best model estimation and its uncertainty analysis, based
on the Particle Swarm Optimization (PSO) algorithm. The gravity inverse problem is
an essential and widely used tool for the Earth crust study at regional and local scales,
as well as in mineral exploration. As a potential-field based problem, the gravity inverse
method has an inherent non-uniqueness, so regularization techniques are commonly used
when local methods are used for its solution. In this work, a global search approach (PSO)
is tested, obtaining good results in the best model estimation, as well as concerning its
uncertainty assessment.

This PhD Thesis is presented in the form of Thesis as Compendium of Publications (Tesis
como compendio de publicaciones), so the most important part of this report are the chap-
ters dedicated to the publications themselves, although a general introduction is also necessary.
Chapter 1 contains a general introduction and the state of the art of the main points discussed
in this PhD Thesis. Section 1.2 presents a short introduction to the cost function topography
of the inverse problems. Section 1.3 gives a general background of the Particle Swarm Opti-
mization (PSO) algorithm, as it was the method used in the gravity inversion problem solution.
In section 1.4 a general introduction about gravity inversion in sedimentary basins is given.
Several classical methods are enumerated and their advantages and disadvantages are discussed.
Chapter 2 presents a summary of the contributions of this PhD Thesis. Section 2.1 contains a
general introduction to the analysis of noise and Tikhonov regularization effects in linear and
nonlinear inverse problems, whose detailed development is presented in articles 1, 2 and 3, and
in publications 1 and 2. Finally, in section 2.2 the gravity inversion method developed in this
PhD Thesis is presented in a general form, being articles 4 and 5 the publications where the
new technique is presented in detail. Chapter 3 contains the full text of articles 1, 2, 3, 4, and 5,
while chapter 4 presents publications 1 and 2 (two congress contributions). Finally, chapter 6
presents the conclusions and future research lines, and appendix A contains other documenta-
tion necessary in order to fulfill the Universidad de Oviedo regulations for the form of Thesis as
Compendium of Publications.
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1.2 The cost function topography of an inverse problem
Most inverse problems in applied sciences can be written in discrete form as

F(m) ' dobs, (1.1)

where dobs ∈ Rs is the vector of observed data, always, whatever the problem, affected by noise;
m = (m1,m2, . . . ,mn)T ∈ M ⊂ Rn is the set of discrete parameters to be found, that belongs
to a set of admissible models M defined in terms of some prior knowledge; and F : Rn → Rs
represents the forward problem (linear or nonlinear) between the model and data spaces. The
symbol ' in equation (1.1) means that this relation might not be exact, so the referred problem,
that consists of finding the model or models m, whose predictions F(m) accurately match the
observed data dobs, might not have a solution. This fact is related to the ill-posedness character
of inverse problems, that is, either the inverse problem does not admit solution, or the solution
exists but is not unique, or, finally, the solution exists and is unique, but unstable, i. e., the
solution does not depend continuously on the observed data. This incompatibility is also caused
by the fact that the operator F is only an approximation of the reality (modelling errors),
although in this PhD Thesis the effect of the noise in data and that of the regularization will be
the only ones taken into account.

The cost function is usually defined (and in this PhD Thesis it will be used in that way) as
the squared Euclidean norm of the residual vector in the form

c (m) = ‖F(m)− dobs‖22, (1.2)

although other norms can be used. The limit of the region of equivalence (the region where all
contained models fit the observations below a tolerance level of value tol) is defined, using the
Euclidean norm, as

‖F(m)− dobs‖22 = tol2. (1.3)

Fernández-Martínez et al. (2012a) analyzed the topography of the cost function in linear and
nonlinear inverse problems in order to describe its general characteristics.

For linear inverse problems, Fernández-Martínez et al. (2012a) show that equation (1.3)
corresponds to a hyper-quadric with kernel matrix FTF. This hyper-quadric can be a hyper-
ellipsoid or a elliptic hyper-cylinder, depending on the singular values of F: it will be a hyper-
ellipsoid if all singular values are positive or an elliptic hyper-cylinder if any of them are zero.
In the case of purely overdetermined (or even-determined) linear problems with s ≥ n and
rank(F) = n, the hyper-quadric is a hyper-ellipsoid centered at the least squares solution of the
system, where its axes are oriented following the orthogonal vectors contained in the V base
defined by the singular value decomposition of F, i. e., F = UΣVT . The lengths of the axes are
defined as 1/λk, where λk are the singular values, which implies that the model parameters in
the V base are more uncertain in the directions of smaller singular values. In this case, it can be
concluded that the region containing the equivalent models is a bounded and simply connected
set.

In the case of underdetermined linear systems, where the number of equations is less than
the number of unknowns and all the equations are linearly independent, the hyper-quadric
of equivalence is an elliptic hyper-cylinder with infinitely long axes, corresponding to the null
singular values, in the directions spanning the kernel of the forward operator F. In this case,
the least squares solution is the minimum norm solution. The region containing the equivalent
models is an unbounded and simply connected set.
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For rank-deficient overdetermined linear systems the rank of F is reduced to the number
of independent equations, so it is lower than the number of parameters. The region of linear
equivalence becomes unbounded in the directions of the V base that spans the null space of
F. The hyper-quadric degenerates in this case to an elliptic hyper-cylinder (or to a set of
planes in the limiting case). Rank-deficient underdetermined linear systems are a subclass of
underdetermined problems. The least squares solution in this case coincides with the minimum
norm solution of the ensemble of least squares solutions. As in the previous case, the region of
equivalence is an elliptic hyper-cylinder.

In conclusion (Fernández-Martínez et al., 2012a), the region of equivalence for linear prob-
lems is a simply connected set and no other isolated island or local minimums exist in the misfit
function landscape, as it is apparent from the topological features of the hyper-ellipsoids and
elliptical hyper-cylinders. This region is bounded only if the inverse problem is purely overde-
termined or even-determined. In the other cases, the shape of the cost function corresponds to a
flat elongated valley in the directions of the null space of the forward operator F. An important
point is the fact that the problem is linear implies that the valley is straight; since the hyper-
quadric is the exact region of equivalence, the valley direction can not change in the model space.
In any case, practical linear inverse problems in Science and Engineering are ill-conditioned, due
to the small singular values of the forward operator F, causing instabilities in the inversion,
and amplifying the noise in data. Tikhonov regularization (Tikhonov and Arsenin, 1977) is the
most commonly used method of regularization for ill-posed problems, stabilizing the solution
by adding an extra term to the cost functional presented in equation (1.2), becoming (for the
zero-order Tikhonov regularization)

cr(m) =
∥∥∥Fm− dobs

∥∥∥2

2
+ ε2

∥∥∥m−mref
∥∥∥2

2
, (1.4)

where ε2 is the so-called damping parameter, generally close to zero, and mref is a reference
model. The main effect of the Tikhonov regularization is that the hyper-quadric becomes a
hyper-ellipsoid whose longer axes are 1/ε in the directions of the V vectors spanning the null
space of F, limiting then the length of the misfit valley, causing the region of equivalence to
become bounded.

For nonlinear inverse problems, the same king of reasoning that was applied for linear inverse
problems to characterize local regions of equivalence around a certain model m0 belonging to the
nonlinear region of equivalence can be used, although due to the nonlinearity of F the concept
of null space of F can not be strictly used, since it always implies linearity. Nevertheless, to
a first-order approximation the analysis holds for the null space of the Jacobian of F around
a model m0, JFm0 . Although higher order terms are involved in the topography of the cost
function in nonlinear problems, the first-order analysis illuminates the main similarities and
differences between the regions of equivalence in linear and nonlinear inverse problems.

As for the linear problems, the equivalence region for the local environment (the tangent
plane) of m0 is a hyper-ellipsoid or an elliptical hyper-cylinder, depending on the rank of JFm0 .
But this analysis depends on the used model m0, which makes the Jacobian of F to change
continuously with the point m0. This makes the local hyper-quadric change its orientation
for each m∗, depicting a meandering valley or the so-called croissant-shape, depending on the
complexity of the inverse problem. Also, the model space of nonlinear inverse problems might
contain different unconnected islands of low misfit. Finally, Fernández-Martínez et al. (2012a)
concluded that uncertainty in nonlinear inverse problems need not to be treated as random
processes, since equivalence regions have a natural algebraic interpretation.
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1.3 The Particle Swarm Optimization (PSO) algorithm

Particle Swam Optimization (PSO) has been the algorithm used in the second part of this PhD
Thesis for the solution (best model selection and its uncertainty assessment) of the proposed
application inverse problem (see sections 1.4 and 2.2, and articles 4 and 5). Therefore, a short
and general description of the method is given here. PSO (Kennedy and Eberhart, 1995) is a
global optimization algorithm inspired by the behavior of bird flocks and fish schools searching
for food, where a swarm of particles (models) explores the space of possible solutions in order
to optimize a given cost function related to an inverse problem, which in this work is the data
prediction error expression (1.2) particularized for the inverse gravity problem. In this case a full
family of Particle swarm optimizers is used, formed by the so called GPSO, CC-PSO, CP-PSO,
RR-PSO and PP-PSO members. The cloud versions of these algorithms (Fernández-Martínez
et al., 2010a) are used, that is, no parameter tuning of the inertia, local and global accelerations
is needed, since each of the particles in the swarm have their own PSO parameters, that are
automatically chosen from a set of PSO parameters that are located in the neighborhood of the
corresponding second order stability regions. These mathematical results make PSO to be a
very unique algorithm, different from other heuristic approaches.

PSO applied to optimization problems is very simple: individuals, or particles, are repre-
sented by vectors whose length is the number of degrees of freedom of the optimization problem.
To start, a population of particles is initialized with random positions x0 and velocities v0, and
the same objective function (expression (1.2), for example) is used to compute the fitness (or
prediction error) of each particle in the swarm. As time advances, the position and velocity of
each particle is updated as a function of its fitness and the corresponding values of its neighbors.
At time-step k + 1, the PSO algorithm updates the individuals positions xk+1 and velocities
vk+1 as {

vk+1
i = ωvki + φ1(gk − xki ) + φ2(lki − xki ),

xk+1
i = xki + vk+1

i ,
(1.5)

where gk is the global best position in the whole swarm, lki is the i-th particle’s best position,
φ1 = r1ag and φ2 = r2al are the random global and local accelerations, and ω is a real
constant called inertia weight. Finally, r1 and r2 are random variables uniformly distributed
in (0, 1) to weight the global and local acceleration constants ag and al. Tuning of the PSO
parameters implies providing suitable values for the inertia constant ω and for the local and
global accelerations ag and al, in order to achieve exploration and also convergence towards
the low misfits regions. As it was pointed before, in this PhD Thesis the cloud versions of the
algorithm (Fernández-Martínez et al., 2010a) are used, therefore no selection of the ω, ag and
al PSO parameters is needed.

The PSO algorithm, as it was originally proposed in equation (1.5), is not dimensionally
correct, since velocities and accelerations, and positions and velocities are directly added. The
solution to this simple enigma comes from physical analysis. PSO can be interpreted as a double
stochastic gradient algorithm in the model space, and is the particular case of the generalized
PSO (GPSO) algorithm (Fernández-Martínez and García-Gonzalo, 2008) for k = t and ∆t = 1,
which has in general a fast convergence behavior (García González, 2011):

{
v(t+ ∆t) = v(t) [1− (1− ω)∆t] + φ1∆t [g(t)− x(t)] + φ2∆t [l(t)− x(t)] ,
x(t+ ∆t) = x(t) + v(t+ ∆t)∆t.

(1.6)
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The GPSO algorithm was derived using a mechanical analogy: a damped mass-spring system
with unit mass, damping factor 1−ω, and total stiffness constant φ = φ1 +φ2, i. e., the so-called
PSO continuous model

x′′(t) + (1− ω)x′(t) + φx(t) = φ1g(t) + φ2l(t),
x(0) = x0,

x′(0) = v0,

(1.7)

where x(t), t ∈ R is the position of any particle of the swarm in continuous time. In this model,
particles interact through the local and global attractors l(t) and g(t), and mean particle tra-
jectories oscillate around the particle position (Fernández-Martínez and García-Gonzalo, 2008)

oi(t) = φ1g(t) + φ2li(t)
φ1 + φ2

. (1.8)

The full stochastic analysis of the PSO continuous and discrete models (GPSO) was per-
formed in a collection of 3 papers by Fernández-Martínez and García-Gonzalo (2008, 2009,
2011b). This analysis shed light on the relationship between PSO convergence and the PSO
parameters tuning: good PSO parameters (ω, ag and al) are located in the neighborhood of the
upper border of the second order stability region. Therefore, no magical tuning points with five
decimal figures exist: stochastic stability and convergence are intimately related in the PSO
case. Using the above mentioned mechanical analogy a full family of Particle Swarm optimizers
was also derived (Fernández-Martínez and García-Gonzalo, 2009, 2012; García-Gonzalo et al.,
2014). Numerical analysis using different analytical benchmark functions have shown that the
most performing algorithm of the family in terms of the balance of its exploration/exploitation
capabilities is RR-PSO, which is the PSO family member obtained by adopting both regres-
sive finite difference schemes of the PSO continuous model (equation (1.7)) for acceleration and
velocity.

The RR-PSO algorithm can be written asv(t+ ∆t) = v(t)+φ1∆t[g(t)−x(t)]+φ2∆t[l(t)−x(t)]
1+(1−ω)∆t+φ∆t2 ,

x(t+ ∆t) = x(t) + v(t+ ∆t)∆t,
(1.9)

where (t,∆t) ∈ R. This algorithm has unbounded regions of first and second order stochastic
stability. It has been numerically shown (Fernández-Martínez and García-Gonzalo, 2012) that
good parameters sets in the RR-PSO case are concentrated around the line φ = 3 (ω − 3/2),
mainly for inertia values ω > 2. This straight line is independent of the cost function that
is optimized, and remains invariant when the number of optimization parameters increases.
Furthermore, this line is located in a region of medium attenuation and very high frequency for
the swarm particle trajectories. This last property confers to RR-PSO a good balance between
exploration and exploitation, allowing for a very efficient and explorative search around the
oscillation center of each particle in the swarm.

Two other explorative members of the PSO family are also used in this PhD Thesis (see
Fernández-Martínez and García-Gonzalo (2009, 2012) for details):

• The CP-PSO: v(t+ ∆t) = (1+φ∆t2)v(t)+φ1∆t[g(t)−x(t)]+φ2∆t[l(t)−x(t)]
1+(1−ω)∆t ,

x(t+ ∆t) = x(t) + v(t)∆t.
(1.10)
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• The PP-PSO:

{
v(t+ ∆t) = [1− (1− ω)∆t] v(t) + φ1∆t [g(t)− x(t)] + φ2∆t [l(t)− x(t)] ,
x(t+ ∆t) = x(t) + v(t)∆t.

(1.11)

The CP-PSO is the most explorative member of the family (García González, 2011), which
is an interesting option for performing nonlinear uncertainty analysis and exploring the cost
function landscape. PP-PSO has the same velocity rule than GPSO, but the positions of the
particles are written in time t, instead of t+ 1. PP-PSO is more explorative than GPSO, having
a lower convergence rate.

Finally, the CC-PSO algorithm was also used, which, as the GPSO, has a fast convergence
rate (García González, 2011) and can be written as (Fernández-Martínez et al., 2010a)

x(t+ ∆t) = x(t) +
{

[2+(ω−1)∆t]v(t)+φ1∆t[g(t)−x(t)]+φ2∆t[l(t)−x(t)]
2

}
∆t,

v(t+ ∆t) = 2+(ω−1)∆t
2+(1−ω)∆tv(t) +

∑1
k=0

{
φ1∆t[g(t+k∆t)−x(t+k∆t)]+φ2∆t[l(t+k∆t)−x(t+k∆t)]

2+(1−ω)∆t

}
,

(1.12)
where (t,∆t) ∈ R.

The use of PSO in applied geophysics has been introduced in Fernández-Álvarez et al. (2006),
Shaw and Srivastava (2007) and Fernández-Martínez et al. (2010a,b). Particularly, Fernández-
Martínez et al. (2010a) presented the application of Generalized PSO (GPSO), CC-PSO and CP-
PSO to the solution and appraisal of a 1D-DC resistivity inverse problem, justifying in each case
how to perform the parameter tuning. Nevertheless, in gravity inversion (the applied problem
of this PhD Thesis) the PSO algorithm has barely been used. Sanyi et al. (2009) presented
some simple synthetic examples using buried cylinders (with depths and density contrast as
unknowns), and compared the results with the ones obtained via Levenberg-Marquardt, genetic
algorithm (GA), simulated annealing (SA), and Ant Colony Optimization (ACO) approaches.
The conclusion was that PSO outperforms the rest of the algorithms, showing higher convergence
rates for PSO and ACO with respect to GA and SA. Toushmalani (2013b,a) used PSO to invert
the parameters of a fault (thickness of the sheet, left and right distances to the middle of the
sheet, and the fault’s angle) using gravity anomalies, comparing the results with the Levenberg-
Marquardt method. His general conclusion was that PSO provides better agreement between the
predicted model anomaly and the observations than using the Levenberg-Marquardt technique.
Sweilam et al. (2008) also compared the PSO algorithm with function stretching (SPSO) with
genetic algorithms for synthetic and real (a salt dome) inverse gravimetric problems, finding
similar solutions for both algorithms, but with the advantage for SPSO of having less parameters
to tune than the GA method. These papers that are devoted to the use of PSO in gravity
inversion as a global optimizer, comparing its performance with classical inversion techniques,
miss the most important feature of global optimization algorithms, which is their capability to
perform an approximate nonlinear uncertainty analysis (sampling of the nonlinear uncertainty
region(s)) of the solution that has been adopted. Also, a clear description about the importance
of a correct tuning of the PSO parameters Fernández-Martínez et al. (2010a,b, 2012b) is usually
absent.
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1.4 Introduction to gravity inversion in sedimentary basins1

Estimation, using surface gravity measurements, of the horizontal separation interface between
two media which have different densities (where the upper one, embedded in the lower one, has a
density ρu < ρl, as it is common in sedimentary basins) is a nonlinear inverse problem. Gravity
inversion in this kind of environments is a classical tool, widely used in Geophysics, in oil and gas
prospecting, hydrogeology, glaciology, etc. (Dobrin, 1960; Nettleton, 1976; Telford et al., 1976;
Parker, 1994; Blakely, 1995). The gravity inverse problem, as a potential field based method,
has an inherent non-uniqueness in their solution, which leads to an infinity number of mass
distributions generating the same gravitational signal (Skeels, 1947; Al-Chalabi, 1971; Hinze et
al., 2013; Zhdanov, 2015). It is therefore mandatory to introduce some kind of constraint(s)
and to take into account external information (as borehole data, seismic profile information,
contrasted prior models, etc.) in order to enclose the final solution.

Once the gravity is observed (in this PhD Thesis only its norm is considered, regardless of its
vector character) and corrected (time-dependent signals and atmospheric effects), measurements
are transformed into anomalies ∆g through the classic and well-known free-air, Bouguer plate
and terrain reductions, plus the subtraction of the normal gravity field signal (Telford et al., 1976;
Blakely, 1995). These values, called complete Bouguer anomalies, contain information about the
crust-mantle interface and the mass distribution in the wide range of depths for the Earth crust,
so their influence is considered as regional. Although some sedimentary basins whose area covers
thousands of square kilometers exist, their depths are commonly small compared to the Earth
crust thickness, so for a correct problem interpretation it is necessary to isolate the part of ∆g
generated only by the sediments. This part is commonly called local or residual anomaly, while
the part of the signal due to the regional and deep mass distributions is known as regional trend.
These components can be isolated as a previous step or during the inversion process itself, and
a variety of methods exist in order to perform this task, as, for example, the polynomial fitting
of curves or surfaces (Beltrão et al., 1991), the use of minimum curvature surfaces (Mickus et
al., 1991) or through spectral techniques (Xu et al., 2009), among others. In this PhD Thesis,
only the polynomial method has been used.

Residual anomalies ∆g on sedimentary basins have in the most common cases negative values,
as the anomalous mass derived from a contrast density sediments-basement ∆ρ = ρs− ρb < 0 is
also negative. These anomalies are directly related to the basin depth (sediments layer thickness),
and they constitute the fundamental observable for the inversion task. They can be also classified
(assuming that the time-dependent signals and atmospheric effects were correctly removed,
introducing only negligible level of noise) in various components:

1. The anomaly due to the sediments itself.

2. The observational noise, always present.

3. The noise introduced in gravity reduction for complete Bouguer anomaly computation.

4. The noise introduced in the regional trend suppression.

Noise introduced in parts 2, 3 and 4 contributes to the previously highlighted inverse problem
non-uniqueness, so it is must always be taken into account in the results interpretation step.

1Gravity inversion in sedimentary basins is the main application treated in this PhD Thesis, as a continuation
of the author’s Master Degree. In the future, other geophysical inverse problems will follow.
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The most widely used techniques for the solution of this inverse problem are based on local
optimization methods, either by the linearization of the problem and the use of linear algebra
techniques, or by the sequential application of the direct formulation. Global search methods
have also been proposed. For the basin modeling several alternatives have been proposed, as its
approximation as regular geometric bodies, irregular polygons or the discretization in rectangles
or prisms. Regarding the density contrast ∆ρ between the sediments and the basement, the
nonlinear approach for the problem, where the interface depths are the unknowns, imply that
∆ρ must be postulated, either as a constant value or being variable with depth.

Finally, with regards to the dimensions of the space the problem can be proposed as 2D, 2.5D
or 3D. When a dimension of an anomalous body is much larger than the other two (Nettleton
(1976) suggests that a 2× or 3× factor is enough), its gravity anomaly computation can be solved
using a 2D approximation (Pick et al., 1973; Nettleton, 1976; Telford et al., 1976). This situation
is common in sedimentary basins, where their horizontal extensions are generally much larger
than their depth, so profiles perpendicular to the largest dimension can be used in order to use
a 2D formulation. The 2.5D approach is used when the strike length is not large enough to be
considered infinite and using the 2D approximation is not valid (Chakravarthi and Sundararajan,
2006). Although in this latter case a 3D approach could be used, this implies an increase in the
parameters number.

In the next sections, some parametrization examples will be presented. The density contrast
approximations and solution methods will be explained in order to get general conclusions for
comparison purposes with the methodology that has been proposed in this PhD Thesis.

1.4.1 Basin as a trapezoidal figure

Rao (1990) presents a bidimensional inversion method based on the basin approximation as a
trapezoidal figure, as it can be seen in figure 1.1. The polygon has the points A, B, C and D
as vertices, and the origin O is situated at the terrain surface, above the vertical of the bottom
side CD middle point (distance which is stated as 2T ). Z1 and Z2 are the upper and lower
side depths (Z axis is considered positive downwards). As in an asymmetrical trapezoid the
minimum (or maximum if the density contrast is positive) of the generated gravity anomaly is
not located in the vertical of its geometrical center, a new unknown2 D is added, which expresses
the distance from a reference point D to the origin O. The model is expressed by the parameters
m = [Z1, Z2, T, θ1, θ2, D], which are the unknowns to estimate in the inversion process. r1, r2,
r3, r4, φ1, φ2, φ3 and φ4 are auxiliary variables needed in the attraction computation of the
basin over a point P (x, z).

In this case, the sediments-basement density contrast variation, ∆ρ = ρs − ρb, is considered
variable following a quadratic function with depth as

∆ρ (Z) = a0 + a1Z + a2Z
2, (1.13)

where a0 is the density contrast at the terrain surface, and a1 and a2 are variation parameters,
which can be determined (adjusted via least squares or other technique) based on data measured
at boreholes, for example. The formulation for the attraction of the basin model over an exterior
point at height Z = 0, and whose density contrast follows equation (1.13), can be expressed as

∆gP = F (xp,∆ρ(Z), Z1, Z2, T, θ1, θ2, D) . (1.14)

2Although letter D was also used for a vertex, it is the one used by Rao (1990).
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Figure 1.1: Rao (1990) model of sedimentary basin approximation by an asymmetrical trapezoidal figure.

Given a set of N observations at the terrain surface, considered it at height Z = 0, the
minimization of

f (m) =
N∑
i=1

[
∆gobsPi

−∆gcomPi

]2
= ‖∆gobs −∆gcom‖22, (1.15)

is considered, where ∆gobsPi
are the observed anomalies (previously refined of regional trend)

and ∆gcomPi
are the computed anomalies using equation (1.14) at each observed point. Starting

with initial values for Z1, Z2, T , θ1, θ2 and D, the Marquardt algorithm (Marquardt, 1963) is
employed for the problem solution. Regarding the uncertainty assessment, Rao (1990) does not
cover this topic explicitly, except for the solution of the problem using different initial values
for the parameters and their qualitative evaluation. It should be remarked that this is a very
low-dimensional problem.

1.4.2 Basin as an irregular polygon

A sedimentary basin parametrization via an irregular polygon composed by an arbitrary number
of sides is a commonly used technique (see for example Al-Chalabi (1972); Chakravarthi et al.
(2001)). Figure 1.2 shows an approximation of the model, where a polygon composed by N
vertices, each of them along the vertical of each observed point (although this is not mandatory),
depicts the sediments-basement interface. The upper side of the polygon is the terrain surface,
generally considered planar and at height Z = 0.

Z

X

Vi(xi,zi)

P(x,0)

Figure 1.2: Sedimentary basin as an irregular polygon composed by an arbitrary number of sides, as
presented in Chakravarthi et al. (2001).

Starting with an initial model, the inversion consists in the optimum position determination
along the vertical of each N vertices Vi, in a way that the functional (1.15) be minimized (using
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the corresponding expression for ∆gcom). Al-Chalabi (1972) uses a constant density contrast
∆ρ, proposes to include as unknowns the coefficients of a polynomial in order to fit the regional
trend, and also outlines the possibility of fixing the position of one or more polygon vertices if
their depths are known a priori. On the other hand, in Chakravarthi et al. (2001) a model for
the density contrast is used, which follows the formulation of Rao et al. (1993, 1994):

∆ρ(z) = ∆ρ3
0

(∆ρ0 − αz)2 , (1.16)

where ∆ρ0 is the density contrast at the terrain surface, α a density variation parameter, and z
the depth. As in equation (1.13), this variation parameter can be experimentally adjusted when
density variation data with depth is at disposal.

Al-Chalabi (1972) proposes the problem solution through gradient based local optimization
methods or using «local search» techniques, pointing that this last methods, although slower
than the local optimization ones, are more robust when the initial model is not good and
is located far from the optimum. Chakravarthi et al. (2001) use the Marquardt algorithm
(Marquardt, 1963) to perform the inversion. In neither case uncertainty assessment is performed.
Chakravarthi et al. (2001) only compare the obtained depth in one of the proposed examples
with a value from a borehole, while Al-Chalabi (1972) only emphasizes the misfit between the
model residuals and the noise attributed to the observations, although he indicates that this
fact is not necessarily indicative of a geologically plausible solution, pointing the importance of
using all the external information at disposal in order to constraint the problem.

1.4.3 Basin as a set of simple geometrical bodies

Another commonly used method for the basin parametrization in 2D uses juxtaposition of
rectangles (see for example Silva et al. (2006, 2009)). As it can be seen in figure 1.3, the
rectangles are situated in such a way that their upper sides are at the terrain surface level,
considered plane and at height Z = 0, although that is not necessarily mandatory. For the sake
of simplicity, it is common to set the horizontal dimensions to be equal for all rectangles. Then,
the bottom sides depict the sediments-basement interface.

Z

X1 2 3 M...
P(x,0)

Figure 1.3: Sedimentary basin model as an accretion of rectangles.

This method can also be applied to 3D environments if prisms are used instead of rectangles
(see for example Barbosa et al. (1997, 1999); Chakravarthi and Sundararajan (2007)). Figure 1.4
shows schematically the 3D model where, as in the 2D case, the bottom sides of the M prisms
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depict the sediments-basement interface. In both cases, 2D and 3D, it is not necessary that the
observed points be gridded, although Barbosa et al. (1999) and Chakravarthi and Sundararajan
(2007) have used this regular distribution.

X

Y

Z

Figure 1.4: Sedimentary basin model as an accretion of right rectangular prisms.

Let N the number of observed gravity points, Pi(xi, 0) for the 2D case and Pi(xi, yi, 0) for
the 3D one, with i = 1 . . . N , which are situated at the rectangles or prisms upper sides. The
gravity anomaly generated by the model over each point follows the equation

∆gPi
=

M∑
j=1

F (∆ρ(z), zj , rij) , (1.17)

where ∆ρ(z) is the density contrast, constant or variable with depth, zj is the depth of each
prism (the problem unknowns), and rij is the horizontal vector determining the position of each
rectangle or prism related to each observation point. Chakravarthi and Sundararajan (2007)
include a second degree polynomial surface as regional trend, so equation (1.17) is then

∆gPi
=

M∑
j=1

F (∆ρ(z), zj , rij) +Ax2
i +By2

i + Cxiyi +Dxi + Eyi + F, (1.18)

where A, B, C, D, E and F are the polynomial parameters to be fitted.
Regarding the density contrast, Barbosa et al. (1997, 1999) used a constant value, Chakravarthi

and Sundararajan (2007) used the law referred in equation (1.16), and Silva et al. (2006, 2009)
employed the hyperbolic law of Litinsky (1989):

∆ρ(z) = ∆ρ0β
2

(β + z)2 , (1.19)

where ∆ρ0 is the density contrast at the surface and β a variation parameter. In any case, ∆ρ0,
α and β can be also considered as additional model parameters at the inversion.

Chakravarthi and Sundararajan (2007) propose the minimization of

f (z) =
N∑
i=1

[
∆gobsPi

−∆gcomPi

]2
= ‖∆gobs −∆gcom‖22, (1.20)
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where ∆gcomPi
is computed using equation (1.18). The problem is solved using the Marquardt

algorithm (Marquardt, 1963), and there is not imposed any external constraint, except the fact
that all prisms depth defining the basin perimeter are set to 0, which guarantees in all cases
more equations than unknowns. The authors compared the inversion results with known depths
from boreholes, but there is no uncertainty assessment.

Silva et al. (2006, 2009) used constraints in order to impose smooth conditions to the
sediments-basement interface for stabilizing the inversion process. The objective function was

f r (z) = 1
M − 1

M−1∑
j=1

(zj − zj+1) = 1
M − 1‖Rz‖22, (1.21)

where the superscript r means relative constraints, as they are called in Barbosa et al. (1997),
and R is a regularization matrix designed to look for smooth solutions. The objective function
is in this case

f (z) = 1
N
‖∆gobs −∆gcom‖22 + µr

1
M − 1‖Rz‖22, (1.22)

where µr is a balance factor between the two parts in the equation. Silva et al. (2006, 2009)
solve the problem via the Marquardt algorithm and do not perform any uncertainty assessment
for the adopted solution.

Barbosa et al. (1997, 1999) add to equation (1.22) a new kind of constraint called absolute
constraints in order to take into account known depths, if they exist, at discrete points. The
objective function is then

f (z) = 1
N
‖∆gobs −∆gcom‖22 + µr

1
M − 1‖Rz‖22 + µa

1
L
‖zobs −Az‖22, (1.23)

where the vector zobs stores nonzero values in the positions corresponding to prisms with known
depth and the matrix A (with dimensions L×M) has as many rows as known depths, and each
of them stores the value 1 in the corresponding column. The values µa and µr are regularization
parameters. Barbosa et al. (1999) introduced in the part relative to the relative constraints a
weight matrix W in the form

f r (z) = 1
M − 1‖WRz‖22, (1.24)

so that the influence of each individual constraint can be managed. All these approaches were
solved via the Marquardt method and, as in previous cases, no uncertainty assessment was
performed.

1.4.4 Methods based on the direct problem solution

The main drawbacks of local optimization techniques are their dependency on the initial model
that has been adopted, besides the numerical problems that could appear in the systems of equa-
tions solution. Inversion methods based on the sole repetition of the direct problem, without the
need of any linear (or linearized) equations system solution, have also been proposed. Although
they are based on the direct problem solution, they can not be classified as global optimization
methods because they do not explore the model space in a global way. In general, although the
implementation and computation scheme are simpler than for the local optimization methods,
the dependency of an initial model is still present, so the obtained solution can be a local minima
if the initial model is far from the true one.
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Bott (1960) presented a bidimensional inversion method where the basin is modeled as a
set of rectangles, as it was explained in section 1.4.3, and uses a constant density contrast ∆ρ.
Given a set of N gravity points (with regional trend removed) and dividing the basin into M
rectangles, the inversion procedure is composed by the following steps:

1. A first approximation H1 to the rectangles’ thickness is computed using the Bouguer plate
formula ∆gi = 2πG∆ρHi for i = 1, . . . ,M , where G is the gravitational constant. If
the observed points do not coincide with the prisms centers (in the horizontal plane), the
anomalies must be interpolated.

2. Using the estimated initial model, the anomalies at each observed point ∆gcomi are com-
puted. Using these anomalies and the calculated ones, the residuals are computed as
δ∆gi = ∆gobsi −∆gcomi .

3. The Bouguer’s formula is applied to the residuals as δ∆gi = 2πG∆ρδHi, and the model
is upgraded as Hn+1 = Hn + δH.

4. The algorithm comes back to step 2, where the residuals are one again computed using the
last estimated model as reference. Bott (1960) stops the algorithm after a fixed number of
iterations, although another kind of criteria could be used, as those based on the relative
differences between iteration in the evaluation of functionals as the one expressed in (1.20),
for example.

This method has been used over the years with only minor changes. Murthy and Rao (1979)
proposed the same method as Bott (1960), but using the exponential law for the density contrast
variation with depth

∆ρ(z) = ∆ρ0e
−λz, (1.25)

where ∆ρ0 is the density contrast at the terrain surface and λ is a variation parameter. The
gravitational attraction over an external point due to a rectangle whose density follows the
law (1.25) has not a closed expression in the spatial domain, so the attraction is approximated
by discretizing the rectangle along the vertical direction and interpolating the density contrast
for each slice according to the expressed law of variation. Rao (1986) used the variation law
stated in equation (1.13), while in Chakravarthi (1995) the equation (1.16) is employed.

The method can also be used in 3D environments, using prisms as discretization figures
instead of rectangles, as can be seen in Chakravarthi and Sundararajan (2004); Chakravarthi
et al. (2013); Chen and Zhang (2015). In any case, 2D or 3D, the different authors do not
perform any uncertainty assessment beyond the comparison between the estimated best model
and known depth values at discrete points.

1.4.5 Global optimization methods

Boschetti et al. (1997) present a genetic algorithms (Goldberg, 1989; Holland, 1992) application
to joint inversion of gravity and magnetic data in sedimentary basins where, besides the optimal
model, its uncertainty assessment is given. The 2D basin modeling is based on the approximation
presented in section 1.4.2, being the unknowns the positions (along the vertical line) of the
points defining the sediments-basement interface. The paper presents a synthetic example,
which considers joint gravity and magnetic inversion and treats the density increment ∆ρ and
magnetic susceptibility ∆k also as unknowns. It also presents a real example, composed only
by gravity data, where the density contrast is considered a known parameter. A computation
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scheme is proposed in order to accelerate the processing time and to avoid working with a
high number of parameters in the initial stages of the inversion. This scheme is based on the
discretization of the model at low resolution in the initial iterations, and gradually increase the
resolution as the number of iterations advances (Boschetti et al., 1995). For the joint inversion
model, the objective function is

f (m) = W∆k
‖∆kobs −∆kcom‖22

M
+W∆g

‖∆gobs −∆gcom‖22
N

, (1.26)

where M and N are the number of points with magnetic and gravity observations, respectively,
and W∆k and W∆g are weighting parameters controlling the influence of each type of data. The
model and uncertainty estimation procedure works as follows:

1. All generated models which produce a value for the objective function below a given tol-
erance are selected. Some models, although numerically valid, are not geologically admis-
sible, but they are also taken into account (this fact will be later discussed in section 2.2).

2. Each point position is averaged using all previously selected models. The final set of
averaged points is adopted as problem solution. This method has as disadvantage that
this best model could not generate the minimum value for the objective function among
all computed candidates.

3. For each point, its standard deviation is computed using all selected models, and this value
is imposed as its depth uncertainty. This procedure has as disadvantage that the extreme
models, composed by the shallowest and deepest points, could be an uncertainty value
bigger than the one adopted as tolerance.

In Parker (1999), a short chapter is devoted to the 3D inversion problem using prisms as
discretization elements. The density contrast is considered as variable with depth following the
law (specific for the area under study)

ρ(z) = 1.95 + 0.26z, (1.27)

where 1.95 g/cm3 is the density at the terrain surface and 0.26 g/cm4 corresponds to its varia-
tion. The objective function to minimize is the same as the one shown in equation (1.20) and
no uncertainty assessment is performed. In words of Parker (1999):

No smoothness constraint or regularization of any type were applied to the ob-
jective function, and the inversion appears somewhat unstable in regions with sparse
data coverage. However, the same major features can be identified in all of the
inversion results.

This fact, the unstable solutions, as in the case of Boschetti et al. (1997), will be addressed in
detail in section 2.2.

Global optimization methods have been also employed in gravity inversion problems for
the determination of other kind of structures than sedimentary basins. González Montesinos
(1999); Montesinos et al. (2005) presented a method based on genetic algorithms focused on the
work with complex and isolated structures. Camacho et al. (2002, 2007, 2011), inspired by René
(1986), developed a method based on systematic exploration of the model space by accumulation
of prisms, mainly focused on the inversion in complex environments with positive and negative
density contrast, although the technique has been also tested in sedimentary basins (Camacho
et al., 2012, 2015).





Chapter 2

Thesis contributions

2.1 The effect of noise and Tikhonov regularization in inverse
problems1

The solution of inverse problems has an intrinsic uncertainty that is mainly caused by noise
in data, incomplete data sampling and simplified physics. In the first part of this PhD Thesis
(articles 1, 2 and 3, and publications 1 and 2), an analysis of the effect produced by noise and
zero-order Tikhonov regularization in linear and nonlinear inverse problems is performed. In
the case of ill-conditioned inverse problems the noise is amplified back to the model parameters
through the generalized inverse operator. Ill-conditioning might provide spurious solutions (with
no physical meaning) if no regularization techniques are used. For a given misfit tolerance the
models that fit the observed data are called equivalent, and are located in a region of the
model space that is bounded in the case of linear inverse problems by a linear hyper-quadric
surface for a given tolerance error. The noise shifts the solution found by least squares methods
and deforms homogeneously the topography of the cost function, while Tikhonov regularization
transforms the linear hyper-quadric from an elliptical cylinder to a very oblong hyper-ellipsoid
in the directions that originally spanned the kernel of the linear forward operator.

As in the linear case, noise shifts the solution found by nonlinear optimization, but in the
nonlinear approach the cost function topography is deformed in a non-homogeneously way. Un-
der certain conditions, noise might decrease the size of the regions of very low misfits, and at the
same time increase the size of regions of medium misfits. As a result of that, the inverse problem
solution becomes more difficult to be found by search methods, but locating the region (or re-
gions) of medium misfit might be easier. The effect of the regularization in the linearized region
of equivalence is similar to the linear case. Although the use of regularization techniques has a
positive effect in decreasing the uncertainty of the solution that has been found, it unfortunately
does not provoke the disappearance of the nonlinear equivalent models. This knowledge is very
important because noise in data is always present, and the possibility of having at disposal good
prior information is rare. Therefore, the nonlinear uncertainty analysis and solution appraisal
is always needed. Also, the linearized region of equivalence does not coincide with the nonlinear
region of equivalence, so an a posteriori uncertainty analysis based on the first region will not
produce correct results.

1This section summarizes the results presented in articles 1, 2 and 3, and in publications 1 and 2.
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2.1.1 The effect of noise in linear inverse problems

The inverse problem presented in equation (1.1) is in general solved for a linear operator F via
linear least squares (LLS) methods finding

m† : c(m†) = min
m∈Rn

‖F(m)− dobs‖22, (2.1)

where the generalized solution m† of this optimization problem is provided by the Moore-Penrose
pseudo-inverse (see for instance Aster et al. (2012)).

Let it be so that dobs = dtrue + δd, where dtrue is the data that would be measured in
absence of noise (noise-free data), and mtrue is the hypothetical model that has generated these
data, that is, F(mtrue) = dtrue. Then,

m† = F†dobs = F†
(
dtrue + δd

)
= mtrue + ∆m, (2.2)

with
∆m = F†δd = VΣ†UT δd = VΣ†δdU =

r∑
k=1

δdUk
µk

vk, (2.3)

where r = rank(F), and δdU = UT δd is the noise term δd referred to the U orthonormal
base, provided by the singular value decomposition of the forward operator F = UΣVT . Equa-
tion (2.3) can be split into two parts: (i) the one that provides the stable part, and (ii) the one
that causes noise in data to be amplified back into the model parameters, providing different
equivalent solutions. This second unstable part is associated with the vk vectors of the V base
corresponding to the vanishing singular values µk → 0. This effect is called ill-conditioning of
the discrete linear inverse problem. So, in presence of noise, the solution found m† will never
coincide with true solution mtrue, that has generated the observed data. The ill-conditioned
character of the discrete inverse problems does not only cause the numerical determination of
the model of lower misfit to be unstable, but more important, it is the origin of the uncertainty
problem. The condition number κ of the matrix F is defined as the ratio of its maximum and
minimum singular values:

κ(F) = µmax
µmin

, (2.4)

and κ(F) is related to the eccentricity of the linear equivalence region as follows:

ε =

√
1−

(
µmin
µmax

)2
=
√

1−
( 1
κ(F)

)2
. (2.5)

Ill-conditioned problems are those whose region of equivalence eccentricity tends to 1 and
the equivalent models are located in oblong and elongated rectilinear valleys of the cost function
topography. Ill-conditioning should also be viewed as a geometric property of the linear equiv-
alence region (hyper-quadric). Thus, the following alternative definition might be proposed: A
linear inverse problem F(m) ' dobs is ill-conditioned if the eccentricity of its region of equiva-
lence is close to 1 (see article 1 and publication 1 for details). This first paper was devoted to
justify the uncertainty analysis of discrete inverse problems and it is a continuation of the PhD
Thesis of María Zulima Fernández Muñiz (Fernández Muñiz, 2012).

Let’s be examined more in detail how noise affects the region of equivalent solutions, defined
as Ltol = {m ∈M : ‖F(m)− dobs‖22 ≤ tol2}. As∥∥∥Fm− dobs

∥∥∥2

2
= ‖Fm‖22 − 2(Fm)Tdobs +

∥∥∥dobs∥∥∥2

2
, (2.6)
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the boundary of the Ltol region is the hyper-quadric containing the linear equivalent models
predicting the observed data with error tolerance tol (Fernández-Martínez et al., 2012a)

‖Fm‖22 − 2(Fm)Tdobs +
∥∥∥dobs∥∥∥2

2
− tol2 = 0, (2.7)

or
‖ΣmV ‖22 − 2(ΣmV )TdobsU +

∥∥∥dobsU ∥∥∥2

2
− tol2 = 0, (2.8)

with dobsU = UTdobs, and mV = VTm. In this last case the hyper-quadric is referred to the U
and V orthogonal bases provided by the singular value decomposition of F.

Taking into account equations (2.7) and (2.8), the following can be observed:

1. Noise in data does not affect the matrix of the hyper-quadric, FTF. Thus, the orientation
of the linear hyper-quadric (V principal axes) remains the same.

2. Noise perturbs the center of the hyper-quadric, which coincides with the least squares
solution mc = m† of the linear inverse problem stated in equation (2.2).

3. Finally, noise in data deforms homogeneously the topography of the unperturbed cost
function in the region of equivalent models, bounded by Ltol.

The last assertion can be proved analytically. Equation (2.8) can be written as (see article 2
for details)

r∑
k=1

(
µkmV k − dobsUk

)2
= tol2 −

s∑
k=r+1

dobsUk
2
, (2.9)

where, if r = rank(F) < n, the components mV k with k = r+1, . . . , n are not determined by the
linear system. Geometrically, the hyper-quadric becomes an elliptical cylinder in the directions
of vk with k = r+ 1, . . . , n (Fernández-Martínez et al., 2012a). Considering dobsUk = dtrueUk + δdUk,
the hyper-quadric for the noise-free case is

r∑
k=1

(
µkmV k − dtrueUk

)2
= tol2 −

s∑
k=r+1

dtrueUk
2
. (2.10)

The following condition has to be fulfilled for both hyper-quadrics, with and without noise,
to have the same axes length

tol∗ =

√√√√tol2 +
s∑

k=r+1

[(
dtrueUk + δdUk

)2 − dtrueUk
2
]

=

√√√√tol2 +
s∑

k=r+1

(
δd2
Uk + 2δdUkdtrueUk

)
. (2.11)

Calling ∆tol =
∑s
k=r+1

(
δd2
Uk + 2δdUkdtrueUk

)
,

1. If ∆tol > 0, then tol∗ > tol, that is, in presence of noise the region with the same size
corresponds to a region of higher misfit. Thus, the regions of equivalent models will
decrease in size. Particularly this will happen if

∑s
k=r+1 δdUkd

true
Uk = 0 as, for instance,

in presence of white noise. In this case locating the equivalence region of low misfits
(tol ≤ 10% for instance) by means of global optimization methods becomes a harder task
due to its smaller size. Conversely, finding the global optimum of the perturbed cost
function via local optimization methods inside this region is easier. Although the noise
δd does not affect the conditioning of the forward operator F, it could be considered as
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a kind of regularization since for the same value of the error tolerance the axes of the
hyper-quadric become smaller. Finally when using global optimization methods under the
presence of noise, the posterior search is usually performed in a region of higher misfit
than the one corresponding to the noise-free case.

2. Conversely, if ∆tol < 0, then tol∗ < tol, and the region with the same size in presence of
noise corresponds to a region of lower misfit. In this case, the regions of equivalent models
will increase in size. This fact could be used to locate more easily the low misfit region
by artificially adding an adequate colored noise to the observed data. This case could be
happen in practice only for noise which is negatively correlated with the true data. Future
research will be devoted to this subject.

These theoretical results are confirmed via a synthetic numerical example concerning a linear
regression problem y = αx+β+δ, where (α, β) are the unknown parameters and δ represents the
noise. The experiment consists of generating a dataset of 100 different (xi, yi) points, stating
as true (noise-free) model parameters the values αt = 4 and βt = 2. Two different levels
of white Gaussian noise δ1 → N(0, 0.05) and δ2 → N(0, 0.075) were added to the noise-free
data. Figure 2.1 (left) shows the 9% relative misfit contour lines for each case. According to
equation (2.11), the original 9% equivalence region corresponds in size to the regions of 10.12%
and 11.88% for δ1 and δ2, respectively. Also, the lest squares solutions are shifted to the models
(α1 = 3.90, β1 = 2.14) and (α2 = 3.84, β2 = 2.25).

In conclusion, in linear inverse problems noise shifts the center of the linear region of equiva-
lence (hyper-quadric) ,that coincides with the least squares solution, and deforms homogeneously
the topography of the cost function. The term homogeneously refers to the fact that the defor-
mation does not depend on the model m0 that is considered in this analysis.

2.1.2 The effect of Tikhonov regularization in linear inverse problems

Regularization refers to the mathematical techniques that are used to stabilize the inversion in
linear and nonlinear problems. In this section, the role of the regularization and its effect on
the cost function topography for linear inverse problems is analyzed, showing geometrically its
effect on the estimated solution. Regularization in linear inverse problems can be performed by
truncation and by damping (see article 2 for details). Zero-order Tikhonov regularization is the
most common damping strategy, and consists of minimizing a linear combination of the data
prediction misfit and the distance to a reference model mref :

mε : cr(m) = min
m∈Rn

[∥∥∥Fm− dobs
∥∥∥2

2
+ ε2

∥∥∥m−mref
∥∥∥2

2

]
, (2.12)

where ε2 is the so-called damping parameter, generally close to zero.
Now, the normal equations system is(

FTF + ε2I
)
·
(
m−mref

)
= FTdobs, (2.13)

and the solution is computed via least squares as (see Aster et al. (2012) for example)

mε = mref +
(
FTF + ε2I

)−1
FT

(
dobs − Fmref

)
, (2.14)

where the operator FTF + ε2I is full rank, so (FTF + ε2I)−1 exists and is continuous. Equa-
tion (2.14) can be expressed using the singular value decomposition F = UΣVT as

mε
V = mref

V +
(
ΣTΣ + ε2I

)−1
ΣT∆drefU , (2.15)
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where ∆drefU is the reference model data misfit referred to the U base, i. e.,

∆drefU = UT
(
dobs − Fmref

)
= dobsU −Σmref

V . (2.16)

The solution can be finally expressed as (see article 2 for details)

mε
V =

r∑
k=1

ε2mref
V k + µkdUk
µ2
k + ε2 vk +

n∑
k=r+1

mref
V k vk, (2.17)

where, as in the previous section, µk are the singular values stored in Σ.
All the vectors in the V base play a role in the regularized solution mε since the coordinates

that originally resided in the kernel of F are now informed by the reference model mref . Also,
the coordinates in the r first vectors of the V base are linear combinations of the reference
model coordinates mref

V k and the data dUk, being the weights ε2/(µ2
k + ε2) and µk/(µ2

k + ε2),
respectively. Thus, the reference model serves to incorporate information from the kernel.

Referred to the V base, the hyper-quadric for this problem can be written as

mT
V

(
ΣTΣ−ε2I

)
mV − 2mT

V

(
ΣTdobsU + ε2mref

V

)
= tol2 − dobsU

TdobsU − ε2mref
V

T
mref
V , (2.18)

that can be reformulated as

r∑
k=1

√µ2
k + ε2mV k −

ε2mref
V k + µkd

obs
Uk√

µ2
k + ε2

2

+ ε2
n∑

k=r+1

(
mV k −mref

V k

)2
= (2.19)

= tol2 +
r∑

k=1

(
ε2mref

V k + µkd
obs
Uk

)2

µ2
k + ε2 −

∥∥∥dobsU ∥∥∥2

2
− ε2

r∑
k=1

mref
V k

2
.

Finally, calling

∆r =
r∑

k=1

(
ε2mref

V k + µkd
obs
Uk

)2

µ2
k + ε2 −

∥∥∥dobsU ∥∥∥2

2
− ε2

r∑
k=1

mref
V k

2
, (2.20)

the axes of the hyper-quadric are√tol2 + ∆r√
µ2
i + ε2

,

(√
tol2 + ∆r

ε

)
j


i=1,...,r
j=r+1,...,n

, (2.21)

instead of 
√
tol2 −

∥∥dobsU ∥∥2
2 +

∑r
k+1 d

obs
Uk

2

µi
,∞j


i=1,...,r
j=r+1,...,n

, (2.22)

with no regularization. The regularization with a model of reference mref prescribes the center
of the hyper-quadric to mref

V j for the coordinates of the solution that originally resided in the
kernel of F, and bounds the axes in these vj directions to

√
tol2 + ∆r/ε, instead of infinity.

Accordingly, the equivalence region changes from an elliptical cylinder (with no regularization)
to a very oblong hyper-ellipsoid in the directions of the kernel of F.
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The following relationship applies for both equivalent regions of tolerance tol∗ (with regu-
larization) and tol (without regularization) to have the same size (or axes)√

tol∗2 + ∆r√
µ2
i + ε2

=

√
tol2 −

∑s
k=r+1 d

obs
Uk

2

µi
, i = 1, . . . , r, (2.23)

where the right part comes from equation (2.9). Thus

tol∗ =

√√√√√µ2
i + ε2

µ2
i

tol2 − s∑
k=r+1

dobsUk
2

−∆r, (2.24)

which, taking into account the value of ∆r can be expanded to (see article 2 for details)

tol∗ (µi) =

√√√√√tol2 + ε2

µ2
i

tol2 − s∑
k=r+1

dobsUk
2

+ ε2
r∑

k=1

(
dobsUk − µkm

ref
V k

)2

µ2
k + ε2 . (2.25)

In this case, tol∗ depends on the axes index i, that is, the deformation is different for each axis
of the hyper-quadric due to the effect of regularization. The values of tol∗(µi) depend on each
singular value and, thus, the axes of the hyper-quadric associated to the biggest singular values
(the directions of smaller uncertainty) might keep unchanged by the regularization. Figure 2.1
(right) shows the effect of the regularization in the synthetic linear regression case presented in
section 2.1.1. The regularization parameter was set to ε2 = 0.5, for which the regularized least
squared solution found was (α = 3.84, β = 2.23). According to the presented analysis in this
section, it is possible to observe that 9% equivalence region decreases in size, with respect to
the not regularized case, mainly in the directions of maximum uncertainty, that are associated
to the smallest singular values of the forward operator. Using equation (2.25), this anisotropic
deformation can be computed, obtaining the values tol∗min = 9.01% and tol∗max = 9.46%, and
thus confirming the theoretical results.
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Figure 2.1: Different cost functions in linear inverse problems. Left: effect of different levels of noise.
Right: effect of the zero-order Thikonov regularization.

In conclusion, in linear inverse problems the regularization deforms homogeneously (it does
not depend on the model that has been considered) and anisotropically (it depends on the axes
of the equivalence region) the region of equivalence.
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2.1.3 The effect of noise in nonlinear inverse problems

It has been shown in Fernández-Martínez et al. (2012a) that in the case of nonlinear problems
the nonlinear region of equivalence is one or more elongated valleys with curvilinear shapes
and almost null gradients. Also, depending on the injectivity of the forward operator several
basins of low misfit can coexist in the cost function landscape. To explore (see article 3 and
publications 1 and 2 for details) how the noise affects the cost function landscape for this kind of
problems a linearization of the forward operator F in a model m0, that belongs to the nonlinear
equivalent region is adopted:

F(m) = F(m0) + JFm0(m−m0) + o(‖m−m0‖2), (2.26)

where, in this case, F : Rn → Rs is a nonlinear operator and JFm0 is its Jacobian in m0. The
nonlinear equivalence region of value tol is defined as

Vtol =
{

m ∈M : c(m) =
∥∥∥F(m)− dobs

∥∥∥2

2
≤ tol2

}
, (2.27)

where m ∈ Rn, dobs = dtrue + δd ∈ Rs, and δd represents, as in section 2.1.1, the noise.
Substituting equation (2.26) into equation (2.27), the linearized hyper-quadric Ltol of value

tol in m0 is

∆mTJFT
m0JFm0∆m + 2 (∆d− δd)T JFm0∆m + ‖∆d− δd‖22 < tol2, (2.28)

where ∆m = m − m0 and ∆d = F(m0) − dtrue, equation that can be written, taking into
account the singular value decomposition JFm0 = UΣm0VT , as

∆mT
V ΣT

m0Σm0∆mV + 2∆bTUΣm0∆mV + ‖∆bU‖22 < tol2, (2.29)

where ∆bU = ∆dU − δdU = UT [F(m0)− dtrue − δd] and ∆mV = VT∆m.
Equation (2.29) can be rewritten as (see article 3 for details)

r∑
k=1

(µk∆mV k + ∆bUk)2 = tol2 −
s∑

k=r+1
∆b2Uk, (2.30)

where r is the rank of JFm0 and µk the corresponding singular values. For the noise-free case,
δd = 0, the equation becomes

r∑
k=1

(µk∆mV k + ∆dUk)2 = tol2 −
s∑

k=r+1
∆d2

Uk. (2.31)

The tol equivalent region in the noisy case will have the same size as the corresponding region
for the noise-free case under the condition

tol∗2(m0)−
s∑

k=r+1
∆b2Uk = tol2(m0)−

s∑
k=r+1

∆d2
Uk, (2.32)

then

tol∗(m0) =

√√√√tol2(m0) +
2∑

k=r+1

(
δd2
Uk − 2∆dUkδdUk

)
, (2.33)
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where the regions are called tol∗(m0) and tol(m0) due to its dependency on the model m0
adopted to linearize the forward operator. By continuity of the cost function there might be
a neutral line where tol∗(m0) = tol(m0), so no deformation takes place along it. Inside the
region limited by this line tol∗(m0) > tol(m0), and regions decrease in size in presence of
noise, and outside, tol∗(m0) < tol(m0), so regions increase in size. In conclusion, noise deforms
the topography of the cost function non-homogeneously, decreasing regions of low misfit and
increasing the regions of medium misfit, if certain conditions are fulfilled.

To show the effect of noise in the nonlinear inverse problem case, a simple synthetic example
y = α(1−e−βx)+δ was analyzed, generating synthetically a dataset with 100 points. In addition
to the true noise-free solution (αt = 20, βt = 0.1), the problem was solved also adding white noise
of level δ → N(0, 0.05). The model (α0 = 19, β0 = 0.15) was set as initial model for the nonlinear
least squares optimization. Figure 2.2 (left) shows the linearized and nonlinear equivalence
regions for a relative error tolerance of 9% for these two cases. The figure background shows
the contour lines of the corresponding noise-free linearized problem. The nonlinear equivalence
regions show the croissant shape, which is typical of this kind of problems (Fernández-Martínez
et al., 2012a), while the linearized regions represent the hyper-quadric around the solution that
has been adopted. It is possible to observe that the linearized equivalence regions only span
locally the full nonlinear uncertainty region, and also that both regions decrease in size as the
noise level increases.

2.1.4 The effect of Tikhonov regularization in nonlinear inverse problems

The nonlinear equivalent region of value tol for the zero-order Tikhonov regularized inverse
problem is

Vtol =
{

m ∈M : cr(m) =
∥∥∥F(m)− dobs

∥∥∥2

2
+ ε2

∥∥∥m−mref
∥∥∥2

2
≤ tol2

}
, (2.34)

where, as in section 2.1.2, ε2 is the regularization parameter and mref is a reference model.
Adopting a linearization of cr(m) in a model m0, located on the nonlinear equivalent region,

it is possible to obtain the linearized region of equivalence for this case as

∆mTJFT
m0JFm0∆m + 2 (∆d− δd)T JFm0∆m + ε2

∥∥∥∆m−∆mref
∥∥∥2

2
+ ‖∆d− δd‖22 < tol2,

(2.35)
where, as in previous section, JFm0 is the Jacobian of the nonlinear forward operator F in m0,
∆m = m−m0 and ∆d = F(m0)−dtrue. Taking into account the singular value decomposition
JFm0 = UΣm0VT , equation (2.35) can be written as

∆mT
V ΣT

m0Σm0∆mV + 2∆bTUΣm0∆mV + ε2
∥∥∥∆mV −∆mref

V

∥∥∥2

2
+ ‖∆bU‖22 < tol2, (2.36)

where ∆bU = ∆dU−δdU = UT [F(m0)−dtrue−δd], ∆mV = VT∆m and ∆mref
V = VT∆mref ,

that can be reformulated as

r∑
k=1

√µ2
k + ε2∆mV k −

ε2∆mref
V k + µk∆bUk√
µ2
k + ε2

2

+ ε2
n∑

k=r+1

(
∆mV k −∆mref

V k

)2
= (2.37)

= tol2 +
r∑

k=1

(
ε2∆mref

V k + µk∆bUk
)2

µ2
k + ε2 − ‖∆bU‖22 − ε

2
r∑

k=1
∆mref

V k

2
.
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Performing a similar analysis to the one in the linear case, here for the linearized equivalent
regions, with and without regularization, the following relationship is found:

tol∗i (m0) =

√√√√√tol2 (m0) + ε2

µ2
i

tol2 (m0)−
s∑

k=r+1
∆b2Uk

+ ε2
r∑

k=1

(
∆bUk + µk∆mref

V k

)2

µ2
k + ε2 , (2.38)

where tol∗i is the tolerance in presence of regularization and tol without it.
Figure 2.2 (right) shows the effect of the regularization in the regression synthetic case

presented in section 2.1.3. In this numerical example, the level of white noise was δ → N(0, 0.05),
the regularization parameter was set to ε2, the reference model was (αr = 15, βr = 0.07), and
the initial model to perform the nonlinear least squares optimization was (α0 = 19, β0 = 0.15).
The figure shows the 9% equivalence regions for the linearized and full nonlinear problems. It
can be observed that the linearized equivalence regions decrease in size anisotropically as the
regularization parameter increases. The size of the nonlinear equivalence region also decreases
in size less rapidly than the linearized region.
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Figure 2.2: Different cost functions in nonlinear inverse problems. Left: effect of noise. Right: effect of
the zero-order Thikonov regularization.

The conclusions arising from this analysis are the following:

1. The center of the linearized hyper-quadric provides the regularized solution of the linearized
inverse problem in m0.

2. The noise and the regularization deform nonlinearly the cost function topography in the
neighborhood of m0, acting differently in each model component. Thus, the regularization
and the noise in data have similar effects on the cost function landscape, although some
differences do exist, since the regularization also acts in an anisotropic fashion, deforming
differently each of the axes of the linearized region of equivalence.

3. The nonlinear and linearized equivalent regions are completely different. It has been
analytically proved that the nonlinear equivalent region has a meandering valley shape.
Also, there could be other low misfit basins in the cost function landscape if the forward
operator is not injective (Fernández-Martínez et al., 2012a). This is one of the main
differences between the linear and nonlinear inverse problems. It can be easily understood
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that in the non-injective case the regularization might provide different solutions located
in different basins of the nonlinear equivalent region, depending on the reference model
that has been adopted. These solutions might not coincide with the model parameters
that have generated the observed data.

2.2 Gravity inversion in sedimentary basins using PSO2

One of the main results of this PhD Thesis is the proposal of a 2D and 3D gravity inversion
method for sedimentary basins based on the Particle Swarm optimization (PSO) algorithm,
which has been introduced in section 1.3. In this section, the developed technique (published in
articles 4 and 5) is explained in detail.

2.2.1 Domain discretization

A model discretization based on the accretion of rectangles for 2D and prisms for 3D has been
selected, as it was shown in figures 1.3 and 1.4. The main reason for this selection is the
operational and programming simplicity, as well as the ease of increasing the model resolution
by diminishing the size of the prisms in the horizontal plane.

Although for computation tasks it is not necessary to have equal rectangle dimensions,
working with equal sizes facilitates the treatment of models and their posterior filtering, as it
will be explained in section 2.2.3. Moreover, if the observed points are homogeneously distributed
in the working area, the use of equal horizontal dimensions for the rectangles and prisms is fully
justified. After several tests, it has been concluded that these horizontal dimensions can be
selected as a factor between 0.5× and 1.5× of the mean separation among the observed points.
In 3D cases, horizontal dimensions can also be different in the X and Y axes if the points
distribution suggests it. Regarding the prisms’ top sides, in this work they will be located at
the terrain surface. Many sedimentary basins have flat surfaces, so situating all prisms at a
reference level is a common practice, but there are other environments where the basin surface
has an important slope, as in the example shown in article 4 in Atacama (Chile).

In the case of the gravity computations for the 2D model the used formulation is the clas-
sical one stated in Telford et al. (1976); Barbosa and Silva (1994), and is detailed in article 4.
Regarding to the 3D model, two approximations (that can be seen in article 5) are used:

• For the adjacent area to the attracted point, i. e., for the prism on which the observed
point is located, and its neighbors in a 3× 3 grid, the exact attraction formula of Nagy et
al. (2000) is used.

• For the rest of prisms the approximated formulation of MacMillan (1958) (also detailed in
Fullea et al. (2008)) is used. This method helps to speed up computations and is accurate
enough.

2.2.2 Density contrast treatment

The density contrast between sediments and basement, ∆ρ = ρs − ρb, is a parameter of fun-
damental importance in sedimentary basins gravity inversion and in the results interpretation.
In many nonlinear approaches, ∆ρ is a priori fixed and remains unchanged through iterations.
Nevertheless, due to the compaction, the density of the sediments, ρs, generally increases with

2This section summarizes the results presented in articles 4 and 5.
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depth and, therefore, the density contrast ∆ρ decreases. This effect should be taken into account
in the inversion. As it was pointed in section 1.4, there are multiple density variation models,
for which the gravity attraction formulation can be found in the literature, although some which
are very useful, like the one presented in equation (1.25), have not closed expression in the space
domain.

In this PhD Thesis a numerical approximation to the direct problem is proposed, which
allows the use of any density distribution, analytical or not. This idea is inspired by the method
used by Murthy and Rao (1979). Valid for 2D and 3D bodies, the method is based on the
discretization of the rectangles or prisms into smaller bodies along the vertical. Then, the
attraction of each sub rectangle or prism is computed, whose densities are considered constant
(and can be obtained through interpolation in the used density distribution), and finally all
contributions are added in order to obtain the attraction of the entire body. This method has
the advantage of being able to be adapted to real density distributions, such as the ones coming
from boreholes.

Table 2.1: Exact and approximate gravity anomalies, in µGal, generated by a rectangle of 250 m width
and 1000 m depth, and variable density contrast with depth following equation (1.16) and
parameters ∆ρ0 = −500 kg/m3 and α = 0.1 kg/m4. The attracted point is situated at the
middle position in the upper side.

Sub rectangles ∆ge ∆ga ∆ge −∆ga
5 −4619.722 −4600.226 −19.496
10 −4619.722 −4614.738 −4.984
25 −4619.722 −4618.923 −0.799
50 −4619.722 −4619.522 −0.200
100 −4619.722 −4619.672 −0.050

The minimum number of sub elements in which the original rectangle or prism should be
divided in order to obtain an adequate precision for the attraction depends on the function varia-
tion parameters, the basin average depth and the data uncertainty. Nevertheless, if borehole data
are available visual inspection can give valuable information about the right thickness. Table 2.1
shows the gravity anomaly values ∆g produced by a rectangle of 250 m width, 1000 m depth
and variable density contrast following equation (1.16) with parameters ∆ρ0 = −500 kg/m3 and
α = 0.1 kg/m4, where the attracted point is situated in the middle of the rectangle top side.
In order to properly select the partition size, it is necessary to take the estimated uncertainty
of the observations into account, and compare it to the error contribution due to the prisms
partition approximation.

2.2.3 Search space, constraints, and inversion

The proposed inversion method includes simultaneous polynomial regional trend estimation in
2D and 3D. As it was pointed out in section 1.4, the polynomial degree selection depends on
various factors, mainly the basin extension. Generally, unless there is conclusive evidence for
using higher degrees, it is desirable to use low degree polynomials, such as the line and the plane
in 2D and 3D, respectively. The main reason for that is the fact that high degree polynomials
can absorb part of the anomaly generated by the basin itself.

The parameters searching space definition is a fundamental step in any optimization method
based on global search algorithms. For the problem proposed in this PhD Thesis, the model is
composed by:
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1. The regional trend polynomial coefficients.

2. The rectangles or prisms bottom heights in which the working area is divided.

The search limits for the polynomial parameters (supposing a 2D problem —3D generaliza-
tion is straightforward— and a trend modeling as ∆gregi = A+Bxi, where xi is the planimetric
coordinate of each working point) can be computed via multiple least squares fitting, randomly
perturbing the observations by an amount at the level of the expected anomaly noise. From
the estimated A and B sets the extreme values Amin, Amax, Bmin and Bmax are selected, and
these extreme quantities define the search space for the regional trend factors. Finally, a first
approximation to the regional trend (any set of parameters computed in the previous step can be
used) is subtracted from the original observations in order to obtain the initial anomaly residual
values for the interface sediments-basement search limits computation.
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Figure 2.3: Search space limits (red lines) for a synthetic 2D gravity inversion problem. The applied
factors to the approximate model (cyan line) for limits computation have been kmin = 0.5
and kmax = 2.0. The model is composed by 50 rectangles of 100 m width and constant density
contrast ∆ρ = −150 kg/m3, whose upper sides are situated at height 0 m. The observations
set is composed by 40 equally spaced points (green dots) at height 0 m and without noise.

The portion of the search model corresponding to the interface heights will be built starting
at an initial depth model z0 (which will be not used in the inversion process). This z0 model is
computed using the initial residual anomalies and the Bouguer plate formula, in the same way as
the initial model was computed in section 1.4.4. Figure 2.3 shows the context in a 2D synthetic
case, taken from article 4. The cyan line is the initial model z0 from which, and by applying
two scaling factors kmin < 1 and kmax > 1, the minimum zmin

b and maximum zmax
b heights for

the search space are computed (red lines). This example is a noise-free case and represents a
shallow basin with constant density contrast, so the initial model is close to the true one (blue
bars), which is not common in real environments. It is necessary to stress that the initial model
is only used for the limits computation, having no influence on the rest of the inversion process.

Once the search limits are defined, the inversion starts. The functional to minimize in the
2D and in the 3D cases is the data prediction error

f (z) =
N∑
i=1

[
∆gobsPi

−∆gcomPi

]2
= ‖∆gobs −∆gcom‖22, (2.39)
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where ∆gobs is the observed anomaly, and ∆gcom the computed one. From these values, the
relative value (as a percentage) of the cost function for each generated model k can be computed
as

c (z)rk = ‖∆gobs −∆gcomk ‖22
‖∆gobs‖22

· 100, (2.40)

where the regional trend must be subtracted from ∆gobs and ∆gcomk in order to take only the
influence of the anomalies produced by the basin itself.

Figure 2.4 shows the inversion results for the model shown in figure 2.3. The problem has
been solved via PP-PSO, with a swarm size of 250 individuals and 150 iterations. It can be
shown as blue lines all the models (27324 of the 37500 generated) that fit the data with a relative
error level (equation (2.40)) less than 10 %. The best model (shown in red) has a relative error
of 0.43 %. As it can be seen, although the models have an admissible error, all of them presents
irregularities that are not geologically admissible in real environments. The best model also
presents incompatible irregularities with the synthetic real model, although this inversion was
performed with noise-free data.
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Figure 2.4: Results of the 2D gravity inversion without constraints presented in figure 2.3, using the
PP-PSO algorithm. Green, real model; blue, models (27324) below 10 % relative error; red,
best model (0.43 % relative error).

The results shown in figure 2.4 are very similar to those obtained by Boschetti et al. (1997),
who pointed out the existence of exaggerated and arbitrary variations between contiguous and
close rectangles, which produces unrealistic models from the geological point of view. This
effect was also highlighted in a similar environment by Parker (1999), saying that no smoothness
constraint or regularization of any type were applied to the objective function, and the inversion
appears somewhat unstable in regions with sparse data coverage (the author does not present
any figure nor goes into more details). While Boschetti et al. (1997) have used all the models
below an error limit for the optimum model computation and uncertainty assessment, in this
PhD Thesis the use of constraints in order to mitigate the high variability is proposed.

Firstly, absolute constraints (Barbosa et al., 1997) are directly applicable in PSO. If the
basement depth is known at one or more points, the affected rectangles or prisms are identified
and their search limits values in zmin

b and zmax
b can be modified according to the a priori data

(fixing both limits to the same value of leaving a small variation range). The number of prisms to
modify for each position with known depth will depend on factors such as the data point centering
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level in the rectangle or prism, or other kind of information that suggests the application of the
same depth in the near area.

Table 2.2: 5×5 filtering window example for 3D problems, whose coefficients are based on a bidimensional
normal distribution with standard deviation σ = 2.

0.7669 0.8471 0.8757 0.8471 0.7669
0.8471 0.9358 0.9673 0.9358 0.8471
0.8757 0.9673 1.0000 0.9673 0.8757
0.8471 0.9358 0.9673 0.9358 0.8471
0.7669 0.8471 0.8757 0.8471 0.7669



Secondly, the application of relative constraints is proposed in a different way as suggested
by Barbosa et al. (1997). Relative constraints, as it was shown in section 1.4.3 for local opti-
mization methods, introduces a smoothing effect in the solution, whose degree can be controlled
at local scale via the values stored in the rows of the matrix R, or at global scale with the
µr parameter (equations (1.22)) and (1.23). In this PhD Thesis, the use of an average mov-
ing filtering is proposed as relative constraints application in both 2D and 3D. The filter is
applied to all generated models in the PSO process which, once filtered, will be evaluated by
equations (2.39) and (2.40). In 2D cases the filtering window will be a vector storing the appro-
priate coefficients, while in 3D cases it will be a square matrix (it could be also rectangular).
In article 5, the weighted average filters are successfully tested, whose coefficients come from
bidimensional normal distributions, which give more importance to central prisms and provide
more flexibility when irregular sediments-basement surfaces are present. Table 2.2 shows a 5×5
filtering window example for weighted average, based on a bidimensional normal distribution of
standard deviation σ = 2.
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Figure 2.5: Results of the 2D gravity inversion with relative constraints presented in figure 2.3, using the
PP-PSO algorithm. Green, real model; blue, models (24393) below 10 % relative error; red,
best model (0.65 % relative error).

Figure 2.5 shows the inversion results of the model presented in figure 2.3 using a filtering
windows with 15 elements. The smooth shape of the models, similar to the real model, can
also be shown. Filtering window size and its numerical values are parameters whose evaluation
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is part of the interpreter decision, which should be based on prior knowledge and external
information about the sediments-basement general behavior. Small size windows will only take
into account the immediate area to working prisms and generate models with more freedom to
vary, which may be helpful if the sediments-basement interface presents important irregularities.
As negative effect of small windows, irregularities as shown in figure 2.4 can appear. Otherwise,
a similar effect can be obtained with bigger windows whose coefficients decrease in value as they
move away from the center position. The optimum size of the filtering window could also be
considered as an unknown adding its search limits to the PSO configuration.
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Figure 2.6: Search space limits (red lines) for a synthetic 2D inversion problem with white noise. The
parameters are the same as for figure 2.3, plus the addition of N(0, 50) µGal white noise.

Figure 2.6 shows the search limits for the example shown in figure 2.3, where white noise of
distribution N(0, 50) µGal has been added to the observed data, producing a relative error of
5.81% for the real model. The search limits have been computed as explained before, and the
PSO parameters are: PP-PSO algorithm, swarm of 250 individuals, 150 iterations and filtering
windows of size 15 and 1.0 values in all its positions. Figure 2.7 (left) shows all the models
(as blue lines, 22612 from the total 37500 generated) which fit the data with a relative error
below 10% for the noisy problem presented in figure 2.6. The best model has a relative error
of 4.96% and, as in the noise-free case, filtering has excluded high variability models without
geological meaning. In article 3, it has been demonstrated that noise in nonlinear problems has
two main effects: the displacement of the solution in comparison to the true solution, and it
makes the equivalence regions of low misfit to decrease in size. Figure 2.7 (right) shows the
cost function topography for the two principal components, PCA (see article 4 for computation
details), for the noise-free (upper) and noisy (lower) problems, whose solution has been shown
in figures 2.5 and 2.7 (left). The described effects can be shown. Firstly, the cost function’s
minimum corresponding to the noisy problem does not coincide with the noise-free problem one,
confirming this theoretical result. Also, the equivalent region decreasing is confirmed (in the
noisy example the 5% relative error region has almost disappeared), which makes it difficult to
detect by global search methods.

An important aspect to control in PSO is the swarm dispersion evolution along the iterations.
The different PSO families are designed to collapse around their oscillation center (a dispersion
below 5% of the initial one can be interpreted as the swarm has converged in a single point),
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Figure 2.7: Left: 2D inversion results for the model presented in figure 2.6 using PP-PSO and filtering
window of size 15. Green, real model; blue, models (22612) below 10 % relative error; red,
best model (4.96 % relative error). Right: synthetic examples cost function topography for
the first two principal components. Upper, noise-free example presented in figure 2.5; lower,
noisy example presented in figure 2.7 (left).

but it is important for this collapse not to take place too early so that the search space can
be properly explored. Figure 2.8 (right) shows the swarm dispersion along iterations for the
problem stated in figure 2.6, for the GPSO, CC-PSO, CP-PSO, RR-PSO and PP-PSO family
members. It can be seen in all cases how the swarm (the best solution in each iteration) keeps a
dispersion value above 5% (except in exceptional cases in the CP-PSO member), which expresses
a good exploratory behavior. GPSO, RR-PSO and PP-PSO members show in the bidimensional
case a relatively high dispersion, which implies a good sampling of the search space. On the
other hand, CC-PSO and CP-PSO members do not exhibit such a strong exploratory character,
but they are above the 5% relative dispersion. Finally, figure 2.8 (left) shows the best model
convergence evolution along iterations. All cases, except CC-PSO, show error decreasing with
time which, in addition to the explorative character of the members, points out a good balance
between the space sampling and the solution optimization.

2.2.4 Inverse problem solution and uncertainty assessment

Inverse problem solution does not only consist of providing the model that minimizes the func-
tional (2.39), but it must also include its uncertainty assessment. While in linear inverse problems
this task is not a difficult problem (see Aster et al. (2012), for example), the case of nonlinear
problems is very different. As it was demonstrated in article 3, the application of linear tech-
niques (after linearization of the original problem around an initial model) to nonlinear problems
presents two main problems:

1. If the initial model is not good enough, local optimization methods can be trapped in local
minima instead of in the cost function global minimum, providing a solution far from the
real optimum.
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Figure 2.8: Convergence (left) and dispersion (right) curves corresponding to the solution of the problem
presented in figure 2.6 with different PSO family members.

2. The equivalence region for nonlinear problems has a bended shape (Fernández-Martínez et
al., 2012a), so its local approximation via linear techniques, whose equivalence regions are
hyper-ellipsoids, involves an erroneous modeling, producing wrong uncertainty assessment.

In addition to the deterministic techniques, the Bayesian approach provides a rigorous way
to determine the uncertainty assessment for the adopted solution. For a rigorous approximation
using this way, a priori information is needed in the form of probability distribution of the
observations and the model itself, which are combined in order to obtain the best a posteriori best
model probability distribution (Tarantola and Valette, 1982a,b; Tarantola, 2005). Nevertheless,
reliable a priori probability distribution for the model is in most cases impossible to obtain (Scales
and Snieder, 1997). But this approximation does not only consist of applying the Bayesian
criteria, but it must also include the sampling of all the low error equivalence regions, where
the models fit the data below a given tolerance (see article 1). Usually, the sampling is carried
out via Monte Carlo methods (Mosegaard and Tarantola, 1995; Gouveia and Scales, 1998) and
without considering the structure of the cost function topography, which lack efficiency in high
dimensional problems, an even make the task unfeasible (Scales and Tenorio, 2001). In this
PhD Thesis, uncertainty assessment will be carried out using the generated models in the PSO
process.

According to Scales and Snieder (1997, 2000); Tarantola (2006), a simple way to give an
inverse problem solution consist of providing the set of models that fit the data below a given
tolerance. In this way, the sets represented in figures 2.5 and 2.7 (left) would be solutions for
the problems stated in figures 2.3 and 2.6, respectively. In this PhD Thesis, for both for 2D
and 3D problems, the uncertainty region for a given relative error level (10%, for example) is
computed as:

1. From all generated models, all the ones that have an error close to the working one, for
example in the range 9.9% − 10.2%, are selected. This procedure is used because it is
difficult that models with exactly a 10% error level have been generated. In figure 2.9
(left) the selected models, which come from the collection shown in figure 2.7 (left), can
be observed. As it can be seen, there is a set of models above and below the best solution.



48 Thesis contributions

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
−300

−250

−200

−150

−100

−50

0

Length along the profile

H
ei

gh
t (

m
)

Synthetic N(0,50) µGal white noise models between 9.9%−10.2% rel. error (15w filter, PP algorithm)

 

 

Best model (4.96% rel. misfit)
Real model
Models between 9.9%−10.2% rel. misfit

−100

0

100

R
es

id
ua

ls
 (

m
G

al
)

Synthetic model with N(0,50) µGal white noise (PP algorithm)

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

−400

−350

−300

−250

−200

−150

−100

−50

0

H
ei

gh
t (

m
)

Length along the profile, W −−> E (m)

 

 

Observation points
Best model residuals (4.96% rel. misfit)
True model residuals (5.81% rel. misfit)
Best model
Best model 10% equivalence region
True model

Figure 2.9: Noisy 2D inverse problem solution using relative constraints and PP-PSO algorithm, corre-
sponding to the problem presented in figure 2.6. Left: models inside the 9.9%−10.2% relative
error region. Right: final solution (best model and 10% equivalence region).

2. The average model of each set is computed, being the results the lower and upper limits
for the equivalence region. Figure 2.9 (right) shows the solution with the 10% equivalence
region for the models shown in figure 2.7 (left). It can be seen how the real model is not
inside the 10% equivalence region in the profile left extreme, which is due to side effects
in filtering. This method highlights the importance of working with a PSO member with
good explorative behavior. Swarm dispersion is not only important for the global optimum
detection, but also for a correct depiction of the a posteriori cost function equivalence
regions.

Finally, the solution of the nonlinear 2D (for 3D the process is analogous) gravity inversion
problem in sedimentary basins, i. e., the determination of the sediments-basement interface is
presented in figure 2.9 (right). Although the best model is highlighted, the correct way to express
the depth of any rectangle consist of giving its upper and lower limits to the working relative
error, as any model between them will fit the data below the specified tolerance and, in absence
of other criteria, it will be as valid as the above mentioned best model.



Chapter 3

Articles published in peer-reviewed
journals included in the Journal

Citation Reports

Introduction
In this chapter, the articles published in peer-reviewed journals included in the Journal Cita-
tion Reports (JCR) during the PhD Thesis development are presented. Such works meet the
requirements of the doctoral program for the modality of Thesis as Compendium of Publications.

All the articles were published in the Journal of Applied Geophysics, whose quality indicators,
that can be seen in detailed form in appendix A, are the following:

• Categories in JCR: Mining & mineral processing and Geosciences, multidisciplinary.

• Impact factors: 1.301 (2013), 1.500 (2014), and 1.355 (2015).

• Positions in categories:

– Mining & mineral processing: 7/21, Q2 (2013), 6/20, Q2 (2014), and 10/21, Q2
(2015).

– Geosciences, multidisciplinary: 106/174, Q3 (2013), 96/175, Q3 (2014), and 116/184,
Q3 (2015).

Due to the topics covered in the published works and the JCR categories in which the Journal
of Applied Geophysics is included, we consider it as an adequate journal for presenting the results
of the PhD Thesis to the scientific community.
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Summary

In this first article, the importance of the uncertainty analysis in inverse problems, specially in
Geophysics, in stressed. Three common problems, which are usually accepted by practitioners,
are highlighted:

1. The uncertainty of an inverse problem solution has a random structure which is impossible
to know.

2. Regularization techniques make the equivalent solutions to disappear.

3. Linearization techniques show accurately the uncertainty region for the adopted solution.

All these suppositions are not correct and they can lead to errors in decision making. In
this work, new ways to understand the concept of uncertainty from a deterministic point of
view are introduced, and a «geometric» definition of the ill-conditioned concept is proposed.
Local optimization techniques are not capable to perform a correct uncertainty analysis for an
inverse problem solution due to when the nonlinear equivalence region is approximated by the
linearized hyper-quadric, the structure of the equivalent solutions is only locally depicted. On
the other hand, Bayesian approaches and global optimization techniques are inefficient because
they ignore the algebraic (or geometric) structure of the equivalence regions and are highly
inefficient in high dimensional inverse problems. The understanding of the uncertainty from a
deterministic point of view is a necessary step to design more efficient methods to sample the
uncertainty space in high dimensional problems.
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Anyone working on inverse problems is aware of their ill-posed character. In the case of inverse problems, this
concept (ill-posed) proposed by J. Hadamard in 1902, admits revision since it is somehow related to their ill-
conditioning and the use of local optimization methods to find their solution. A more general and interesting
approach regarding risk analysis and epistemological decision making would consist in analyzing the existence
of families of equivalent model parameters that are compatible with the prior information and predict the
observed data within the same error bounds. Otherwise said, the ill-posed character of discrete inverse problems
(ill-conditioning) originates that their solution is uncertain. Traditionally nonlinear inverse problems in discrete
formhave been solved via local optimizationmethodswith regularization, but linear analysis techniques failed to
account for the uncertainty in the solution that it is adopted. As a result of this fact uncertainty analysis in
nonlinear inverse problems has been approached in a probabilistic framework (Bayesian approach), but these
methods are hindered by the curse of dimensionality and by the high computational cost needed to solve the
corresponding forward problems. Global optimization techniques are very attractive, but most of the times are
heuristic and have the same limitations thanMonte Carlomethods. New research is needed to provide uncertain-
ty estimates, especially in the case of high dimensional nonlinear inverse problems with very costly forward
problems. After the discredit of deterministic methods and some initial years of Bayesian fever, now the pendu-
lum seems to return back, because practitioners are aware that the uncertainty analysis in high dimensional
nonlinear inverse problems cannot (and should not be) solved via random sampling methodologies. The main
reason is that the uncertainty “space” of nonlinear inverse problems has amathematical structure that is embed-
ded in the forward physics and also in the observeddata. Thus, problemswith structure should be approached via
linear algebra and optimization techniques. This paper provides new insights to understand uncertainty from a
deterministic point of view,which is a necessary step to designmore efficientmethods to sample the uncertainty
region(s) of equivalent solutions.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction: from J. Hadamard to A. Tarantola, several milestones
in our story

Most of the inverse problems in geosciences can be written in
discrete form as follows:

F mð Þ≃d: ð1Þ

In this relationship m ¼ m1;m2;…;mnð Þ∈M⊂Rn is the estimated
model (ormodel parameters) that belongs to a set of admissiblemodels
M defined in terms of some prior geological knowledge, d∈Rs are the

observed data, and F(m) = (f1(m), f2(m),…fs(m)) is the vector field
representing the forward model, being fj(m) the j-scalar field compo-
nent function of F, accounting for the j-th data.

The symbol ≃ in Eq. (1) means that this relation might not be exact
(in which case the symbol = would be the correct one), and the inter-
section problem stated in Eq. (1), that consists in finding the model or
models m whose predictions F(m) accurately match the observed
data d, might not have a solution. This fact is related to the ill-posed
character of inverse problems, that is, either the inverse problem does
not admit solution, either the solution exists and it is not unique, or
finally the solution exists and is unique but it is unstable, that is, the
solution does not depend continuously on the observed data. This last
situation is usually referred as ill-conditioning of the inverse problem,
and it is at this point where our story begins.

By writing this paper we try to make practitioners aware that, as
Tarantola (2006) wrote, the idea of solving an inverse problem by
obtaining only one ‘best’ model requires revision. It is important to
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understand that due to the effect of noise in data, we can affirm that
the global optimum of the inverse problem cost function is the only
model that has not generated by the observed data.

Although Albert Tarantola was the founder together with Bernard
Valette of the probabilistic approach to inverse problems (Tarantola
and Valette, 1982a,b), Tarantola (2006) finally proposed to use Karl
Popper's logic of the scientific discovery (Popper, 1959) to approach
and solve inverse problems. Interestingly, he compared solving inverse
problems in high dimensions to finding a needle in a haystack, and
proposed to use all available a priori information to sequentially create
models (“potentially an infinite number of them”), to evaluate the
forward problem for this ensemble, and finally to compare the predic-
tions to the actual observations and use some criterion to decide if the
fit is acceptable or unacceptable, given the uncertainties in the observa-
tions and physical constraints. The unacceptable models must be
dropped. Conversely, collections of all models that have not been “falsi-
fied” represent the inverse problem solution. Although this methodolo-
gy is what any modeler would like to accomplish, this “brute force
approach” is limited by the inverse problem dimensionality (Curtis
and Lomax, 2001; Tarantola, 2005), and by the computer requirements
needed to evaluate a huge amount of forward solves in case of very cost-
ly nonlinear physics.

Unfortunately, uncertainty quantification inmost of the publications
dealing with inverse problems in geophysics (even in low dimensions)
is not correctly performed, since uncertainty in the solution is usually
badly understood. Modelers tend to adopt a non-robust (good or bad)
minimum misfit solution, instead of trying to adopt a decision with its
corresponding uncertainty quantification. This might be due to the
fact that modelers are usually experts in their respective forward
problems but not really in inverse problem theory. Also, uncertainty
analysis in inverse problems is still a changing and dynamic subject of
research where very different methodologies are proposed, and no
clear indications are given to show how and why uncertainty appraisal
should be performed, especially in high dimensional problems.

In our opinion nowadays no serious research involving inverse
problems should be published without performing proper uncertainty
quantification. The word proper does not mean in this case to provide
the whole parameter posterior distribution, but a conditional posterior,
that is, the region (or regions) of model parameters that fit the data
within the same error bounds and are compatible with the prior infor-
mation at disposal. These models will be called equivalent, and the
region(s) of the model space containing these models will be called
the region(s) of equivalence (linear, linearized or nonlinear). In the
extreme case of very high dimensional inverse problems with very
costly forward problems uncertainty quantification should just be able
to unravel the existence of very different plausible scenarios.

1.1. Hadarmard's ill-posed problems

The concept of ill-posed problems was first proposed by Jacques
Hadamard (1902). He stated that only well-posed problems do corre-
spond to physical phenomena. Obviously J. Hadamard was referring
to physical models that in our case are the forward mathematical
models used to provide the data predictions. He certainly could not
imagine at that time the scientific and technological importance that
inverse problems will have nowadays. Although the forward problems
used in inverse methodologies are well-posed, the concept of ill-posed
problem was inherited to the case of inverse problems.

As will be shown, one of the main causes of ill-posedness in discrete
inverse problems is ill-conditioning that is related to the lack of continu-
ity of the inverse operator over the entire data space. Instability is
intimately related to the fact that inverse problems are solved as optimi-
zation problems and the small singular values of the linearized forward
operator amplify (through the generalized inverse operator) the noise
in data back into the model parameters providing different equivalent
solutions. These solutions eventuallymight be spurious if some physical

constraints are violated, for instance, the model parameters should
be positive and the inversion provides negative values. An excellent
introduction about the inverse problems particularities is provided by
Parker (1977).

The analysis of linear inverse problems serves to illustrate and un-
derstand the concept of ill-posedness. The first cause of ill-posedness
in linear inverse problems is non-existence of the solution (incompati-
bility), that is, the observed data d do not belong to the column space
of the forward operator,

Im Fð Þ ¼ y∈Rs
: y ¼ Fx;x∈Rn� �

:

These incompatible linear problems are solved via generalized least-
squares methods.

For compatible linear inverse problems, the second cause of ill-
posedness is non-uniqueness which is related to the lack of injectivity
of the forward linear operator F. In this case F has a non-trivial null
space (or kernel), ker(F) = {m ∈ M : Fm = 0}, which is the linear
subspace of themodel space containing themodels that have not influ-
ence on the data predictions. In the compatible and underdetermined
case there exist an infinite number of solutions of the type:

msol ¼ mp þw;w∈ker Fð Þ;

where mp is any particular solution of the linear inverse problem.
Finally, in the case where ker(F) is trivial and the solution exists

and is unique, ill-conditioning refers to the fact that finding the exact
solution becomes very inaccurate. To explore the reason of this
numerical inaccuracy, let us define the “numerical kernel” of F as the
linear subspace of the model space formed by the right singular
vectors of F associated to the singular values that are almost zero.
Intuitively the numerical kernel of F is formed by the models that
have “little” influence on the data predictions. Otherwise said, although
the inverse operator is continuous, in practice it is almost “discontinu-
ous”. To prove that, we only need to understand that in the case of
linear discrete inverse problems, the continuity of any linear opera-
tor F : Rn→Rs is a consequence of its bounded character, that is:

∃KN0 : Fxk k2≤K xk k2: ð2Þ

Thus, all the linear operators between finite dimensional spaces are
continuous. Then, to define the inverse operator F−1, let us first restrict
the linear application F between ℝn and the column space of F (Im(F)).
Then the condition

dim Im Fð Þð Þ ¼ n⇔dim Ker Fð Þð Þ ¼ 0;

is needed for F−1 to exist, and therefore being continuous.
In conclusion, the inverse operator F−1 is continuous if and only

if the forward linear operator F is an injection (or a bijection if F is
restricted to Im(F)), and the null space (or kernel) of F is trivial.
Finally, the ill-conditioning in the least squares sense (for purely
over-determined linear systems with no solution) is also related to
accurately finding the minimummisfit solution of the corresponding
least squares problem min

m∈Rn
Fm−dk k22 . In this case the matrix that

is involved is FTF whose kernel coincides with the kernel of F. In
conclusion the existence of a kernel (numerical or not) is the cause
for the lack of uniqueness and stability.

Apparently this definition seems not to be related to the exis-
tence of other equivalent solutions, those that provide similar data
misfits. Nevertheless, the lack of injectivity of the forward operator
F provokes: 1) the existence of a family of equivalent solutions,
and 2) the determination of the minimum misfit solution to be
numerically inaccurate. The concept of ill-conditioning in linear
inverse problems will be revised in Section 2.
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Interesting to remark that sampling the family of equivalent
solutions is not affected by numerical instabilities introduced by
the optimization procedure, since the sampling only uses the for-
ward operator F which corresponds to a well-posed problem.

1.2. Backus–Gilbert theory and Tikhonov and Arsenin's regularization

Once the ill-posed character of inverse problems was admitted
the question resided in finding stable solutions. The second milestone
in this story is due to Backus and Gilbert (1970, 1968, 1967) and
Tikhonov and Arsenin (1977).

In the field of continuous linear inverse problems, the work of
Backus and Gilbert was of paramount importance to understand the
mathematical structure of inverse problems, introducing concepts
such as model resolution and showing the existing trade-off between
resolution and error, which is an essential ingredient in inverse theory,
regardless of the inversion method that is used (Pujol, 2013).

Backus and Gilbert method tried to construct the mapping
between the solution of the inverse problem and the true solution
as close to the identity as possible. For that purpose they introduced
the resolution or averaging kernel and tried to minimize its spread,
that is, to maximize the resolving power of the technique. Due
to this fact Backus and Gilbert method is also called Optimally
Localized Average (OLA) method. Instead of imposing smoothness
constraints on the solution such as Tikhonov's regularization the
OLA method imposes stability constraints, so that the solution
would vary as little as possible as a function of the observed data
noise. Details can be consulted in Pujol (2013). Aside from its
historical interest, Backus and Gilbert formulation of the inverse
problem constitutes a regularization technique that provides similar
results to the Tikhonov and Arsenin's regularization method since
stable solutions are smooth. In general the computation burden
makes the Backus and Gilbert method unsuitable for other than
one dimensional inverse problems. Recently Snieder (1991) has
extended the Backus–Gilbert theory to nonlinear inverse problems.

The second interesting achievement was done by Tikhonov and
Arsenin (1977), who introduced the concept of conditionally well-
posed inverse problem that does not require solvability over the entire
model space. They also introduced the correctness setwhere the inverse
operator becomes continuous and the inverse problem conditionally
well-posed. They proved that if the correctness set is compact (closed
and bounded), it is possible to achieve a stable pseudo-solution (or
quasi-solution) of the inverse problems by minimization of the misfit
functional in some appropriate class of suitable models belonging to
the correctness set. Nevertheless, in many situations it is difficult to
describe the correctness set. To overcome this problem they introduced
the regularization methods to approximate the original ill-posed in-
verse problem as a family of well-posed regularized problems,
mε = Fε−1(d), where ε N 0 is a regularization parameter. Obviously,
in this methodology it is expected that the regularized solution will
approach the true solution as the regularization parameter tends to
zero, mε →ε→0 mtrue . This is not always the case in real practice.
Also, in real inverse problems there is not a way to know the true
model that has generated the data, if this model really exists, or it
is a mathematical abstraction used to explain the observed data.

Although other regularization techniques exist, Tikhonov and
Arsenin have also shown that the simplest way to stabilize the
inversion was by introducing in the misfit function a penalization
term that takes into account the distance to a prior reference
model, mref:

min
m∈Rn

F mð Þ−dk k22 þ ε2 m−mref

��� ���2
2
; ð3Þ

the so-called zero order regularization. In statistics this method
is called ridge regression. Tikhonov's regularization introduces a

Pareto's front, typical from multi-criteria optimization: to minimize
the prediction error, ‖F(m) − d‖22, and at the same time the distance
to the prior reference model, ‖m − mref‖2

2.
The main role of the regularization is to select from the set of

possible solutions those that depend continuously on the observed
data and possess a specific property that depends on the regulariza-
tion that has been chosen.

The effect of the regularization techniques in linear inverse
problems will be analyzed in detail in Section 2.3. This analysis is
also valid in the case of the linearized version of the nonlinear
inverse problems.

This methodology has been applied for years, but modelers begin
to realize that other equivalent solutions exist and the uncertainty on
the regularized solution was not analyzed. Otherwise said, the fact
that the solution has been stabilized through the Tikhonov's regulariza-
tion, unfortunately it does not provoke the disappearance of the uncer-
tainty in the solution. Similar considerations can be done for other kind
of regularization approaches. Also, as we will show, in the case of
nonlinear inverse problems, depending on how the reference model is
chosen, it is not guaranteed that the regularized and the true solution
(that has generated the observed data) will be located on the same val-
ley of the cost function landscape, since the region of equivalence can be
composed of several disconnected valleys of low misfits (Fernández-
Martínez et al., 2012b).

1.3. Bayes, Tarantola and the uncertainty analysis of inverse problems

The thirdmilestone concerns the uncertainty analysis of the solution
in order to quantify risk and adopting probabilistic decision making ap-
proaches. In an optimization framework, uncertainty estimation in in-
verse problems involves finding the family M of models m that fit the
observed data d∈Rs (comprising all the observables) within the same
tolerance (tol) and are consistentwith our prior knowledge for a certain
norm p:

F mð Þ−dk kpbtol: ð4Þ

Eventually the regularized functional (3) can be also adopted
instead of Eq. (4). It is important to note that the definition in
Eq. (4) only implies the use of a norm in the data space, and eventu-
ally in the model space if a regularization term is used, that is, the
data and model spaces should be at least metric spaces. Furthermore
if the Euclidean norm is used, the data space is also an Euclidean
space with a dot product and orthogonal projections can be addition-
ally performed, as in the least squares solution. Particularly no
probabilistic interpretation of the uncertainty is given in Eq. (4).
Nevertheless, as will be shown in the next section, both approaches
(probabilistic and deterministic) are complementary.

The region (or regions) containing the models fulfilling condi-
tion (4) for different error tolerances, will be named in this paper
as uncertainty “space” of the inverse problem F(m) = d. In this
case the word “space” has to be correctly understood as the region
or regions containing the equivalent models, because this set of
models is not a linear vector subspace of the model space, since

∀α;β∈R;∀m1;m2 :
jjF m1ð Þ−djjp≤tol;
jjF m2ð Þ−djjp≤tol;

�
ð5Þ

does not imply

jjF αm1 þ βm2ð Þ−djjp≤tol: ð6Þ

There are many reasons for uncertainty in inversion, the most im-
portant of which are:

1. Measurement errors and noise in data that shift the solution of
the inverse problem deforming the topography of the cost function
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(Fernández-Martínez et al., 2012b). The solution with minimum
misfit will never be the one that has generated the observed data.
An example of this fact is shown in Section 3.2 for a simple two
dimensional nonlinear regression problem.

2. Incomplete and discrete coverage of the data space that generates
ambiguity and non-uniqueness in the model reconstruction. The
data coverage is always discrete due to technical limitations and
economic restrictions.

3. Physical assumptions and numerical approximations in the forward
problem that originate inconsistencies and ill-conditioning in the
inversion.

4. The presence of several scales of heterogeneity in the model space
and the bandwidth limitations of the imaging techniques that are
used. Typically fine scale heterogeneities are not informed by the
observed data, and thus, belong to the uncertainty space of the
inverse problem.

For instance, in geophysics, the sensitivity of a geophysical method
can be defined as the ratio of the norm of the perturbation of the
observed data to the norm of the perturbation of themodel parameters.
It can be proved that the sensitivity of a method is the Euclidean norm
of the Jacobian (see for instance Zhdanov, 2002):

S m0ð Þ ¼ sup
Δdk k2
Δmk k2

� �
¼ JFm0

��� ���
2
; ð7Þ

where JFm0
is the Jacobian of the forward operator F calculated in

the model m0. The geophysical model will be only sensitive to those
perturbations of the model parameters that exceed the threshold δd

S m0ð Þ,
where δd is the level of noise in the observations. Any other variations
of the model cannot be inferred from the data.

In an analogous way the resolution of the geophysical method is
related to the norm of the inverse of the Jacobian operator JF†m0

(Zhdanov, 2002):

R m0ð Þ ¼ 1

JF†m0

��� ���
2

:

Two models in the neighborhood of m0 can be resolved if:

Δmk k2≥
δd

R m0ð Þ ¼ δd � JF†m0

��� ���
2
: ð8Þ

Then, if the inverse operator JF†m0
is not bounded, the resolution of

the geophysical method goes to zero. This is the case in linear inverse
problems formodels that lie in the direction of the kernel of the forward
operator F, if the forward operator F is not injective (Fernández-
Martínez et al., 2012b). Also, in the case of nonlinear problems JF†m0

might not be bounded, nevertheless the nonlinear inverse problem
might be “better posed” than the corresponding linearized inverse
problem. Geometrically this corresponds to the fact that the linearized
equivalence region around m0 is an elliptical cylinder, while the
nonlinear equivalent curvilinear region has a limited extent.

The uncertainty analysis in geosciences is closely related to
the work of Bayes (1763) and Tarantola and Valette (1982a,b).
The fact that deterministic methods failed to account for the uncer-
tainty in nonlinear inverse problems (they were not designed to
accomplish this task) was the impetus for the development of prob-
abilistic approaches to solve inverse problems influenced by Bayes
theory. Furthermore, the problem of uncertainty has a natural and
beautiful interpretation in a Bayesian framework. Bayes' rule allows
one to factorize the conditional probability of a hypothesis H after a
certain evidence E is observed (or posterior probability of H given E)
in terms of the prior probability of H, the prior probability of
E, and the conditional probability of E given H. In the context
of nonlinear inversion, Bayes' rule states that a set of model

parameters is more probable if it explains the observed data with a
higher probability:

P m=dð Þ ¼ P d=mð ÞP mð Þ
P dð Þ : ð9Þ

The term P(d/m) is called the likelihood and typically depends expo-
nentially of the data misfit ||F(m) − d||p in a certain norm p (this as-
sumes that the data misfit has a probability distribution in the family
of Gaussians).

The interpretation of inverse problems in probabilistic terms has
been initially proposed by Tarantola and Valette (1982a,b). This prelim-
inary work introduced the probabilistic approach to inverse problems
and established a very useful link to Bayes's theory. Nevertheless, the
historic origin of Bayes' rule should not be forgotten (Bayes, 1763):
“An Essay towards solving a Problem in the Doctrine of Chance”. This fact
does not strictly apply here, because the inverse problem is based on
physical laws, denoted by F. Thus, the uncertainty of the inverse prob-
lem has to be somehow related to F, d, and the space of priors (the cor-
rectness set in the terminology of Tikhonov and Arsenin). Bayes's rule
clearly explains that the posterior distribution of the model parameters
depends on the prior (or reference model), and also on the data (noise
included) through the likelihood term. Adopting the evidence as a nor-
malization constant the posterior distribution could be written in the
family exponentials as:

P m=dð Þ ¼ ke− F mð Þ−dk k22þε2 m−mrefk k2
2

� �
¼ ke− F mð Þ−dk k22e−ε2 m−mrefk k2

2 : ð10Þ

Thus, the regularization term induces the model prior probability
distribution.

Taking into account relationship (10) it is possible to conclude that
in the case of linear problems and Gaussian or uniform priors imply
Gaussian posteriors that correspond to the linear hyper-quadric, and
in the case of nonlinear inverse problems the posterior will be non-
Gaussian (corresponding to the nonlinear equivalence region) indepen-
dent of the type of prior that is adopted.

Eventually other p norms for the likelihood and also for the prior can
be used, such as in Lasso (Tibshirani, 1996), and induced different prob-
abilistic distributions, both, in the likelihood term and in the prior. In
this case the posterior will be also non-Gaussian.

Bayesian approaches do not just consist in the application of the
maximum likelihood criterion to find the mode of the posterior distri-
bution, which in fact is equivalent to deterministic inversion, but also
sampling all the regions of models of low misfit (high likelihood) that
are in accord with the prior model distribution. In conclusion, posterior
sampling and the analysis of the topography of the cost function land-
scape are intimately related.

Although this connection between the deterministic and the sto-
chastic worlds existed, Bayesian approaches popularized the use of ran-
dom sampling methodologies, such as, Monte Carlo methods (see for
instance Mosegaard and Tarantola, 1995) to compute the inverse
model uncertainties. This was maybe due to the fact that the topogra-
phy of the cost function was not correctly understood and modelers
thought that the uncertainty space had a random structure with local
minima located anywhere in the model space.

It will be shown in Section 3.1 that local optimization methods in
nonlinear inverse problems usually use the linearized Hessian which
is a symmetric and semi-definite positivematrix, allowing for optimiza-
tion. Therefore, these methods are unable to catch the real uncertainty
in the nonlinear sense, because the topography of the cost function in-
duced by the linearized Hessian corresponds to a straight flat elongated
valley, while the real nonlinear cost function topography consists of one
or more curvilinear valleys (or basins) of low misfits, eventually
connected by saddle points (Fernández-Martínez et al., 2012b). Also,
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as it has already been pointed out, the linearized region of equivalence
in the neighborhood of a model m0 usually has locally a larger extent
than the corresponding nonlinear region of equivalence. This situation
is related to the ill-conditioning of the Jacobian of the forward operator
calculated in m0. This ill-conditioning of the linearized problem always
occurs in the case of highly underdetermined linear systems because
the rank of the Jacobian matrix is not higher than the dimension of
the observed data vector which is much lower than the number of
unknowns.

Due to these drawbacks,Monte Carlomethods use randomsampling
techniques and do not approach the inverse problem as an optimization
problem. Nevertheless, random sampling methodologies depend too
strongly on the dimension of the parameter space and require innumer-
able forward solves. The same situation occurs for global optimization
methods which are not perfect importance samplers, that is, sampling
is not performed according to the true posterior distribution, since the
stochastic search is biased towards the low misfit regions by using
some fitness or misfit criteria. Nevertheless these methods can provide
under exploratory conditions a very good proxy of the model posterior
distribution (see for instance Fernández Álvarez et al., 2008; Fernández-
Martínez et al., 2010a,b; Sen and Stoffa, 1995). As it happens for the
Monte Carlo methods, the global optimization depends also strongly
on the dimension of the parameter space (Curtis and Lomax, 2001)
and on the computational cost to solve the forward problem.

For medium or large sized parameterizations and fast forward
solvers, the above mentioned methods can be used combined with
model reduction techniques and subspace methods (see for instance
Fernández-Martínez et al., 2012a). Finally, the third type of inverse
problems includes those that are highly nonlinear, with a very high
number of parameters (hundreds of thousands or even millions)
and very costly forward evaluations. This kind of inverse problems
is highly underdetermined due to the fine discretization in the
model space needed to perform very accurate forward predictions.
Some examples of this type are the seismic history matching
problem at the field scale, the full wave inversion problem, or the
controlled source electromagnetic inverse problem. In these cases,
model reduction techniques can be used to take into account the
correlation between parameters, but the use of Markov Chain
Monte Carlo methods, global optimization techniques or other kind
of random sampling and stochastic methodologies is ill-advised or
even precluded due to the high computational cost needed to obtain
the data predictions. These methods might benefit from the use of
distributed computing facilities; nevertheless the question about
the convenience of the stochastic character of the sampling proce-
dure still remains.

2. Ill-conditioning revisited

In this section we introduce a more general definition of the ill-
condition character of inverse problems that is related to the structure
of the regions of equivalence. Otherwise said, the ill-conditioned char-
acter of discrete inverse problems does not only originate the numerical
determination of themodel of lower misfit to be unstable, more impor-
tant, ill-conditioning is at the origin of the uncertainty problem. Thus,
we show that uncertainty is inherent to the solution of linear and
nonlinear inverse problems and cannot be neglected. The research
work of Jackson (1972, 1979) is very important in this field.

2.1. Linear inverse problems: case of a full rank endomorphism

The simplest case corresponds to a linear inverse problem, Fm = d,
where F : Rn→Rn is a full rank endomorphism (bijective linear applica-
tion). Linear algebra states that this problem admits a unique solution,
mc = F−1d, where F−1 is the inverse of matrix F. In this case F−1 exists
and, thus, is continuous.

The region containing the models that fit the observed the data d
within a given tolerance tol, ||Fm − d||22 ≤ tol2, is a hyper-quadric cen-
tered at m0, having its main axes oriented following the right singular
vectors (V base) of the forward operator F, provided by its singular
value decomposition. The semi axes of this linear hyper-quadric are
the inverse of the singular values of F, named μk.

To prove this fact, let uswritem = mc + Δm, wheremc = F−1d, is
the unique solution of the linear system. Then, the equivalent models
with prediction error tolerance, tol, satisfy:

Fm−dk k2
dk k2

≤tol⇒ Δmð ÞT FT F Δmð Þ≤ tol2 dk k22: ð11Þ

Referring the model increment Δm to the V base, we arrive at:

ΔmVð ÞTΣTΣ ΔmVð Þ≤tol2 dk k22:⇔
Xn¼rank Fð Þ

k¼1

ΔmVk
1
	
μk

 !2

¼ tol2 dk k22: ð12Þ

Fig. 1A shows an example in two dimensions for the linear operator

F ¼ 1 2
2 3


 �
. In this case the hyper quadric is a conic (ellipse). The lon-

ger semi axis is oriented in the direction of the V base corresponding to

Fig. 1. (A) Linear equivalent region for F ¼ 1 2
2 3


 �
;b ¼ 3

5


 �
; tol ¼ 1. The center of the

hyper-quadric is mc ¼ F−1b¼ 1
1


 �
. (B) Linear equivalent region for F¼ 1 2

2 3:3


 �
;b¼

2
5


 �
; tol ¼ 1. The center of the hyper-quadric ismc ¼ F−1b¼ 0:14

1:43


 �
. (C) Linear equiva-

lent region for F¼ 1 2
2 3:9


 �
;b ¼ 3

5


 �
; andtol¼1 . The system becomes almost rank

deficient. The center of the hyper-quadric is now mc ¼ F−1b¼ −17:0
10:0


 �
and the region

of equivalence almost degenerates to an elliptical cylinder (two straight lines in this case).
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the lowest singular value. This ellipse will become a circle only if the
matrix of the forward operator is orthogonal, because in this case
FFT = FFT = In, that is, the singular values of F are equal to one. This
is the case of perfect conditioning.

Fig. 1B shows how this ellipse elongates in the direction of the V
vector associated to theminimum singular valuewhen the conditioning
of thematrix Fworsens, becoming an elongated valley in this direction,
and two parallel lines in the limit case when the matrix becomes
singular (rank (F) = 1). In this case the inverse operator does not
exist anymore and the solution does not depend continuously on the
data. The right singular vectors of F (V base) associated to the zero
singular value expanding the null space of F, do not have any influence
on the data predictions, and they belong to the uncertainty space of our
simple linear inverse problem. Taking into account definition (11)
uncertainty does not only occur in the directions spanning the null-
space of F, but also in the other directions of the V base, according to
the values of 1

μk
:

The condition number of the matrix F is defined as the ratio of the
maximum and minimum singular values of F:

κ Fð Þ ¼ μmax

μmin
¼ 1=μmin

1=μmax
: ð13Þ

κ(F) is obviously related to the eccentricity of the linear region of equiv-
alence, which is an ellipse in this simple 2D case:

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− μmin

μmax


 �2
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1

κ Fð Þ

 �2

s
: ð14Þ

Ill-conditioned linear problems are those whose region of equiva-
lence eccentricity tends to 1 and the equivalent models are located in
oblong and elongated rectilinear valleys of the cost function topogra-
phy. Thus, ill-conditioning should be viewed as a geometric property
of the linear hyper-quadric.

Nevertheless in inverse problems ill-conditioning is always related
to the fact that the determination of the solution of the linear system,
which is the center of this ellipse (linear equivalent region in the general
case), is very inaccurate. The determination of the center (mc = F−1d)
is obvious if the conic is a circle. This is the case of a well-conditioned
linear problem. In twodimensions this situation happens if the associate
vectors of the hyper planes forming the linear system are orthogonal to
each other. Conversely, if these vectors are almost parallel, the determi-
nation of the center of the ellipse is very difficult, and its eccentricity is
almost 1. Thus, the following alternative definition might be proposed:
“A linear inverse problem Fm = d is ill-conditioned if the eccentricity of its
region of equivalence is close to 1”.

This definition is more geometric than the usual definition in terms
of the condition number, and it is alsomore general than its implication
about the difficult determination of the center of the hyper-quadric due
to effect of the noise in data.

Noise in data perturbs the location of the center of the hyper-quadric
since:

msol ¼ F−1 dþ δdð Þ ¼ mc þ F−1δd ¼ mc þ Δmnoise: ð15Þ

In the case of ill conditioned linear systems, the computation ofmsol

is very inaccurate due to the effect of the very small singular values of F:

msol ¼ F−1 dþ δdð Þ ¼ VΣ−1UT dþ δdð Þ ¼ VΣ−1 dþ δdð ÞU ¼
¼
Xrl
k¼1

dþ δdð ÞUk
μk

v þ
Xn

k¼rlþ1

dþ δdð ÞUk
μk

v; ð16Þ

where rl indicates the number of singular values that generate the stable
part of the solution, andn is in this case the rankof F. This relationship can
be generalized to ill-conditioned rectangular systems, replacing F−1 by

the Moore–Penrose pseudo-inverse, F†. It can be observed that noise in
data δd gets amplified back to the solution msol through the non-stable

part of the forward pseudo-inverse ∑
n

k¼rlþ1

dþ δdð ÞUk
μk

vk
k

 !
formed by

the right singular vectors spanning the “numerical kernel” of F.

2.2. The case of rectangular linear systems

The above mentioned analysis can be generalized to incompatible
linear systems with rectangular matrix. In this case the region of equiv-
alence, Mtol, is the pre-image (F−1) of a compact set in the data space,
the ball center in d of radius tol:

Mtol ¼ F−1 jjF mð Þ−djj2≤tolð Þ: ð17Þ

The tol value in formula (17) has to be interpreted as relative error
tolerance, such as in formula (11).

The linear region of equivalence is now the hyper-quadric
(Fernández-Martínez et al., 2012b):

mT FTFm−2mT FTdþ dTd ¼ tol2; ð18Þ

or

mT
VΣ

TΣmV−2dT
UΣmV þ dT

UdU ¼ tol2; ð19Þ

if the hyper-quadric is referred to the U and V orthonormal bases pro-
vided by the singular value decomposition of F.

This linear hyper-quadric is a hyper-ellipsoid for purely (or full-rank)
over-determined linear systems, coinciding its center, mc = F†d, with
the least squares solution of the linear inverse problem Fm ≃ d. If the
linear system is ill-conditioned the axes of the hyper-quadric along the
directions of the V base corresponding to the smallest singular values
μk are very long, and the determination of the center of the hyper-
quadric becomes very inaccurate in presence of noise. In the case of
purely underdetermined or rank-deficient (either underdetermined or
over-determined) linear systems, the hyper-quadric degenerates to an
elliptical cylinder with infinitely long axes (corresponding to the null
singular values) in the directions spanning the kernel of the forward
operator. In this case it is impossible to determine its center; therefore
the least squares solution is not unique. The minimum norm solution
(generalized least squares solution) is positioned along the valley and
is the closest solution to the origin of the model space (null model
vector). This solution has not components on the kernel of F and it is
named the natural or simplest solution. This solution is also sparse.

2.3. The effect of the regularization in linear inverse problems revisited

There are two main ways of stabilizing the inversion: truncation
and damping. The Moore–Penrose pseudo-inverse truncates the
spectrum of F and provides minimum norm solutions, since no
components in the null space of F are added to the solution. For
purely underdetermined linear systems, the solution is found in
the orthogonal space to ker F, that is, in the column space of FT,
Im FT. Thus, the solution lies in the intersection between Im FT and
the linear variety containing the solutions of the linear system. In
the case of rank deficient linear systems (mixed type), the Moore–
Penrose pseudo-inverse provides the minimum norm solution of
the least squares normal equations that have infinite solutions.
Thus, the pseudo-inverse solution lies in the intersection of the
linear variety containing the solutions of the normal equations,
FTFxMC = FTd, and the null space of FTF, that coincides with the
null space of F (ker FTF ≡ ker F). Either, in purely underdetermined
systems or in mixed type systems, the minimum norm solution has
not components of the null space of F and for that reason is called
the least squares natural solution.
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By the other hand, zero-order Tikhonov regularization (Tikhonov and
Arsenin, 1977) is the most commonly method used for regularization for
ill-conditioned inverse problems, stabilizing their solution by adding an
extra-term to the cost functional that penalizes the size of the solution
in some sense:

Fm−dk k22 þ ε2 mk k22 ¼ Fm−dð ÞT Fm−dð Þ þ ε2mTm
¼ dk k22 þmT FT Fþ ε2In

 �
m−2mT FTd;

ð20Þ

where ε2 is the damping parameter that is close to zero.
In the case of linear inverse problems it is easy to understand why

expression (20) serves to stabilize the inversion. Now, the normal equa-
tions are:

FFT þ ε2In
 �

m ¼ FTd; ð21Þ

and the operator FFT + ε2In becomes full-rank, that is, a bijection. Thus,
the inverse operator (FFT + ε2In)−1 exists and it is continuous.

Tikhonov's regularization has two main effects:

(1) The linear hyper-quadric becomes a hyper-ellipsoid whose lon-
ger axes are 1/ε in the directions of the V vectors spanning the
null space of F (ker F).

(2) The center of the hyper-quadric is shifted to mc
ε =

(FTF + ε2In)−1FTd, and its main axes are slightly rotated.

Obviously, these two effects are almost negligible when the regular-
ization parameter tends to zero (ε2 → 0). Themain effect of the regular-
ization is to limit the length of themisfit valley, causing the linear region
of equivalence to become bounded. Thus, the zero-order Tikhonov's
regularization is a practical way of stabilizing the determination of the
center of the linear hyper-quadric, but its location might be perturbed
by the presence of noise in data.

In terms of the optimal solution found the zero-order Tikhonov's
regularization with no model of reference, does not add to the solution
any effect from the base terms (the set of vectors {vr + 1,…,vn} defined
by the singular value decomposition of F) spanning the null space of F,
since referred to the V and U bases the solution is:

mε
cV ¼ ΣTΣþ ε2In

 �−1
ΣTdU ¼

Xr
k¼1

μkdUk
μ2
k þ ε2

vk: ð22Þ

Nevertheless, when a prior model is used in the regularization term
(as in expression (3)), the solution becomes:

mε ¼ mref þ FT Fþ ε2In
 �−1

FT d−Fmref

 �
; ð23Þ

or referred to the V base: mref

mε
V ¼ mref

V þ ΣTΣþ ε2In
 �−1

ΣTΔdref
U : ð24Þ

ΔdU
ref is the referencemodel datamisfit referred to theU base, that is,

ΔdU
ref = UT(d − Fmref). The solution in Eq. (24) canfinally be expressed

as:

mε
V ¼

Xr
k¼1

ε2mref
Vk þ μkdUk
μ2
k þ ε2

vk þ
Xn
j¼rþ1

mref
Vj v j: ð25Þ

Expression (25) shows that now all the vectors in the V base play a
role in the regularized solution,mε, since the coordinates that originally
resided in the kernel of F are now informed by the referencemodelmV

ref.
Also, the coordinates in the r first vectors of the V base are linear combi-
nations of the reference model coordinates mVk

ref and the data dUk. The
weights of the linear combination are respectively ε2 and μk. Fig. 2
shows a geometric interpretation of this fact: without model of

reference, the Moore Penrose pseudo-inverse and the zero-order regu-
larized solutions have no components on the null space of F. The refer-
ence model serves to incorporate information from the kernel.

In other cases, high pass discrete difference operators Γ may be
used to enforce smoothness in the solution (first or second order
Tikhonov regularization). In geophysics, Occam's inversion is widely
used (Constable et al., 1987) to generate these types of smooth models
in linear and nonlinear inverse problems:

Fm−dk k22 þ ε2 Γ m−mref

 ���� ���2
2
: ð26Þ

First and second order Tikhonov's regularizations penalize the
roughness of the solution found, and also have the effect of incorpo-
rating components from ker F into the solution. This is one of
the reasons why this kind of regularization is widely used in indus-
try. Nevertheless modelers do not realize that this incorporation is
somehow artificial, because originally the inverse problem does
not provide any information about these components.

Finally, it is very important to remark that the regularization does
not cause the disappearance of the equivalent solutions. Fig. 3 illus-
trates the effect of the regularization on the nonlinear region of
equivalence,Mtol. The regularization acts by restricting the optimiza-
tion to the models that are on the intersection of Mtol and the ball
B(mref;ρ) = {m : ‖m − mref‖ ≤ ρ}, centered in mref and a radius ρ,
which depends on the damping parameter ε2 that is used. The solu-
tion of the regularized inverse problem is the model mε ∈ B(mref;ρ)
that gives the closest prediction to the observed data d. For small

m2

mref

m

Ker(F)

v1

v2

Ker(F)

m1

Im(FT)m†

Fig. 2.Geometric interpretation of the regularization in two dimensions.Withoutmodel of
reference, the zero order regularized solution has no components on the null space of F.
The reference model serves to incorporate information from the kernel.

M

D

·dv

·d1

tol

·d2

·F(mC)

F(C)

Ltol

C
m2 

mv ·
mref ·

mC ·

m1 

F

C B(mref; ) =
= {m : || m – mref || }

F†

F†

Fig. 3.Region of equivalence for a linear inverse problem. RegionMtol is defined as the pre-
image of the ball centered in the observed data and having a radius equal to tol. The region
is simple connected (hyper-quadric). The lack of injectivity of the forward operator
provokes this region to become unbounded in the directions of the V base spanning the
kernel. The reference model serves to restrict the equivalent models to the intersection
of Mtol and the ball centered in the model of reference (correctness set).
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levels of noise, the regularized solution tends to the “true” solution
when the damping parameter approaches to zero.

3. Nonlinear inverse problems

For nonlinear inverse problems we can apply the same kind of
reasoning as we did for the linear inverse problems using their first
order approximation in order to characterize the local regions of
equivalence around a certain model m0:

F mð Þ≈F m0ð Þ þ JFm0
m−m0ð Þ: ð27Þ

Then we have:

C mð Þ ¼ F mð Þ−dk k22 ¼ Δd��� ��2
2 þmT JFTm0

JFm0
mþ 2mT JFTm0

Δd�
; ð28Þ

with

Δd� ¼ F m0ð Þ−d−JFm0
m0: ð29Þ

The linearized region of equivalence around the model m0

Δd��� ��2
2 þmT JFTm0

JFm0
mþ 2mT JFTm0

Δd�≤tol2; ð30Þ

or equivalently

m−m0ð ÞT JFTm0
JFm0

m−m0ð Þ þ 2 m−m0ð ÞT JFTm0
Δdþ Δdk k22≤tol2;

ð31Þ

where Δd = F(m0) − d is the data misfit corresponding to the model
m0.

Thus, the linear region of equivalence in the nonlinear case
involves the Jacobian of F (i.e., the sensitivity matrix) calculated
in the model m0. The linear region of equivalence expressed in
(30) and (31) approximates only locally the region of nonlinear
equivalence, that is, models in the neighborhood of m0 fulfilling
the condition ‖F(m) − d‖22 ≤ tol. Due to the dependency of the
Jacobian of F on the model m0 and also to higher order terms in
F(m) (for instance the Hessian) the nonlinear region of equivalence
has to bend forming a croissant-shape or boomerang-like regions
(Fernández-Martínez et al., 2012b). Infinite size meandering regions
where the forward predictions do not change could also theoreti-
cally exist depending on the nature of the forward operator F.

The center of the linear hyper-quadric in the nonlinear case
coincides with the Gauss–Newton solution of the original nonlinear
inverse problem (Fernández-Martínez et al., 2012b). To prove this
fact, we just need to minimize the following second order approxi-
mation of the cost functional:

min
Δm¼m−m0

Δdk k22 þ 2ΔmT JFTm0
Δdþ ΔmT JFTm0

JFm0
Δm: ð32Þ

The Gauss–Newton solution of the non-linear inverse problem
solves the following linear system:

JFTm0
JFm0

Δm ¼ − JFTm0
Δd; ð33Þ

that is,

mGN ¼ m− JFTm0
JFm0

 �
†
JFTm0

Δd; ð34Þ

and coincides with the center of the linear hyper-quadric stated
in Eq. (30). Thus, the Gauss–Newton is also affected by the ill-
conditioning of the linear system in Eq. (33) and the presence of
noise in data.

Creeping and jumping solutions to the nonlinear inverse problem
have been also proposed in the literature (Parker, 1994). These
solutions are deduced considering by first order Taylor Series expan-
sion of F(m) (as in expression (27)), and solving the linear system:

F m0ð Þ þ JFm0
m−m0ð Þ≈d; ð35Þ

in the least squares sense. The formulation using increments is called
the creeping solution mCP to the nonlinear inverse problem:

JFm0
mCP−m0ð Þ≈d−F m0ð Þ ⇒

mCP ¼ m0 þ JFm0

 �†
d−F m0ð Þð Þ: ð36Þ

Creeping solution coincides with the Gauss–Newton solution when:

JFm0

 �
† ¼ JFTm0

JFm0

 �
†
JFTm0

ð37Þ

that is, in the case of purely over-determined linearized systems
where the number of observed data is higher than the number of
parameters and JFm0

is full rank. In other cases both solutions
might be different depending on how the generalized inverse
JFm0

 �†
is computed.

Jumping solution mJ refers to the least squares solution of the
linear system

JFm0
m J≈d−F m0ð Þ þ JFm0

m0; ð38Þ

that is:

m J ¼ JFm0

 �
†
d−F m0ð Þ þ JFm0

m0

 �
¼ mCP þ JFm0

 �
†
JFm0

−In

� �
m0:

ð39Þ

Jumping and creeping solutions coincide for purely over-
determined linearized systems, but differ in the case of purely
underdetermined and mixed type systems (Parker, 1994). This
fact also shows the dependency between the solution and the
numerical method that has been adopted to solve iteratively
the nonlinear inverse problem. Obviously, all these possible solu-
tions belong to the nonlinear region of equivalence.

As other local optimization methods, jumping and creeping
solutions are not designed to analyze the nonlinear uncertainty in
inverse problems. In the next section we explain why these methods
fail in approaching nonlinear uncertainty.

3.1. Why local optimization algorithms fail in approaching uncertainty?

Themain reason is that these methods approach the cost function
in the neighborhood of a model m0 with the corresponding local
hyper-quadric. To see that, let us consider a second order Taylor
series expansion centered in the model m0 :

F mð Þ ¼ F m0ð Þ þ JFm0
m−m0ð Þ þ STm0

þ o m−m0k k22
 �

; ð40Þ

where JFm0
¼ ∂F

∂m1
m0ð Þ; ∂F

∂m2
m0ð Þ;…; ∂F

∂mn
m0ð Þ

 �
is the Jacobian matrix

of F inm0;STm0
is the second other term including the Hessians of the

function components (fi(m)) of the forward operator F,

STm0
¼ 1

2

m−m0ð ÞTH f 1 m0ð Þ m−m0ð Þ
m−m0ð ÞTH f 2 m0ð Þ m−m0ð Þ

⋮
m−m0ð ÞTH f s m0ð Þ m−m0ð Þ

0
BB@

1
CCA; ð41Þ

and o(‖m − m0‖2
2) is a vector function that vanishes faster than

‖m − m0‖2
2. Considering the second order approximation written
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in Eq. (40), the cost function can be approximated the following
second order polynomial:

C mð Þ ¼ F mð Þ−dk k22≃ Δdþ JFm0
m−m0ð Þ þ STm0

��� ���2
2
≃

≃ Δdk k22 þ 2 m−m0ð ÞT JFTm0
Δdþ m−m0ð ÞTHC m0ð Þ m−m0ð Þ;

ð42Þ

where HC(m0) is the exact Hessian of the cost function C(m):

HC m0ð Þ ¼ JFTm0
JFm0

þ
Xs
k¼1

f k m0ð Þ−dkð ÞHf k m0ð Þ: ð43Þ

A linear combination of positive definitive matrices is guaranteed to
be also definite positive if theweights are positive. This does not hold in
the general case here, since each of the Hessian matrices Hfk might not

even have a positive semi-definite positive character. Also the weights

(fk(m0) − dk)might not be positive. Thus, the term∑
s

k¼1
f k m0ð Þ−dkð ÞHf k

m0ð Þ in Eq. (43) usually causes the exact Hessian of C(m) to lose its
positive semi-definite character. In this case, the exact second order
equivalent region can have sill points connecting different basins of
equivalent solutions.

Most of the local optimization methods approximate the curvature
of the cost function by the linearized Hessian, JFTm0

JFm0 , which is
semi-definite positive. Therefore, the saddle points of the cost function
cannot be found in these analysis, and the uncertainty is reduced to
the linearized hyper-quadric. Otherwise said, local optimization
methods are not designed to explore and locate different basins of solu-
tions, due to the numerical approximations that are used in their design.
It is alsoworthmentioning that the computation ofHC(m0) is computa-
tionally very expensive, even impossible, in high dimensional inverse
problems.

Finally, Fig. 4 shows the effect of the regularization searching
the solution in the nonlinear region of equivalence. As in the
linear case the regularization acts by restricting the optimization to
the models that are on the intersection of Mtol and the ball
B(mref;ρ) = {m : ‖m − mref‖ ≤ ρ}. The solution of the regularized
nonlinear inverse problem is the model mε ∈ B(mref;ρ) that gives
the closest prediction to the observed data d. Nevertheless, in
this case several unconnected basins of low misfits can coexist in
the cost function landscape if F is no injective. The “true” solution
could not be found if the ball B(mref;ρ) does not intersect the basin
where the true solution lies. Also, the linearized region of

equivalence calculated in a model that belongs to the nonlinear
equivalent region only captures a local part of the nonlinear uncer-
tainty space, when it does. This figure also serves to explain the dan-
gers of the regularization and to highlight that the regularization
does not cause the uncertainty to vanish.

3.2. The effect of model parameterization

We finally analyze the effect of the model re-parameterization
in the uncertainty analysis of the solution. In some cases model re-
parameterization is used to linearize some kind of inverse problems.
Nevertheless, this procedure has also some dangers, since it is
important to know that the equivalent region in the linearized case
and the nonlinear equivalent region are different. Also, both
problems might behave very different with respect to noise in data.

To show these facts numerically, let us consider for instance
a simple example of nonlinear regression z ¼ Kxαyβ ;K∈R . This
problem consists in finding the real constants α, β that provides
minimum fitting error in the least squares sense of the experimental
data:

x1; y1; z1ð Þ; x2; y2; z2ð Þ;…; xs; ys; zsð Þf g:

The nonlinear equivalent region Mtol of value tol is defined as
follows:

Mtol ¼ m ¼ α;βð Þ∈R2
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
k¼1

zk−Kxαk y
β
k

 �2vuut b zk k2 � tol
8<
:

9=
;: ð44Þ

The above mentioned inverse problem can be linearized as follows:

lnz j− lnK ¼ α lnxj þ β lnyj; j ¼ 1…s: ð45Þ

This provides an over-determined linear system of the type:

lnx1 lny1
lnx2 lny2
⋮ ⋮

lnxs lnys

0
BB@

1
CCA α

β


 �
¼

lnz1− lnK
lnz2− lnK

⋮
lnzs− lnK

0
BB@

1
CCA: ð46Þ

Calling A the coefficient matrix, and d the right hand term of the
linear system (46), the linearized equivalent region is:

Ltol ¼ m ¼ α;βð Þ∈R2
: Am−dk k2b dk k2 � tol

n o
: ð47Þ

Relative misfits are used in this case for comparative purposes
between both regions of equivalence,Mtol and Ltol.

We have designed a synthetic experiment where the observed
data (100 points) was generated using K = 3; α = 2; β = 1.
Fig. 5A and B shows the different contours of Mtol and Ltol. We also
show the region corresponding to tol = 5% in both cases. It can
be observed that both regions differ in size and also in orientation.
Typically Ltol is broader than Mtol and also the misfits are lower for
Ltol (data over-fitting). The first fact serves to explain that the linear-
ized problem usually has a worse conditioning than the original
nonlinear problem. Also if the problem was highly nonlinear the
croissant shape will be more pronounced. Fig. 5C and D shows the
effect of a Gaussian noise of zero mean and the standard deviation
equal to 10% of the standard deviation of the observed data. It is pos-
sible to observe that noise deforms the topography of the cost
function in both cases and shifts the minimum misfit solutions.
Also, the nonlinear inverse problem seems to be more robust
than the linearized inverse problem, but this fact also depends
on the type of noise and its projection (correlation) onto the ob-
served data. Obviously this simple numerical experiment serves to

M

D

mv
Ltol

Mtol

mC

F(C)

Mtol

C

m2 

m1 

Mtol

·dv

·d1

tol

·d2

F(mC)

F†

F†

F†

C B (mref; ) =
= {m : || m – mref || }

Fig. 4. Region of equivalence for a nonlinear inverse problem. In this case the region Mtol

has a meandering shape. Different unconnected regions might exist depending on the
injectivity of the forward nonlinear operator F. As in the linear case the reference model
serves to restrict the equivalent models to the intersection of Mtol and the ball centered
in the model of reference 2 (correctness set); nevertheless the solution of the regularized
problemmight reside in a different basin than the true solution, depending on the correct-
ness set induced by the regularization and the reference model. Ltol stands for the linear
hyper quadric computed in a model of the nonlinear equivalent region.
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exemplify the pitfalls that the modeler might find when model re-
parameterizations are used.

4. Implications in applied geophysics, conclusions and
future solutions

Inverse problems in applied geophysics are always discrete and
usually ill-conditioned. Also, the geophysical fields of interest are
often quite weak and must be observed in an environment that
contains extraneous fields that contribute noise to the observational
data. Thus, the typical situation in geophysical inversion is to deal
with data that has finite dimension, is insufficient in number and
also inaccurate due to the effect of noise (Barhen et al., 2000).
These features together with the modeling and numerical errors
cause the inverse solution to be uncertain, and the geophysical
inverse problem has to be solved in two different stages: solution
optimization/search and appraisal. The appraisal stage (or uncer-
tainty analysis of the solution) is motivated by the fact that the
observed data does not contain enough information to determine a
geophysical plausible unique solution.

Practitioners tend to underestimate the uncertainty of inverse
problems solutions relying on the fact that: 1) Uncertainty has in
any case a random structure impossible to be known. 2) Regulariza-
tion techniques are the panacea and cause the disappearance of the
equivalent solutions. These equivalent solutions are sometimes
annoying, thus modelers prefer to ignore its existence, calling them
spurious. 3) Linearization techniques can provide a precise idea
about the solution that has been adopted.

All these three assumptions are incorrect, motivating in some
cases that decisions that are taken based on these solutions are also

incorrect, and from time to time, oil exploration boreholes based
on wrong solutions to be dry!

This paper provides new insights to understand uncertainty in
the solution of inverse problem from a deterministic point of view.
Linear algebra is the part of mathematics that deals with problems
that have an underlying structure, such as the space of solutions
for linear systems of equations. Although linear algebra techniques
do not directly applies to nonlinear inverse problems, the use of
iterative linearization techniques serves to understand the local
properties of the space of solutions that are imbedded in the gradient
and Hessian of the cost function.

Local optimization methods and regularization techniques fail
to account for the uncertainty analysis of nonlinear inverse problems
because they approximate the nonlinear region of equivalent models
by the linearized hyper-quadric that only reflects locally (when it
does) the structure of the space of equivalent solutions. Bayesian
approaches and global optimizationmethods are also very inefficient
because they tend to ignore the “algebraic (or geometric) structure”
of the space of equivalent solutions, and they are hampered by
dimensionality issues and the high computational cost to solve
their respective forward problems.

Understanding uncertainty from a deterministic point of view is a
necessary step to design more efficient methods to sample the
uncertainty space in nonlinear inverse problems. As H. Poincare has
said, nothing is random, only our ignorance. In our opinion statistical
methods should be restricted to problems where the underlying
physical laws are unknown and data-driven reasoning is the only
way to approach the prediction/learning/decision problem. In any
case, given the explanations and proofs provided in this paper, we
can affirm without any doubt that epistemological uncertainty in
inverse problems has not a random structure.

Fig. 5. Effect of the model re-parameterization in a simple nonlinear regression problem. (A) Nonlinear equivalent region; (B) Linearized equivalent region; (C) Nonlinear equivalent
region affected by noise; (D) Linearized equivalent region affected by noise. In magenta we show the limits of the region of 5% misfit.
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Further research is needed to incorporate mathematical analysis
into these sampling approaches. This paper proposes a paradigm shift
from random sampling approaches to a redesign of old-fashioned, for-
gotten and despised deterministic approaches. In essence, uncertainty
in nonlinear inverse problems needs not be treated as a random pro-
cess, since the equivalencies have a natural algebraic interpretation
(Fernández-Martínez et al., 2012b). Local optimization methods can
be redesigned to perform sampling while optimizing. By extending
the topological relationships from linear to nonlinear problems, it is
possible to develop more efficient algorithms to perform the posterior
sampling and significantly improve the efficiency of existingmethodol-
ogies for uncertainty estimation for high dimensional nonlinear inverse
problems. This subject will be addressed in future research papers.

Model reduction techniques and very sparse sampling tech-
niques also play a very important role in the design of these algo-
rithms able to approach uncertainty in very high dimensions and
with very costly forward problems. An example is the geometric
sampling algorithm (Tompkins et al., 2011a,b, 2013).

Coming back to Tarantola's research work (2005, 2006), he
pointed out that the model space is generally quite empty of
equivalent models that fit the observed data, and that we should
focus the uncertainty analysis on these “interesting” regions in the
model space. In his own words (page 46, Tarantola, 2005): “large-di-
mensional spaces tend to be terribly empty. Hitting by chance the circle
inscribed in a square is easy. Hitting by chance the sphere inscribed in a
cube is a little bit more difficult. When the dimension n of the space
grows, the probability of hitting the hyper-sphere inscribed in a
hyper-cube rapidly tends to zero (for n N 10)”. This fact, known as
the dimensionality curse (Curtis and Lomax, 2001), serves to explain
why the random exploration of large-dimensional spaces is very dif-
ficult. Furthermore, the uncertainty is not the same in all the direc-
tions of the model space, that is, the “volumetric” region of
equivalence in some directions is longer than larger. This result
also serves to explain why the use of model reduction techniques
and subspace methods is successful in quantifying uncertainty in
high dimensions, since the nonlinear equivalence region can be ap-
proximated as a nonlinear variety in a suitable linear subspace of
Rn . The intuitive geometric idea illustrating this fact is to locate a
curve contained in a hyper-plane. This result also suggests that the
dimension of this subspace will not be greater than 10. Although
the explanation given in this paper is intuitive, this fact has also
been found in real high dimensional inverse problems (see for in-
stance Tompkins et al., 2011a,b). As anecdote, 10 are the dimensions
used in string theory to explain the universe.

Future approaches to quantify uncertainty should include the
use of model reduction techniques (as we have justified above), if
possible the use of simplified forward physics (forward surrogates)
to accelerate the forward predictions, and distributed and parallel
computing facilities. Taking into account the no-free lunch theorem
in search and optimization (Wolpert and Macready, 1997), this
paper should not be interpreted as an allegation against global
optimization methods and/or Bayesian approaches.
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Summary

In this article, the effect of noise and Tikhonov regularization in discrete linear inverse problems
is analyzed. The aim of this paper is the understanding from an analytic point of view, and
regardless of the dimension of the model space, how the noise and the regularization deform the
cost function topography for linear inverse problems. The main conclusions of this work are:

• Noise in data perturbs the position of the least squares solution with respect to the real
model. In the case of compatible systems this displacement is the only influence of the
noise.

• Noise deforms homogeneously the cost function topography. For white and positive corre-
lated noise, the equivalence regions always decrease in size with respect to the ones from
the noise-free problem. When dealing with negative correlated noise, equivalence regions
might increase in size. This fact could be used to optimize the efficiency of global search
methods.

• Regularization stabilizes the solution by limiting the axes of the equivalence hyper-quadric
in the directions of the null space of the forward operator, transforming the hyper-quadric
from an elliptic hyper-cylinder to a hyper-ellipsoid.

• Regularization deforms the equivalence regions in a non homogeneous way, acting differ-
ently in each model component.

• Regularization does not make equivalence regions to disappear, i. e., there will still be
multiple models, which will fit data below a given tolerance error.

All enumerated conclusions have been reached analytically, showing synthetic examples
which confirm the theoretical results.

69





The effect of noise and Tikhonov's regularization in inverse problems.
Part I: The linear case

J.L. Fernández-Martínez a,⁎, J.L.G. Pallero b, Z. Fernández-Muñiz a, L.M. Pedruelo-González a

a Departamento de Matemáticas, Universidad de Oviedo, Oviedo, Spain
b ETSI en Topografía, Geodesia y Cartografía, Universidad Politécnica de Madrid, Madrid, Spain

a b s t r a c ta r t i c l e i n f o

Article history:
Received 25 February 2014
Accepted 7 May 2014
Available online 20 May 2014

Keywords:
Noise
Regularization
Uncertainty analysis
Linear inversion

Inverse problems are a special kind of optimization problems because the cost function involves data, always af-
fected by noise, that in the case of ill-conditioning is amplified back into the model parameters through the gen-
eralized inverse operator. Then, the inversion might provide spurious solutions if no regularization techniques
are used. For a given misfit tolerance the models that fit the observed data are called equivalent, and are located
in a region of the model space that is bounded by the linear hyper-quadric surface. This paper analyzes in detail
the role of noise in data in linear inverse problems, providing a geometrical interpretation for the role of the reg-
ularization. The noise shifts the solution found by least squares methods and deforms homogeneously the topog-
raphy of the cost function, while Tikhonov's regularization transforms the linear hyper-quadric from an elliptical
cylinder to a very oblong hyper-ellipsoid in the directions that originally spanned the kernel of the linear forward
operator. Furthermore, in the case of the regularization, this deformation is anisotropic affecting differently the
axes of the linear hyper-quadric. Themodel of reference informs the coordinates of the solution that originally re-
sided in the kernel of the forward operator. The differenceswith nonlinear inversion are highlighted in the second
accompanying paper. This knowledge, although theoretical at this stage, might impact how the uncertainty anal-
ysis is performed in geophysical inversion, since noise in data is always present, and good prior models are not al-
ways available.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Discrete inverse problems F(m) = d are a special kind of optimiza-
tion problems because the cost function c(m)(F(m) − d(p involves
the observed data d, that are always affected by noise. Therefore, noise
will deform the topography of the cost function corresponding to the
noise-free case, both, in linear and nonlinear inversions. In the previous
equation F stands for the forward problem, andm for the set of discrete
model parameters to be found.

In the case of linear inverse problems, the forward operator F corre-
sponds to a linear application between two linear spaces F:ℝn→ℝs, and
the cost function is usually defined as the squared Euclidean normof the
residual vector

c mð Þ ¼ F mð Þ−dk k22: ð1Þ

It is well-known that for ill-conditioned linear systems the noise in
data is amplified back into the model parameters through the Moore–

Penrose's pseudo-inverse, providing very different solutions (called
equivalent) if no regularization techniques are used (see for instance
Aster et al. (2012); Menke (1989)). This amplification depends on the
right singular vectors vk ∈ V of the forward operator F, corresponding
to the singular values μk ∈ Σ (considering the singular value decompo-
sition F= UΣVT) that are close to zero and “almost” contribute to span
the null space of F, ker(F) = {m ∈ ℝn:Fm = 0}, that is, the linear sub-
space of ℝn containing the models that have no influence on the data
predictions. These equivalent solutions might be considered spurious
if some physical assumptions are violated, such as providing negative
parameter values for positive definite magnitudes. Otherwise, when
prior information is at disposal, it can be used to judge their quality.

The existence of equivalent solutions has traditionally generated
mistrust about the use of inverse methods in applied geophysics. Most
of the times equivalent models are related to resolution issues of the
geophysical techniques involved, and also to the effect of noise in
data. Nevertheless, to the best of our knowledge, a complete analysis
of the role of noise in linear and nonlinear inversions has not been yet
performed. Most of the research has been focused in designing regular-
ization techniques to stabilize the inversion by decreasing the impact of
noise in the solution found by least squares and local optimization
methods. Also, although the SVD and the Moore–Penrose's pseudo-
inverse are linear algebra techniques, the effect of noise δd in data has
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been in most of the cases studied through statistical analysis and nu-
merical experiments (see for instance Banks and Groselj (1998)), that
is, no analytical theory has been developed for this particular purpose.

In fact, noise δd in data can be considered as the outcome of a ran-
domdiscrete stochastic vectorN, whose statistical distribution is a priori
unknown. But it is also true, that once the data have beenmeasured, the
noise in the current data set will be one of the multiple realizations of
this unknown stochastic process N. The problem treated in this paper
does not include analyzing the statistical distribution of the observa-
tional noise, but understanding the effect of noise in the inversion for
a given realization of the stochastic processN. It is also important to dis-
tinguish between random noise in the data and the modeling errors,
namely the error resulting from the choice of a wrong mathematical
model, that is, the wrong physics when inverting a given data set,
whether this physics is based on linear or nonlinear formulations. This
important subject will be addressed in future research work.

The reasons that have motivated this research are the following:

1. Understanding, from an analytical point of view, how noise deforms
the topography of the cost function in linear inversion. Particularly,
the effect of noise is very important in geophysical inversion, since
the geophysical fields of interest are often quite weak and must be
observed in an environment that contains extraneousfields that con-
tribute with noise to the observed data (Barhen et al., 2000).

2. Understanding the role of Tikhonov's regularization, comparing its
effect in the topography of the cost function (linear hyper-quadric)
to the effect of the noise.

3. To expand the interest of this research beyond the need of regulariza-
tion for least squares solutions, since this knowledge might be very
important in the uncertainty assessment of inverse problem
solutions.

The structure of this paper is as follows: Section 2 analyzes the im-
portance of linear inversion in applied geophysics; Section 3 analyzes
how noise affects the linear hyper-quadric of equivalence; Section 4 an-
alyzes the effect of the Tikhonov's regularization in the topography of
the cost function, explaining the importance of the reference model,
and outlining the main differences/similarities compared to the effect
of noise; Section 5 performs a similar analysis for other regularization
techniques, such as Lasso. Finally, in Section 6 we present the
conclusions.

This analysis is generalized to nonlinear inverse problems in the
second accompanying paper (Fernández-Martínez et al., 2014), in
order to understand themain differences induced by the nonlinearities.
Although theoretical at this stage, this knowledge might be very impor-
tant to properly approach the uncertainty analysis in linear and nonlin-
ear inverse problems (Fernández-Martínez et al., 2012, 2013a). Some
preliminary results have been already presented at international con-
gresses (Fernández-Martínez et al., 2013b).

2. The importance of linear inverse problems in geophysics

Discrete linear inverse problems are very important in geophysics,
and come from the numerical approximation of continuous linear in-
verse problems of the form

d skð Þ ¼
Z b

a
K x; skð Þm xð Þdx; k ¼ 1;…;n; ð2Þ

where d(sk) is the observed data at discrete locations sk, m(x) is
the model function that is the unknown of the inverse problem, and
K(x, sk) is the integral kernel function that relates the model and the
data measured at a certain location, being a,b the theoretical limits of
integration.

Different interesting problems in geophysics correspond to linear
inverse problems, as for example:

1. The inverse gravity problem when the density contrast is chosen as
the unknown (Blakely, 1996)

Δgsk ¼ −G
Z b

a

D

D2 þ sk−xð Þ2
h i3=2 Δρ xð Þdx; ð3Þ

where G is the gravity constant, D is the constant depth of the linear
body that generates the anomaly Δg at any location sk, Δρ(x) is the un-
known density contrast function, and [a,b] denotes the limits of the
body under study.

2. In electrical methods, the charge distribution q on a thin wire, of
length l and radius a, maintained at a constant voltage V

V zð Þ ¼ 1
4πε0

Z l

0

q z0
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ z−z0ð Þ2

q dz0: ð4Þ

3. The transmission tomography inverse problem, consisting in finding
the slowness distribution s(x) of a geological medium such as

tk ¼
Z

Γk

1
s xð ÞdΓk; k ¼ 1;…;m; ð5Þ

where tk are the observed traveltimes of m pairs of sources and re-
ceivers, and Γk are the ray paths that are a priori unknown. This problem
is in fact nonlinear due to the dependency of Γk on s(x), but is solved it-
eratively through an ensemble of linear problems of the type (5), where
the ray paths are known and updated through a ray tracing forward
model.

4. Geophysical problems that are described by a convolution integral
(Linear Time-Invariant or LTI – systems) of the kind

y tð Þ ¼ x tð Þ � h tð Þ¼def
Z ∞

−∞
x t−τð Þh τð Þdτ: ð6Þ

The identification of the impulse function h(t) of a LTI system origi-
nates the solution of a linear inverse problem. Continuous linear inverse
problems originate discrete linear inverse problems of the kind Fm= d,
due to the expansion of the solution of the continuous inverse problem
in a suitable set of basis functions of a linear subspace with finite
dimension.

5. Finally, the iterative solution of nonlinear geophysical inverse prob-
lems through linearization

F mð Þ≈F m0ð Þ þ JFm0
m−m0ð Þ; ð7Þ

also originates a sequence of linear inverse problems to be solved.
Therefore, the analysis of discrete linear inverse problems has a

capital importance in applied geophysics.

3. Effect of noise in linear discrete inverse problems

In this section we analyze the effect of noise in linear inverse
problems through linear algebra techniques, since its understanding is
crucial to highlight the main differences with respect to nonlinear
inversion.
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Inverse problems in discrete form can be written as

F mð Þ≈dobs
; ð8Þ

where m = (m1, m2,…, mn) ∈ M ⊂ ℝn is the estimated model that be-
longs to a set of admissible models M defined in terms of some prior
geological knowledge, dobs ∈ ℝs is the observed data, F(m) = (f1(m),
f2(m),…, fs(m)) is the vector field representing the forward model,
and fj(m) is the scalar field accounting for the j-th data.

Linear inverse problems are those where the component functions
of the vector field F depend linearly on themodelm. In this case, solving
Fm= dobs, F∈M(s,n) (ℝ) is equivalent to find the intersection of the set
of s hyper-planes inℝn: fj(m)− dj=0, j=1,…, s. The presence of noise
δd in the observed data dobs causes this intersection problem to have no
solution. This incompatibility is also caused by the fact that the linear
operator F is only an approximation of the reality (modeling errors).
Predicting the reality using F is called solving the forward problem.
Due to the incompatibility of the linear system of equations, the inverse
problem is solved via linear least squares (LLS) methods, finding

m†
: c m†
� �

¼ min
m∈ℝn

Fm−dobs
��� ���2

2
; ð9Þ

where the generalized solution of this optimization problem is provided
by the Moore–Penrose's pseudo-inverse (see for instance Aster et al.
(2012)).

Let us call dobs = dtrue + δd, where dtrue is the observed data that
would be measured in the absence of noise (noise-free data), and
mtrue is the hypothetical model that has generated these data, that is,
Fmtrue = dtrue. Then, we have

m† ¼ F†dobs ¼ F† dtrue þ δd
� �

¼ mtrue þ Δm; ð10Þ

with

Δm ¼ F†δd ¼ VΣ†UTδd ¼
Xr¼rank Fð Þ

k¼1

δdUk
μk

vk; ð11Þ

where r is the rank of F, and δdU=UTδd is the noise term δd referred to
the U orthonormal base, provided by the singular value decomposition
of the forward operator F. Eq. (11) can be split into two parts, the one
that provides the stable part, and the one that causes noise in data to
be amplified back into themodel parameters, providing different equiv-
alent solutions. This second unstable part is associated to the vk vectors
of theV base corresponding to the vanishing singular values μk→ 0. This
effect is called ill-conditioning of the discrete linear inverse problem.
Also, in the presence of noise the solution found m† will never coincide
with true solution mtrue, that has generated the observed data.

Some authors include in the noise term not only the random compo-
nents in the observational data, but also themodeling errors. Neverthe-
less, it is important to understand that the observational noise δd and
the modeling errors Δd are two different concepts. The following rela-
tionships apply: dobs = dtrue + δd, and dobs = Fm† + Δd. Thus, data
modeling is correct only if δd = dobs − Fm† = Δd, that is, if δd lies in
the orthogonal space to Im(F), which is the null space of FT (ker(FT)).
If δd ∉ ker(FT), the modeling errors and noise in data are different,
and noise and signal are mixed. In this paper we will only talk
about δd. Future research will be devoted to the distinction of both
contributions.

Let us examinemore in detail how noise affects the region of equiv-
alent solutions Ltol = {m ∈ M : ‖Fm − dobs‖2

2 ≤ tol2}. We have

Fm−dobs
��� ���2

2
¼ ∥Fm∥22−2 Fmð ÞTdobs þ dobs

��� ���2
2
: ð12Þ

The boundary of the Ltol region is the hyper-quadric containing the
linear equivalent models predicting the observed data with error toler-
ance tol (Fernández-Martínez et al., 2012)

Fmk k22−2 Fmð ÞTdobs þ dobs
��� ���2

2
−tol2 ¼ 0; ð13Þ

or

ΣmVk k22−2 ΣmVð ÞTdobs
U þ dobs

U

��� ���2
2
−tol2 ¼ 0; ð14Þ

with dU
obs=UTdobs, andmV= VTm. In this last case the hyper-quadric is

referred to the U and V (principal axes) orthogonal bases.
Taking into account Eqs. (13) and (14), the following can be

observed:

(i). Noise in data does not affect thematrix of the hyper-quadric, FT F.
Thus, the orientation of the linear hyper-quadric (V principal
axes) remains the same.

(ii). Noise perturbs the center of the hyper-quadric, which coincides
with the least squares solution mc = m† of the linear inverse
problem stated in Eq. (9).

(iii). Finally, noise in data deforms homogeneously the topography
of the unperturbed cost function in the region of equivalent
models, bounded by Ltol (the hyper-quadric that inspires our
analysis).

Assertion (iii) can also be proved analytically. Eq. (14) can bewritten
in the form

mT
VΣ

TΣmV−2mT
VΣ

Tdobs
U ¼ tol2− dobs

U

� �T
dobs
U : ð15Þ

Taking into account that r = rank(F) = rank(Σ), the left and right
hand sides of Eq. (15) are respectively

Xr
k¼1

μ2
km

2
Vk−2

Xr
k¼1

μkmVkd
obs
Uk ¼

Xr
k¼1

μkmVk−dobsUk

� �2− dobsUk

� �2� 	
; ð16Þ

and

tol2− dobs
U

� �T
dobs
U ¼ tol2−

Xr
k¼1

dobsUk

� �2− Xs
k¼rþ1

dobsUk

� �2
: ð17Þ

Using the relationships of Eqs. (16) and (17), Eq. (14) can bewritten
as

Xr
k¼1

μkmVk−dobsUk

� �2 ¼ tol2−
Xs
k¼rþ1

dobsUk

� �2
: ð18Þ

If r = rank(F) b n, the components mVk with k = r + 1,…,n are not
determined by the linear system. Geometrically, the hyper-quadric be-
comes an elliptical cylinder in the directions of vk with k = r + 1,…,n
(Fernández-Martínez et al., 2012). The center of the hyper-quadric,
written in the V base in Eq. (18), for the model components that are in-
formed by the data is

mck ¼
dobsUk

μk
; k ¼ 1;…; r; ð19Þ
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while for the rest of the components, residing in the kernel of F, this cen-
ter does not exist: there exist several lines of centers corresponding to
the valley lines of the elliptical cylinder. The lengths of the axes of the
hyper-quadric are

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2−

Xs
k¼rþ1

dobsUk

� �2r
μk

;∞ j

2
664

3
775
k ¼ 1;…; r
j ¼ r þ 1;…;n

: ð20Þ

If r = rank(F) = n (purely over-determined and even-determined
linear systems) all the lengths of the axes of the hyper-quadric are finite
(hyper-ellipsoid).

Expression (20) serves to explain the contribution to the axes
lengths of the data (noise included) that has not been modeled by F
(term∑ k = r + 1

s (dUkobs)2), and the conditioning of the forward operator
F, depending on the decreasing behavior of its spectrum (term 1/μk).
The third contribution in Eq. (20) is the error tolerance value tol, that
fixes the extent of the hyper-quadric.

Now considering dUk
obs = dUk

true + δdUk, the equation of the hyper-
quadric is

Xr
k¼1

μkmVk− dtrueUk þ δdUk
� �h i2 ¼ tol2−

Xs
k¼rþ1

dtrueUk þ δdUk
� �2

; ð21Þ

where themodel and the data (noise included) are referred respectively
to V and U bases.

The term∑ k= r+1
s (dUktrue+ δdUk)2 in Eq. (21) is non-null for incom-

patible over-determined and rank-deficient linear systems. For compat-
ible systems we have∑ k = r + 1

s (dUktrue + δdUk)2 = 0 independently of
the linear system dimensions, and the noise only shifts the solution of
the linear system but does not deform the topography of the equiva-
lence region. This fact can be observed in Fig. 1, where noise has been
added to a ℝ2 squared full-rank linear system.

The hyper-quadric for the noise-free case is

Xr
k¼1

μkmVk−dtrueUk

� �2 ¼ tol2−
Xs
k¼rþ1

dtrueUk

� �2
: ð22Þ

The following condition has to be fulfilled for both hyper-quadrics
(Eqs. (21) and (22)) to have the same axes lengths

tol� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ

Xs
k¼rþ1

dtrueUk þ δdUk
� �2− dtrueUk

� �2� 	
¼

vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ

Xs
k¼rþ1

δd2Uk þ 2δdUkd
true
Uk

� �
:

vuut

ð23Þ

Eq. (23) could also be used to find the value of tol⁎ assuming that
dtrue≈dfitted coincides with the data predicted by the least squares solu-
tion. In this case

Xs
k¼rþ1

dtrueUk þ δdUk
� �2− dtrueUk

� �2� 	
≈
Xs
k¼rþ1

dobsUk

� �2− dfittedUk

� �2� 	
: ð24Þ

Calling Δtol= ∑ k = r + 1
s (δdUk2 + 2δdUkdUktrue), we have

(i). If Δtol N 0, then tol⁎ N tol, that is, in the presence of noise the re-
gion with the same size corresponds to a region of higher misfit.
Thus, the regions of equivalent models will decrease in size. Par-
ticularly this will happen if ∑ k = r + 1

s δdUkdUktrue = 0 as, for in-
stance, in presence of white noise. In this case locating the
equivalence region of low misfits (tol ≤ 10% for instance) by
means of global optimization methods becomes a harder task
due to its smaller size. Conversely, finding the global optimum
of the perturbed cost function via local optimizationmethods in-
side this region is easier. Although the noise δd does not affect
the conditioning of the forward operator F, it could be considered
as a kind of regularization since for the same value of the error
tolerance the axes of the hyper-quadric become smaller. Finally
when using global optimization methods under the presence of
noise, the posterior search is usually performed in a region of
higher misfit than the one corresponding to the noise-free case.
This fact contributes to give the impression that finding the re-
gions of medium misfit becomes easier under the presence of
noise, when in fact these regions do decrease in size.

(ii). Conversely, if Δtol b 0, then tol⁎ b tol, and the region with the
same size in presence of noise corresponds to a region of lower
misfit. In this case, the regions of equivalentmodels will increase
in size. This fact could be used to locatemore easily the lowmisfit
region by artificially adding an adequate type of colored noise to
the observed data.

The question resides now in knowing the sign of Δtol. The following
analysis might help. We have

dobs
U

��� ���2
2
¼ dtrue

U þ δdU

��� ���2
2
¼ dtrue

U

��� ���2
2
þ δdUk k22 þ 2δdT

Ud
true
U ; ð25Þ

or equivalently

dobs
��� ���2

2
¼ dtrue þ δd
��� ���2

2
¼ dtrue
��� ���2

2
þ δdk k22 þ 2δdTdtrue

: ð26Þ

Thus, in general

dobs
��� ���2

2
N dtrue
��� ���2

2
⇔ δdk k22 þ 2δdTdtrue≥0: ð27Þ

Condition (27) applies in the following cases

(iii). Noise is uncorrelated to the true data: δdTdtrue = 0.
(iv). Noise is positively correlated to the true data: δdTdtrue N 0.
(v). Although noise is negatively correlated to the true data, we have

that ‖δd‖22 ≥ −2δdTdtrue.
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Effect of the noise in compatible linear systems

Fig. 1.Case of compatible systems. The addition of noise provokes the shifting of the equiv-
alence regionwhen the perturbed linear system is also compatible. No deformation of this
region is induced by the noise.
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Taking into account this reasoning it can be concluded that in most
of the cases Δtol N 0, although the other possibility might also happen
in practice.

In conclusion, in linear inverse problems noise deforms homoge-
neously the topography of the cost function, shifting the center of the
linear region of equivalence (hyper-quadric) that coincides with the
least squares solution. The term homogeneously refers to the fact that
the deformation does not depend on the model m0 that is considered
in this analysis. Besides, in the case of compatible systems, the noise
does not provoke deformation, only shifts the location of the noise-
free solution.

3.1. Synthetic example

To show the previous conclusions numerically, we have designed a
synthetic example for a linear regression problem.

For that purpose we had generated a data set {(x1,y1),(x2,y2),
…,(xs,ys)}, according to the theoretical model yk = αxk + β + ε,
where α = 4 and β = 2. We have added for the first test a Gaussian
random variable ε → N(0,0.05), trying to mimic the noise in the ob-
served data during measurement. For the second test we have added
to the previous one an extra noise term δ → N(0,0.025).

Fig. 2 shows the contour of 9% relative misfit corresponding to the
topography cost function in the noise-free case, which is centered at
(α,β). We also show the same contour line corresponding to the topog-
raphy of the cost function in the first case (noise ε → N(0,0.05)). This
contour line is centered in the neighborhood of the least squares solu-
tionm†= (4.25, 1.68). It can be observed that it corresponds to the lin-
ear hyper-quadric stated in Eq. (13) and the perturbed solution is
shifted from the noise-free hyper-quadric. Finally in the same figure
we show the same contour line of 9% tolerance region in the second
case (noise ε→N(0,0.05)+ δ→N(0,0.025)). Now, the least squares so-
lution shifted to α1 = 3.57, β1 = 2.68, located further away from the
true solution and the region of equivalence shrinks further. The original
9% equivalent region corresponds in size approximately to the regions
of 10.31% and 11.66% relative errors for both cases (5% and 7.5% relative
noise). The analytical formula used to perform this computation was
Eq. (18).

Although the numerical example treats the simpler regression prob-
lem, the conclusions from this analysis are valid to any kind of inverse
problem in higher dimensions, such as the linear tomography problem
or the gravimetric inverse problem.

In the next sectionwe analyze the effect of the zero order Tikhonov's
regularization in linear inverse problems combinedwith noise, showing
that noise and regularization have similar effects.

4. How regularization acts in linear inverse problems

Regularization refers to the mathematical techniques that are
used to stabilize the inversion in linear and nonlinear problems. In
this section we analyze the role of the regularization and its effect
on the topography of the cost function, showing geometrically its ef-
fect on the solution that has been found. The aim is to expand the in-
terest of this analysis beyond the need of regularization for least
squares solutions.

Regularization in linear inverse problems can be performed by trun-
cation and by damping. Truncation consists in performing hard
thresholding of the smallest singular values of F

μ t
k ¼

μk if μkNμmin;
0 if μk≤μmin:



ð28Þ

Then the solution of the linear system in the V base is
dobsUk

μk
;0 j

� �
k ¼ 1;…; t
j ¼ t þ 1;…;n

,where t is the number of singular values that

have not been threshold. The solution is now

m†
t ¼

Xtbr
k¼1

dobsUk

μk
vk ¼ VΣ†

tU
Tdobs

; ð29Þ

where Σt
† stands for the Moore–Penrose's pseudo-inverse after the

thresholding is performed. The truncation serves to avoid the spurious ef-
fect of noise in data due to the smallest singular values of F. This is done at
expenses of increasing thedimensionof the “numerical” kernel of F that is
now spanned by the vectors 〈vt + 1,…, vn〉. It is interesting to remark that
it is not guaranteed that the minimum norm solution found in this case
would have a physical meaning, since noise also affects the components
dUk
obs corresponding to the singular values that have not been threshold.

This fact is usually observed in practice when the Moore–Penrose's
pseudo-inverse is used.

The second strategy is performed via prior information and
damping. Zero order Tikhonov's regularization consists in minimizing
a linear combination of the data prediction misfit and the distance to a
reference model, called mref

min
m∈ℝn

Fm−dobs
��� ���2

2
þ ε2 m−mref

��� ���2
2

� 	
: ð30Þ

In a Bayesian context, this is equivalent to consider an mref-mean
normally distributed prior on the parameter vectorm. Now, the regular-
ized least squares solution is (see for instance (Aster et al., 2012))

mε ¼ mref þ FT Fþ ε2In
� �−1

FT dobs−Fmref
� �

: ð31Þ

Introducing the singular value decomposition of F we arrive at

mε ¼ mref þ V ΣTΣþ ε2In
� �−1

ΣTUT dobs−Fmref
� �

; ð32Þ

that is

mε
V ¼ mref

V þ ΣTΣþ ε2In
� �−1

ΣTΔdref
U ; ð33Þ
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Fig. 2. Synthetic linear inverse problem. The 9% equivalence regions for noise-free prob-
lem, and also adding 5% and 7.5% levels of Gaussian noise to the original data are shown.
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where the models are referred to the V base, and ΔdU
ref is the reference

model data misfit referred to the U base

Δdref
U ¼ UT dobs−Fmref

� �
¼ dobs

U −Σmref
V : ð34Þ

Then, the coordinates of the regularized solutionmε in theV base are

mref
Vk þ μk

μ2
k þ ε2

ΔdrefUk ;m
ref
Vj

 !
k ¼ 1;…; r
j ¼ r þ 1;…;n

¼

¼ ε2mref
Vk þ μkd

obs
Uk

μ2
k þ ε2

;mref
Vj

� �
k ¼ 1;…; r
j ¼ r þ 1;…;n

:

ð35Þ

Finally, the regularized solution mε can be written as follows

mε ¼
Xr
k¼1

ε2mref
Vk þ μkd

obs
Uk

μ2
k þ ε2

vk þ
Xn
j¼rþ1

mref
Vj v j: ð36Þ

Now all the vectors in theV base inform the regularized solutionmε,
and

1. The coordinates in the r first vectors of the V base are linear combina-
tions between the referencemodel coordinatesmVk

ref, and the observed
data components dUkobs. The weights of this linear combination are re-
spectively ε2

μ2
k
þε2 and

μk

μ2
k
þε2.

2. The coordinates of m†, that originally resided in the kernel of F, are
now informed by the reference model coordinates mVj

ref.

Fig. 3 illustrates this fact in two dimensions. As it can be observed the
model m† provided by the Moore–Penrose's pseudo-inverse has no
components on the kernel of the forward operator F. For that reason
this solution is called, the natural or simplest solution. The reference
model serves to incorporate components of the kernel of F into the in-
version. It is also interesting to remark that the Levenberg–Marquardt's
solution of the linear inverse problem (obtainedwithmref=0) does not
incorporate components from the kernel but has a greater norm than
the Moore–Penrose's pseudo-inverse solution.

The hyper-quadric of equivalence for the regularized solution is

Fm−dobs
��� ���2

2
þ ε2 m−mref

��� ���2
2
¼ tol2; ð37Þ

that is

Fmk k22−2 Fmð ÞTdobs þ dobs
��� ���2

2

þε2 mk k22−2mTmref þ mref
��� ���2

2

� �
−tol2 ¼ 0:

ð38Þ

Referred to the V base the hyper-quadric can be written as follows

mT
VΣ

TΣmV−2mT
VΣ

Tdobs
U þ dobs

U

� �T
dobs
U

þε2 mT
VmV−2mT

Vm
ref
V þ mref

V

� �T
mref

V

h i
¼ tol2;

ð39Þ

wherewehave taken into account that orthogonal transformations con-
serve the norm of vectors. Eq. (39) can be written as

mT
V ΣTΣþ ε2I
� �

mV−2mT
V ΣTdobs

U þ ε2mref
V

� �
¼

¼ tol2− dobs
U

� �T
dobs
U −ε2 mref

V

� �T
mref

V :
ð40Þ

Expanding Eq. (40) we arrive at the final analytical equation for the
linear hyper-quadric in the regularized case

Xr
k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
k þ ε2

q
mVk−

ε2mref
Vk þ μkd

obs
Ukffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

μ2
k þ ε2

q
0
B@

1
CA

2

þε2
Xn
k¼rþ1

mVk−mref
Vk

� �2 ¼ tol2 þ
Xr
k¼1

ε2mref
Vk þ μkd

obs
Uk

� �2
μ2
k þ ε2

− dobs
U

��� ���2
2
−ε2

Xr
k¼1

mref
Vk

� �2
:

ð41Þ

Now, calling

Δr ¼
Xr
k¼1

ε2mref
Vk þ μkd

obs
Uk

� �2
μ2
k þ ε2

− dobs
U

��� ���2
2
−ε2

Xr
k¼1

mref
Vk

� �2
; ð42Þ

the axes of the hyper-quadric are

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ Δr

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
i þ ε2

q ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ Δr

q
ε

0
@

1
A

j

2
64

3
75
i ¼ 1;…; r
j ¼ r þ 1;…;n

; ð43Þ

instead of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2− dobs

U

��� ���2
2
þ
X
k¼1

r

dobsUk

� �2s

μ i
;∞ j

0
BBBB@

1
CCCCA

i ¼ 1;…; r
j ¼ r þ 1;…;n

ð44Þ

with no regularization.
The regularizationwith amodel of referencemref prescribes the cen-

ter of the hyper-quadric to mVj
ref for the coordinates of the solution that

originally resided on the kernel of F, and bounds the axes in these vj di-

rections to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ Δr

q
=ε, instead of infinity. Accordingly, the equivalent

region changes from an elliptical cylinder (with no regularization) to a
very oblong hyper-ellipsoid in the directions of the kernel of F.

The following relationship applies for both equivalent regions of tol-
erance tol⁎ (with regularization) and tol (without regularization) to
have the same size (or axes)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol�2 þ Δr

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
i þ ε2

q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2−

Xs
k¼rþ1

dobsUk

� �2r
μ i

; i ¼ 1;…; r; ð45ÞFig. 3.Geometric interpretation for the regularization. The solutionm† has no components
in kernel of F, butmε incorporates the reference model coordinates to the model compo-
nents that lie in the kernel of F.
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thus

tol� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
i þ ε2

μ2
i

tol2−
Xs
k¼rþ1

dobsUk

� �2" #
−Δr

vuut : ð46Þ

Finally, taking into account Eq. (42), we arrive at

tol� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
i þ ε2

μ2
i

tol2 þ ε2
Xr
k¼1

dobsUk −μkm
ref
Vk

� �2
μ2
k þ ε2

− ε2

μ2
i

Xs
k¼rþ1

dobsUk

� �2
;

vuuut ð47Þ

which can be rewritten as

tol� μ ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ ε2

μ2
i

tol2−
Xs
k¼rþ1

dobsUk

� �2" #
þ ε2

Xr
k¼1

dobsUk −μkm
ref
Vk

� �2
μ2
k þ ε2

:

vuuut
ð48Þ

In this case tol⁎(μi) depends on the axes index i, due to the effect of
the regularization. Also, we have tol⁎(μi) N tol if

tol2N
Xs
k¼rþ1

dobsUk

� �2−μ2
i

Xr
k¼1

dobsUk −μkm
ref
Vk

� �2
μ2
k þ ε2

; ð49Þ

that is, for any region with tolerance tol N tolci(μi), where

tolci μ ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xs
k¼rþ1

dobsUk

� �2−μ2
i

Xr
k¼1

dobsUk −μkm
ref
Vk

� �2
μ2
k þ ε2

:

vuuut ð50Þ

The regions with error tolerance tol N tolci(μi) decrease in size due to
the effect of the regularization. In this case models have to be found in
larger areas, deforming differently the axes of the region of equivalence
according to Eq. (48). Conversely, tol⁎(μi) b tol for any tolerance region
with tol b tolci(μi). These equivalent regions increase in size with respect
to the unregularized case. The value of tolci(μi) depends on each singular
value μi and on the value of dm=∑ k = r + 1

s (dUkobs)2. In the case of purely
under-determined systemswehave r= s⇒ dm=0, and tolci(μi) does not

exist, becoming a complex number. Taking into account Eq. (48), we ar-
rive at tol⁎(μi) N tol, that is, the regularization decreases the size of all
equivalent regions. This situation alsohappens for over-determined linear
systemswhen dm=∑ k= r+ 1

s (dUkobs)2≈ 0, that is, the system is “almost”
compatible, since compatibility implies dUkobs = 0, ∀ k = r+ 1,…, s. Also
due to the fact that tolci depends on μi, it might happen that tolci(μi)
does not exist for large values of μi, that correspond to the directions of
the smallest uncertainty (model variability). Thus, the regularization
only affects the axes of the linear equivalence region (hyper-quadric) cor-
responding to the smallest singular values, deforming the region of linear
equivalence in an anisotropic manner. If the referencemodel predicts the

observed data, that is, dUk
obs = μkmVk

ref, 1, …, r, then tolci μ ið Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑s

k¼rþ1 dobsUk

� �2r
.

Fig. 4 shows the effect of the regularization in the previous synthetic
case with noise of 5%, adopting a reference model mref =(3.5,2.5), and
ε2 = 0.0 and ε2 = 0.05. The 9% error contour line in the regularized
case is shown, compared to the original case without regularization.
For very small values of the regularization parameter, this effect is al-
most negligible. In this synthetic case the tolci values are complex num-
bers, that is, the regularization decreases the size of the equivalent
region.

Following the same methodology, it is possible to analyze the com-
bined effect of noise and regularization with respect to the noise-free
case. Comparing the equivalent regions of tolerance tol⁎ (for the noisy
casewith regularization) and tol (for noise-free casewithout regulariza-
tion), we have that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol�2 þ Δr

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
i þ ε2

q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2−

Xs
k¼rþ1

dtrueUk

� �2r
μ i

; ð51Þ

where Δr is given by Eq. (42). Then, we arrive at

tol� μ ið Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ ε2

μ2
i

tol2−
Xs
k¼rþ1

dtrueUk

� �2" #
þ Λ

vuut ; ð52Þ

where

Λ ¼
Xs
k¼rþ1

dobsUk

� �2− dtrueUk

� �2� 	
þ ε2

Xr
k¼1

dobsUk −μkm
ref
Vk

� �2
μ2
k þ ε2

: ð53Þ

Similar conclusions to the above mentioned case can be achieved. In
this case we have:

tol� μ ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xs

k¼rþ1

dtrueUk

� �2
− μ2

i

ε2
Xs
k¼rþ1

dobsUk

� �2
− dtrueUk

� �2� 	
−μ2

i

Xr
k¼1

dobsUk −μkm
ref
Vk

� �2
μ2
k þ ε2

:

vuuut
ð54Þ

Finally, it is possible to compare the equivalent regions for the regu-
larized solution,with andwithout noise. Imposing that the linear equiv-
alence regions will have the same axes lengths, we arrive at

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol�2 þ Δobs

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
i þ ε2

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ Δtrue

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
i þ ε2

q ; ð55Þ

that is

tol� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ Δtrue−Δobs

p
; ð56Þ
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Fig. 4. Effect of the regularization in the previous synthetic case (Fig. 2) with a reference
model mref = (3.5,2.5), 5% of Gaussian noise, and damping parameters ε2 = 0.0 and
ε2 = 0.05. The regions of 9% relative error for the non-regularized and regularized
cases are shown.
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with

Δtrue ¼
Xr
k¼1

ε2mref
Vk þ μkd

true
Uk

� �2
μ2
k þ ε2

− dtrue
U

��� ���2
2
−ε2

Xr
k¼1

mref
Vk

� �2
; ð57Þ

and

Δobs ¼
Xr
k¼1

ε2mref
Vk þ μkd

obs
Uk

� �2
μ2
k þ ε2

− dobs
U

��� ���2
2
−ε2

Xr
k¼1

mref
Vk

� �2
: ð58Þ

Performing some algebraic operations we finally have

tol� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ

Xs
k¼rþ1

δdUk δdUk þ 2dtrueUk

� �
þ ε2

Xr
k¼1

δdUk δdUk−2dtrueUk −2μkm
ref
Vk

� �
μ2
k þ ε2

:

vuuut
ð59Þ

In this case, tol⁎ does not depend on the model component, or
hyper-quadric axis index. Again, similar considerations to the former
case can be done depending on the sign of Δtrue − Δobs.

Fig. 5 shows these two last comparisons for the same synthetic ex-
ample mentioned above. Fig. 5-A shows the 9% tolerance regions for
the noise-free non-regularized case, and adding a Gaussian noise δ →
N(0,0.05) to the regularized case, with a reference model mref and a
damping parameter ε2 = 0.01. It can be observed that the region of
equivalence in the presence of noise and with regularization decreases
in size with respect to the noise-free non-regularized case. The values
of tolci2 are negative in this particular case (−4.72 · 104 and −0.08
· 104). The values of tol⁎(μi) are 10.12% and 11.27%, corresponding re-
spectively to both singular values of the forward operator (μ1 =
18.28,μ2 = 1.61). Fig. 5-B compares the same regions of equivalence
(9% error tolerance) for the regularized case (ε2= 0.01) with 5% Gauss-
ian noise, with respect to the noise-free. In this case the region with
noise decreases in size, since Δtrue − Δobs = 15.67, and tol⁎ = 10.24%.

5. Other regularization techniques

First and second order Tikhonov's regularizations are also frequently
used in practice (see for instance (Constable et al., 1987)) and can be
written as

min
m∈ℝn

Fm−dobs
��� ���2

2
þ ε2 Γ m−mref

� ���� ���2
2

� 	
; ð60Þ

where Γ is a high-pass difference operator (gradient/Laplacian) used to
enforce smoothness in the solution (first and second ordermodel deriv-
atives). The region of equivalence is in this case

Fmk k22−2 Fmð ÞTdobs þ dobs
��� ���2

2
þ ε2 m−mref

� �T
ΓTΓ m−mref
� �

−tol2 ¼ 0: ð61Þ

This expression generalizes the case where Γ = In. Matrix Γ has the
effect of introducing components from the kernel of F into the solution,
even if no model of reference is used.

Finally, Tibshirani (1996) introduced the Lasso (Least absolute
shrinkage and selection operator) method that uses the L1 norm on the
parameter regularization

min
m∈ℝn

Fm−dobs
��� ���2

2
þ ε2 m−mref

��� ���
1

� 	
: ð62Þ

This problem is equivalent to an unconstrained minimization of the
least-squares with a penalty ε2‖m−mref‖1 added. In a Bayesian context
this implies to use a mref-mean Laplace prior distribution on the model
parameters. The corresponding optimization problem is nonlinear and
is usually solved through convex optimization methods.

One of the main differences between Lasso and zero-order
Tikhonov's regularization (with no model of reference) is that as the
penalty is increased, the L1 regularization will causemore andmore pa-
rameters of the solution to be driven to zero (or to mref in the general
case), while in the case of Tikhonov's regularization that is associated
to the L2 norm, although these parameters are reduced they still remain
non-null. For that reason the L1-regularized formulation of the least
squares is useful in contexts where sparse solutions (solutions with
fewer nonzero parameters) are preferred in order to reduce the number
of variables upon which the given solution depends.

Fig. 6 shows numerically for the abovementioned synthetic problem
the difference between the regularized equivalent regions for the Lasso
and Tikhonov's regularizations as the dampingparameter increases. The
reference model used was the same as that in the previous example
(mref = (3.5,2.5)). It can be observed that the Lasso equivalence region
is always smaller than the one corresponding to the Tikhonov's regular-
ization. If the damping parameter ε2 is increased from 0.25 to 5, the
equivalence region loses its elliptical shape to adapt progressively to
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and non-regularized cases. B) Comparison of the equivalent regions for the noise-free reg-
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the L1 ball. Also, it is interesting to note that the cost function topogra-
phy will be less affected by noise in data if a L1 norm is used in the pre-
diction error, since it corresponds to more robust norms. This is not the
Lasso case, where the L1 norm is only used in the regularization term.

6. Conclusions

In this paperwe have analyzed the effects of the noise and that of the
regularization in the solution of linear discrete inverse problems. Noise
is an important ingredient in inverse problems, since its effect enters
into the cost function through the observed data. Noise in data shifts
the solution found by least squares methods, which is the center of
the hyper-quadric of equivalence, and deforms homogeneously the to-
pography of the cost function, in the sense that all the regions of equiv-
alence either increase or decrease in size for different values of the error
tolerance. A particular case occurs for compatible linear systems, where
noise only shifts the solution that has been found and no deformation
takes place. In any case, noise does not affect the orientation of the linear
hyper-quadric of equivalence.

We have also provided a geometrical interpretation of the role of the
regularization. The regularization serves to limit the sizes of the axes of
the hyper-quadric in the directions corresponding to the null space of
the forward operator. Geometrically, the original hyper-quadric which
is an elliptical cylinder becomes an ellipsoid with high eccentricity. Its
center coincides with the regularized solution mε of the linear inverse
problem. The regularization also deforms the region of equivalence
in an anisotropic manner, acting differently in each component of
the model solution. Reference models serve to inform the solution
in the model components that were initially located on the null
space of the forward operator, and to interpolate the rest of the
components of the model that resided in the column space of the
linear adjoint operator ImFT. Although the regularization has a positive
effect in decreasing the uncertainty on the solution that has been
adopted, a family of equivalent models still exists in the regularized
case, forming the regularized hyper-quadric, whose analytical expres-
sion is known. Similar considerations can be made in the case of Lasso
regularization.

This analysis is generalized to nonlinear inversion in an accompany-
ing paper, and although theoretical at this stage, it might impact in the
future how the uncertainty analysis is performed in geophysical inver-
sion, since noise in data is always present and good prior models are
not always available.
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Appendix A. Additional formulas

The left hand of Eq. (40) can be split into 3 parts

1. mV
T(ΣTΣ + ε2I)mV = ∑ k = 1

r (μk2 + ε2)mVk
2 + ε2 ∑ k = r + 1

n mVk
2 ,

2. − 2mV
TΣTdU

obs = −2 ∑ k = 1
r μkdUkobsmVk,

3. − 2ε2mV
TmV

ref = −2ε2 ∑ k = 1
r mVkmVk

ref − 2ε2 ∑ k = r + 1
n mVkmVk

ref,

where we have taken into account the fact that r= rank(F)= rank(Σ).
It is possible to group these terms into two different kinds of sums

A) For k = 1 to r

Xr
k¼1

μ2
k þ ε2

� �
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Uk þ ε2mref

Vk

� �
; ðA:1Þ

that is
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2

−
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Vkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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0
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1
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2
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ðA:2Þ
B) For k = r + 1 to n

ε2
Xn
k¼rþ1

mVk−mref
Vk

� �2−ε2
Xn
k¼rþ1

mref
Vk

� �2
: ðA:3Þ

Then, the right hand side of Eq. (40) can be expressed as

tol2− dobs
U

��� ���2
2
−ε2

Xr
k¼1

mref
Vk

� �2−ε2
Xn
k¼rþ1

mref
Vk

� �2
: ðA:4Þ
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erence model used was mref = (3.5,2.5), and the background corresponds to the
topography of the Lasso cost function.
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Considering the relationships of Eqs. (A.2), (A.3) and (A.4), Eq. (40)
becomes

Xr
k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
k þ ε2

q
mVk−

ε2mref
Vk þ μkd

obs
Ukffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

μ2
k þ ε2

q
0
B@

1
CA

2

þ ε2
Xn
k¼rþ1

mVk−mref
Vk

� �2 ¼

¼ tol2 þ
Xr
k¼1

ε2mref
Vk þ μkd

obs
Uk

� �2
μ2
k þ ε2

− dobs
U

��� ���2
2
−ε2

Xr
k¼1

mref
Vk

� �2
;

A:5

which is the final analytical equation for the linear hyper-quadric in the
regularized case.

Appendix B. Case of weighted least squares

Let us analyze the case

min Fm−dð ÞTW Fm−dð Þ
h i

; ðB:1Þ

where W is symmetric and positive definite weighting matrix. The ex-
pression for the hyper-quadric is:

mT FTWFm‐2mT FTWdþdTWd−tol2 ¼ 0 ðB:2Þ

Taking into account the Cholesky's decomposition of W

W ¼ LLT ; ðB:3Þ

where L is lower triangular, Eq. (B.2) can be written as follows:

mT FTwFwm−2mT FTwdw þ dT
wdw−tol2 ¼ 0; ðB:4Þ

where Fw = LTF and Fw = LTd. This new expression for the hyper-

quadric is equivalent to Eq. (13). Therefore the analysis for theweighted
problem is similar to the un-weighted case. Finally, the samemethodol-
ogy is valid for the weighted regularized problem.
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Summary

In this work, the effect of noise and Tikhonov regularization in discrete nonlinear inverse prob-
lems is analyzed. The effect of noise in nonlinear problems has been barely analyzed in scientific
literature and, when it was done, the performed analysis does not differ from the one used in
linear problems, which has serious limitations. In this article, as it was done in the work 2, an
analytical approach is used in a way that the results could be applied to any particular problem.
The main conclusions are:

• As in the linear case, noise in data «moves» the least squares solution with respect to the
real model, so the true solution can not be found.

• Noise deforms the linearized cost function in a non homogeneous way, in the sense that
the deformation depends on the initial model m0 selected to solve the problem.

• Under certain conditions, the noise might decrease the size of the regions of very low
misfits and at the same time increase the size of the regions of medium misfit. The inverse
problem solution becomes very difficult to find using search methods, but locating the
region of medium misfit is easier.

• As in the linear case, regularization deform the linearized regions of equivalence anisotrop-
ically. The difference is that in the nonlinear case this deformation is non homogeneous
and depends on the model m0 that is adopted.

• In the case of multimodal cost functions the regularization does not make the relative
minima to disappear, so the possibility that the local optimization methods are trapped
in local minima is present and still depending on the initial model m0. The regularization
only has the effect of improving locally the ill-conditioning of the direct operator Jacobian
matrix.

• The linearization only approximates locally the equivalence regions of the original nonlinear
problem. For a given error level, the linearized equivalence region contain models with a
higher error level than the specified level, while other models which are in the tolerance
level remain outside.

These are important conclusions that highlight the importance of a correct uncertainty anal-
ysis.
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In this paper we analyze the roles of noise in data and that of the regularization for nonlinear inverse problems,
generalizing the analysis shown in a first accompanying paper for linear inversion. As in the linear case, the noise
shifts the solution found by nonlinear optimization, but in the nonlinear case it also deforms non-homogenously
the topography of the cost function. Under certain conditions, the noise might decrease the size of the regions of
very lowmisfits, and at the same time increase the size of the regions of mediummisfits. As a result of that the in-
verse problem solution becomesmore difficult to be found by searchmethods, but locating the region (or regions)
ofmediummisfits is easier. Also, with respect to the use of local optimizationmethods the noisemight act as a cer-
tain kind of regularization, since it serves to decrease the size of the region of equivalence. The effect of the regular-
ization in the linearized region of equivalence is similar to the linear case; nevertheless this region does not coincide
with the nonlinear region of equivalence. Although the use of regularization techniques has a positive effect in
decreasing the uncertainty of the solution that has been found, unfortunately it does not provoke the disappearance
of the nonlinear equivalent models. This manuscript, and its accompanying paper, provides new insights about of
the role of noise and that of the regularization in the linear and nonlinear uncertainty analysis of inverse problems.
This knowledge is very important, especially in applied geophysics, because noise in data is always present, and the
possibility of having at disposal good prior information is rare. Therefore, the nonlinear uncertainty analysis and
appraisal of the solution is always needed.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Discrete inverse problems are ill-posed in the sense that the ob-
served data do not contain enough information to uniquely constrain
the inverse model parameters. Noise in data, incomplete data coverage/
sampling, and numerical errors and modeling hypothesis cause the
solution of any inverse problem to be uncertain. Due to this issue, solving
an inverse problem must always include the uncertainty analysis on the
solution that has been adopted. This step is also known as model
appraisal.

In a first accompanying paper (Fernández-Martínez et al., 2014) we
have analyzed the effects of the noise in data and that of the regulariza-
tion in linear inverse problems, showing that the noise in data shifts the
solution from the true model that has generated the data, and deforms
homogeneously the topography of the cost function. The deformation
is called homogeneous because it does not depend on the model that

is considered to perform this analysis. We also have shown how de-
pending on the kind of noise, the region of linear uncertainty might
(or not) decrease in size. We have also shown the role of the zero-
order regularization in stabilizing the inversion, and in informing the
components of the solution that lie on the kernel of the forward opera-
tor, when a reference model (prior) is used in the regularization term.
Although the theory of linear analysis is well established, much of the
practitioners in geophysical inversion seem not to be aware of these
results.

As we have shown in the first accompanying paper, most of the
linear inverse problems come from the numerical discretization of con-
tinuous inverse problems that are described by Fredholm integral equa-
tions of the first kind. Nevertheless, there exists in applied geophysics a
wide class of problems where the dependence of the forward model F
and the geophysical model parameters m to achieve the data predic-
tions d, at certain locations in the data space, is nonlinear. The forward
model F in some of these problems might be given by a set of partial
differential equations. It is possible to find examples of these nonlinear
inverse problems in electromagnetism, electrical methods, gravimetry,
magnetics, magnetotellurics, etc.

The effect of noise in nonlinear inversion has been barely analyzed in
the literature, not differentiating its analysis from the linear case, and
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somehow implicitly assuming that this understanding will not bring
any advance in real practice. Nevertheless, the concept of noise is inti-
mately related to the quality of the solution that is found via the inver-
sion of the forward model F. Therefore, as it has been shown for the
linear case, a poor understanding of the effect of noise, may cause
noise and modeling errors to be confused, and the signal and the noise
be mixed after inversion. The analysis of the effect of modeling errors
in inversion will be performed in future research work. The effect of
noise has been analyzed, for particular nonlinear inverse problems, via
numerical experimentation. For instance, Vugrin, (2005) studied the
effect of the noise in a groundwater identification problem via global
search methods, concluding that: 1) the noise affects the test problems
by increasing the minimum objective function value; 2) in most of the
cases the noisy versions of smooth optimization problems require
fewer iterations to find the solution than the smooth problem itself;
and 3) a decrease in the perturbed objective function does not always
result in a decrease in the true fit. The word true refers to the model
parameters used to generate the synthetic observed data. Obviously,
in real problems the true solution is always unknown, or it is a mathe-
matical abstraction. In this paper we analytically prove that the noise
might decrease the size of regions of low misfits, and at the same time
increasing the size of regions ofmediummisfits. Therefore, with respect
to the use of local optimizationmethods the noisemight act as a certain
kind of regularization. The germ of this idea has been known to electrical
engineers for a long time, being initially proposed by Blackman and
Tukey in 1958 (Blackman and Tukey, 1958a,b).

The secondpart of this paper is devoted to study the effect of the reg-
ularization in nonlinear inversion. Inverse problem solutions are usually
referred to as unstable. In a nutshell, instability in inverse problems
F(m) = d is due to the lack of continuity of the generalized inverse
operator. In linear discrete inverse problems this lack of continuity is
due to the fact that the linear forward operator F is no injective, that
is, F has a non-trivial kernel. Accordingly, different regularization
techniques have been introduced and extensively studied (Engl et al.,
1996; Kaltenbacher et al., 2008; Tikhonov and Arsenin, 1977). Tikhonov
andArsenin introduced the concept of correctness setwhere the inverse
operator becomes continuous and the inverse problem well-posed.
They also proved that it is possible to achieve a stable pseudo solution
(or quasi solution) of the inverse problem, by performingminimization
in some appropriate class of suitable models belonging to the correct-
ness set (see Zhdanov, (2002) for an excellent comprehensive review
about this subject). For that purpose the correctness set should be com-
pact (bounded and closed, that is, including its boundary). A way of
inducing the correctness set is to approximate the original ill-posed
inverse problem by a family of well-posed regularized problems of the
type mε = Fε−1(d), where ε N 0 is the regularization parameter,
designed to approach to zero. The simplest way to define Fε is by intro-
ducing in the regularizedmisfit function cε(m), a penalization term that
takes into account the distance to the prior or reference model mref

cε mð Þ ¼ F mð Þ−dk kp þ ε m−mref
���

���
q
; ð1Þ

where p and q, respectively represent the norms adopted in the data
and model spaces (usually the Euclidean norms).

Nevertheless, most of all these complex and beautiful pieces of
mathematical research, apply for inverse problems with a unique solu-
tion, noise levels tending to zero, and forward operators F fulfilling
certain regularity conditions. This is not the case in real applications,
and especially in applied geophysics, where the fields of interest are
often quiteweak andmust be observed in an environment that contains
extraneous fields that contribute with noise to the observational data
(Barhen et al., 2000). Also, it has been shown that the solution provided
by local optimization methods is highly dependent on the initial guess
and on the type of the regularization and prior information that have
been adopted. Due to these limitations, the Bayesian approach of

inverse problems has been proposed in geosciences (Tarantola and
Valette, 1982a,b) to account for inverse model uncertainties. However,
Bayesian techniques are restricted to lowdimensional inverse problems
with fast forward computations (Tarantola, 2006). Extensive literature
has been dedicated to this subject, whose analysis is not the aim of the
present paper.

Recently Fernández-Martínez et al., (2012, 2013) studied the topog-
raphy of the cost function in linear and nonlinear inverse problems,
briefly analyzing the effect of the noise and the role of the regulariza-
tion, showing that the region (or regions) containing the models that
fit the observed data with a certain error tolerance, and are compatible
with the prior information, have a flat curvilinear valley shape. In this
paper we analyze more in detail the roles of noise in data, and that of
the regularization, in nonlinear inverse problems. The case of linear
inverse problems has been analyzed in a first accompanying paper
(Fernández-Martínez et al., 2014), showing that the noise shifts the
solution found by least squares, and deforms homogenously the region
of equivalent models (linear hyper-quadric). In the case of nonlinear
inverse problems the noise also shifts the solution found by nonlinear
optimizationmethods, and deforms the topography of the cost function,
this time, in a non-homogeneousway, that is, this deformation depends
on the model that is considered to perform this analysis.

With respect to role of the regularization, similar results to the linear
case, are shown for the linearized inverse problem. Nevertheless, the
nonlinear case is very different since the low misfit region (nonlinear
region of equivalence) might be composed of several disconnected
flat curvilinear basins. Therefore, the use of an inadequate reference
model (prior information) might lead to wrong conclusions, when no
uncertainty assessment is performed. Although the use of regularization
techniques has a positive effect in decreasing the uncertainty on the
solution that has been found (by providing the correctness set of solu-
tions), the regularization does not provoke the disappearance of the
nonlinear equivalent models, as it would be highly desired. Linear anal-
ysis does not serve to account for the nonlinear uncertainty, since the
nonlinear and linearized equivalent regions have different geometric
shapes. Further research is needed to address the uncertainty analysis
in high dimensional nonlinear inverse problems, especially in
the case of inverse problems with very costly forward problems
(Fernández-Martínez et al., 2012, 2013; Osypov et al., 2008; Tompkins
et al., 2011a,b, 2013), such as the geophysical techniques that are cur-
rently used in oil and gas upstream activities (full wave seismic inver-
sion, controlled source electromagnetics, reservoir history matching
and production optimization, etc).

The final aim of this paper, by studying the effect of noise and the
regularization in the inverse function landscape, is to make practi-
tioners aware of all these complexities, and to contribute in boosting
this very interesting research line, consisting in the epistemological
uncertainty analysis of very complex systems, due to its economic
relevance in applied geophysics, and more generally in science and
technology.

2. The effect of the noise in nonlinear inverse problems

In this sectionwe analytically analyze hownoise in data perturbs the
location of the global minimum found by nonlinear optimization, while
in Section 3 we study how noise affects to the cost function landscape,
particularly in the region of nonlinear equivalence.

In the case of nonlinear inverse problems, let us denote by

cp mð Þ ¼ F mð Þ−dobs
���

���2
2
¼ F mð Þ− dtrue þ δd

� ����
���2
2
¼

¼ F mð Þ−dtrue
���

���2
2
þ δdk k22−2δdT F mð Þ−dtrue

h i
¼

¼ c mð Þ−2δdT F mð Þ−dtrue
h i

þ δdk k22;

ð2Þ
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the perturbed cost function, due to the effect of noise δd in data. The
necessary condition to find the model m0, where the minimum of
cp(m) is achieved, is ∇cp(m0) = 0. Taking into account that

∂cp mð Þ
∂mi

¼ ∂c mð Þ
∂mi

−2
Xs

k¼1

∂ f k mð Þ
∂mi

δdk; ð3Þ

we have

∇cp mð Þ ¼ ∇c mð Þ−2JFTmδd: ð4Þ

Thus, the necessary stationary condition∇cp(m0) = 0 implies

∇c m0ð Þ ¼ 2JFTm0
δd; ð5Þ

instead of ∇c(m0) = 0, for the noise-free case. This simple analysis
shows that in presence of noise the minimum of the perturbed cost
function will never coincide with the minimum in the noise-free case.
Also it is easy to understand that the solution foundwithno regularization
might be spurious, since the noise is directly involved in its determination
(see Eq. (5)). Obviously, its effect might not be very important if the level
of noise is close to zero, but this is not the usual case in geophysical
practice.

Taking into account that

∇c m0ð Þ ¼ 2JFTm0
F m0ð Þ−dtrue

h i
; ð6Þ

then, Eq. (5) implies that

2JFTm0
F m0ð Þ−dtrue

h i
¼ 2JFTm0

δd⇔JFTm0
F m0ð Þ−dobs

h i
¼ 0; ð7Þ

that is, the stationary condition is equivalent to fulfill

F m0ð Þ−dobs∈kerJFTm0
¼ ImJFTm0

� �⊥
: ð8Þ

Eq. (8) means that the prediction data error in the modelm0, candi-
date to be the solution of the inverse problem F(m) = dobs, has to lie in
the kernel of JFTm0

. Therefore, it has to be orthogonal to the column space
of the Jacobian of F in m0. This result generalizes what it is known for
linear inverse problems and least squares methods, since in the linear
case we have F(m0) = Fm0, and JFTm0

≡ F. Also, for the Hessian we have

Hcp mð Þ ¼ Hc mð Þ−Hψ mð Þ; ð9Þ

with ψ(m) = 2δdT[F(m0) − dtrue]. Taking into account that

Hc mð Þ ¼ 2 JFm
T JFm þ 2

Xs

k¼1

f k mð Þ−dtruek

h i
Hf k mð Þ; ð10Þ

∂2ψ mð Þ
∂mi∂mj

¼ 2
Xs

k¼1

∂2 f k mð Þ
∂mi∂mj

δdk; ð11Þ

and

Hψ mð Þ ¼

∂2ψ mð Þ
∂m2

1

…
∂2ψ mð Þ
∂m1∂mn

⋮ ⋱ ⋮
∂2ψ mð Þ
∂mn∂m1

…
∂2ψ mð Þ
∂m2

n

0
BBBBB@

1
CCCCCA
; ð12Þ

then

Hcp mð Þ ¼
¼ 2 JFm

T JFm þ 2
Xs

k¼1

f k mð Þ− dtruek þ δdk
� �h i

Hf k mð Þ ¼

¼ 2JFm
T JFm þ 2

Xs

k¼1

f k mð Þ−dobsk

h i
Hf k mð Þ;

ð13Þ

as it should be (see for example Aster et al. (2012)).
In addition

cp m0ð Þ ¼ c m0ð Þ−2δdT F m0ð Þ−dtrue
h i

þ δdk k22; ð14Þ

and

cp mtrue
� �

¼ c mtrue
� �

−2δdT F mtrue
� �

−dtrue
h i

þ δdk k22: ð15Þ

Thus, we have

cp m0ð Þ−cp mtrue
� �

¼
¼ c m0ð Þ−c mtrue

� �
þ 2δdT F mtrue

� �
−F m0ð Þ

h i
¼

¼ δcþ 2δdT F mtrue
� �

−F m0ð Þ
h i

;

ð16Þ

where δc= c(m0) − c(mtrue) N 0, sincemtrue corresponds to the mini-
mum of the noise-free cost function c(m). Also, cp(mtrue) N cp(m0) if

δcþ 2δdT F mtrue
� �

−F m0ð Þ
h i

b0: ð17Þ

In this case, the true model mtrue that has generated the data will
have a greatermisfit than the solutionm0 of the nonlinear inverse prob-
lem that has been found in the presence of noise. Nevertheless the
model mtrue will still be located in the region of equivalence containing
the low-misfit models (nonlinear region of equivalence). This is one of
themain reasons to explain why uncertainty analysis is always needed,
and especially in geophysical inversion: due to the effect of noise it will
be impossible to recover the true solution of the inverse problem, but it
will be located in the nonlinear equivalence region in an isoline of
higher misfit than the global minimum.

3. The effect of noise on the cost function landscape for nonlinear
inverse problems

Three different subjects will be involved in this section:

1. To analytically showhownoise affects the topography of the nonlinear
inverse problem cost function;

2. To study how the noise affects the linearized inverse problem. The
analysis shown in a first accompanying paper (Fernández-Martínez
et al., 2014) will help to provide the answer. This analysis is impor-
tant since most nonlinear least squaredmethods used linearizations,
that are obviously affected by the noise;

3. To analyze if the linearization helps to understand the effect of noise
in nonlinear inverse problems, and particularly concerning the non-
linear uncertainty analysis of the solution.

To explore more in detail how the noise affects the cost
function landscape for nonlinear inverse problems, let us consider
a model m0 that belongs to the nonlinear equivalent region of
value tol

Vtol ¼ m : cp mð Þ ¼ F mð Þ−dobs
���

���
2
≤ tolg;

n
ð18Þ
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and adopting a second order Taylor expansion of F(m) in the
neighborhood of m0

F mð Þ ¼ F m0ð Þ þ JFm0
m−m0ð Þ þ STm0

þ o m−m0k k22
� �

: ð19Þ

In this notation, STm0∈ℝs is the vector that contains the Hessian
terms of the component functions of F

STm0
jð Þ ¼ 1

2
m−m0ð ÞTH f j m−m0ð Þ; ð20Þ

and o(‖m − m0‖2
2) is a vector function that vanishes faster than

‖m − m0‖2
2 when m tends to m0. Then, we have

cp mð Þ ¼ ‖F m0ð Þ−dobs þ JFm0
m−m0ð Þ þ STm0

þ oð m−m0k k22Þk
2
2 ¼

¼ mT JFTm0
JFm0

mþ 2 Δd�−δd
� �T ðJFm0

mþ STm0
Þ

þ2STT
m0

JFm0
mþ STT

m0
STm0

þ Δd�−δd
� �T Δd�−δd

� �

þ2oð m−m0k k22Þ
T ðΔm�−δdþ JFm0

mþ STm0
Þ þ

o m−m0k k22
� �T

o m−m0k k22
� �

;

ð21Þ

where dobs = dtrue + δd and Δd ¼ F m0ð Þ−dtrue−JFm0
m0.

Obviously, this second order Taylor expansion truncation introduces
an error in the approximation of the cost function topography that
might be very important in the uncertainty analysis of the inverse prob-
lem solution. Besides, the linearized equivalent region of value tol around
m0 is deduced adopting the first Taylor order approximation of F mð Þ≈F
m0ð Þ þ JFm0

m−m0ð Þ; and is the hyper-quadric

LRtol m0ð Þ ¼ m : F m0ð Þ þ JFm0
m−m0ð Þ−dobsk

2
btol:

��� ð22Þ

In this case we have neglected all the higher order terms and particu-
larly those induced by the second order term STm0 .

Equivalently, this region can be written in terms of model incre-
ments Δm = m − m0 as follows

ΔmT JFTm0
JFm0

Δmþ 2 Δd−δdð ÞT JFm0
Δmþ Δd−δdð ÞT Δd−δdð Þbtol2;

where Δd = F(m0) − dtrue.
The center of the linearized hyper-quadric coincideswith theGauss–

Newton solution of the nonlinear inverse problem in m0 (Fernández-
Martínez et al., 2012)

ΔmGN ¼ − JFTm0
JFm0

� �
†
JFTm0

Δd−δdð Þ ¼¼ Δmtrue
GN þ JFTm0

JFm0

� �
†
JFTm0

δd:

ð23Þ

Note that the solution found by the Gauss–Newton method for the
noise free case, mGN

true, is perturbed by the presence of noise δd through
the Gauss–Newton pseudo inverse operator ðJFTm0

JFm0
Þ†JFTm0

. Now, con-
sidering the singular value decomposition of JFm0

¼ UΣm0V
T we have

JFTm0
JFm0

� �
†
JFTm0

δd ¼ VΣT
m0

Σm0
VT

� �
†
VΣT

m0
UTδd ¼

¼ V ΣT
m0

Σm0

� �†
ΣT
m0

UTδd ¼
Xr

k¼1

δdUk
μk

vk; ð24Þ

and the noise in data is amplified back into themodel parameters due to
the action of the smallest singular values μk of the Jacobian JFm0

. This
effect is similar to the ill-conditioning effect shown for linear inverse
problems, but in this case the amplification depends on the model m0

that is considered to perform the linearization. It is important to note

that while the linearized problem can be locally very badly ill-
conditioned, and the linearized equivalence region LRtol(m0) will corre-
spond to an elliptical cylinder, the true nonlinear equivalence region
Vtol(m0) might have a finite extent, being its meandering shape
explained (or induced) by the continuous dependence of LRtol(m0) on
JFm0

. It can be said in this case, that the nonlinearities in the forward
and inverse problems, help to limit the extent of the nonlinear equiva-
lence region in order to fit the observed data.

As in the linear case (Fernández-Martínez et al., 2014) the noise does
not affect the conditioning of thematrix of the linearized hyper-quadric
(JFm0

), causing homogeneous deformation of the linearized region of
equivalence. Referred to the U and V bases provided by the singular
value decomposition of the Jacobian JFm0

, the linearized region of
equivalence of value tol⁎ is

ΔmT
VΣ

T
m0

Σm0
ΔmV þ 2ΔbT

UΣm0
ΔmV þ ΔbUk k22b tol�2; ð25Þ

where ΔmV = VTΔm, and ΔbU = UT(Δd − δd). Then we arrive at:

Xr

k¼1

μkΔmVk þ ΔbUkð Þ2 ¼ tol�2−
Xs

k¼rþ1

Δb2Uk: ð26Þ

Also, the linearized equivalent region of value tol around the model
m0 in the noise-free case is

Xr

k¼1

μkΔmVk þ ΔdUkð Þ2 ¼ tol2−
Xs

k¼rþ1

Δd2Uk: ð27Þ

Reasoning in a similar way to the linear case shown in the accompa-
nying paper Fernández-Martínez et al., (2014), the tol equivalent region
in thenoise-free casewill have the same size as the tol⁎ region under the
effect of noise and the relation of both tolerances is

tol2−
Xs

k¼rþ1

Δd2Uk ¼ tol�2−
Xs

k¼rþ1

Δb2Uk: ð28Þ

Thus,

tol� m0; δdð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tol2 þ

Xs

k¼rþ1

Δb2Uk−Δd2Uk
� �

:

vuut ð29Þ

In this case the value tol⁎ depends on the model m0 through the
orthogonal matrices U and V given by the singular value decomposition
of JFm0

, and also on the level of noise.
Calling Δ = ∑k = r + 1

s (ΔbUk2 − ΔdUk2 ), we have

(i) IfΔ N 0, then tol∗(m0, δd) N tol. Thus, themodels have to be found
in a regionwith highermisfit. The caseΔ N 0will generally apply
for modelsm0 with very small data misfits ΔdUk2 → 0. Thus, rela-
tively the region of lower misfits will decrease in size.

(ii) If Δ b 0, then tol∗(m0, δd) b tol. This will happen for models with
medium–high misfits. Thus, in presence of noise the models of
medium–high misfits will increase in size.

The previous analysis depends on the level and type of noise that is
added to the observed data, and on themodelm0 that is considered. By
continuity of the cost function there might exist a neutral line where
both tolerances are equal tol∗(m0, δd) = tol, that is, along this neutral
line no deformation takes place. Inside the region limited by this line
we will have tol∗(m0, δd) N tol, that is, regions will decrease in size,
and outside tol∗(m0, δd) b tol, that is, regions will increase in size. This
feature will explain why in presence of noise, to find the global mini-
mumusing searchmethods becomes a very hard task (“finding a needle
in a haystack” (Tarantola, 2006)), and, conversely, locating the region of
mediummisfits is easier. Nevertheless, under the same conditions noise
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in data has a regularization effect when using local optimization tech-
niques, since it reduces the extent of the nonlinear equivalence region.
These features will also preconize the use of global search methods to
locate the region of medium misfits if the dimension is moderate and
the forward problem is fast. Also, it is important to remark that this anal-
ysis has been simplified due to the effects of the higher order terms that
have not been taken into account.

Finally, considering Eq. (2)

cp mð Þ ¼ c mð Þ−2δdTΔd mð Þ þ δdk k22; ð30Þ

where Δd(m) = F(m) − dtrue represents the modeling error for the
model m, the models where no deformation takes place will fulfill the
condition

δdTΔd mð Þ ¼ 1
2

δdk k22; ð31Þ

that is, the projection of themodeling error Δd(m) into the noise has to
be positive and equal to the half of the squared energy of the noise in
data, that is, this neutral line will exist only in case of colored noise
with positive correlation with the residuals Δd(m).

3.1. A synthetic numerical example

To show the effect of the noise numerically, we have adopted a
similar procedure with that adopted in the linear case, solving a simple
nonlinear regression problem. The application of this analysis to a non-
linear geophysical inverse problem it is also possible. Nevertheless,
visualization of the nonlinear equivalence region is not possible, as in
the 2D synthetic case, since real nonlinear geophysical inverse problems
are high dimensional. Also, the aim of this analysis is for it to become
general knowledge since it has not been designed for a particular geo-
physical inverse problem.

In this case the data predictions in the different xk points are given by

yk ¼ f xk;α;βð Þ ¼ α 1−e−βxk
� �

þ ε; ð32Þ

where ε represents the effect of noise. The inverse problem is aimed at
identifying the parameters (α, β) from a set of data points

x1; y1ð Þ; x2; y2ð Þ;…; xm; ymð Þf g; ð33Þ

that have been generated adopting (αt, βt) = (20.0, 0.1) as the true
model. As in the linear case (Fernández-Martínez et al., 2014) we have
added in a first numerical test a Gaussian random variable ε →
N(0,0.05), trying to mimic the noise in the observed data during mea-
surement. Also in a second numerical test, we have added to the previ-
ous one an extra noise term δ → N(0,0.025). The nonlinear inverse
problem has been solved via the Gauss–Newton method using
(α0, β0) = (15.0, 0.06) as initial guess.

Fig. 1 shows the results obtained for these two inversions. In both
cases we show the topography of the cost function, the true model
and the model found using local optimization, and the nonlinear and
linearized equivalent regions of 9% relative error. Several interesting
remarks can be made:

(i) First, it is possible to observe the “croissant shape” of the region
of equivalence, which is typical from nonlinear inverse problems
(Fernández-Martínez et al., 2012). The hyper-quadric representing
the linearized equivalent region calculated in the Gauss–Newton
solution is also being represented and only represents locally the
nonlinear uncertainty region.

(ii) Secondly, both regions (the nonlinear and the linearized region) of
9% relative misfit, decrease in size as the level of noise increases.

(iii) Third, the solution found in the perturbed (noisy) cases might
move further away from the true solution as the level of noise

increases. This depends on the statistical distribution of the noise
that perturbs the observed data. In the present case this effect is
not very strong. Nevertheless, the true solution is located inside
the nonlinear equivalent region calculated in the model that has
been adopted as the solution for the nonlinear inverse problem.
The true solutionhas in both cases a highermisfit than the solution
that has been found in presence of noise, as it has been analytically
proven.

In conclusion, noise deforms non-homogeneously the topography of
the cost function in nonlinear inverse problems. This deformation
depends on the model that has been adopted to perform the analysis
(as approximate solution of the nonlinear inverse problem) and on
the level of noise. Under certain conditions, depending on the type of
noise (white or colored noise) and its correlationwith themodel misfit,
this deformation might provoke the search of the global optimum to be
harder. At the same time the regions of mediummisfits might increase
in size, causing the search by global optimization methods in these
regions to be easier. In any case, the solution of the inverse problem
found in presence of noise never coincides with the true solution, that
is, the hypothetical model parameters used to generate the noise-free
(or true) observed data. Understanding the effect of the noise using
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Fig. 1. Synthetic numerical example. Effect of the noise for a nonlinear inverse problem.
Linearized and nonlinear equivalent region for 9% misfit tolerance and additive Gaussian
noises of zero mean and standard deviations A) 5% and B) 7.5%, respectively.
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analytical formulasmight help in the future to quantifymore accurately
its effect in the observed data and in nonlinear inversion, and also in
designing synthetic noise to accelerate themodel search for uncertainty
analysis purposes.

4. The effect of the regularization in nonlinear inverse problems

Finally, we analyze the effect of the regularization in nonlinear
inverse problems, as we did for the linear case (Fernández-Martínez
et al., 2014).

The cost function with zero-order regularization is

crp mð Þ ¼ F mð Þ−dobs
���

���2
2
þ ε2 m−mref

���
���2
2
¼

¼ F mð Þ−dtrue
���

���2
2
þ δdk k22−2δdT F mð Þ−dtrue

h i

þε2 m−mref
���

���2
2
¼

¼ c mð Þ þ ε2 m−mref
���

���2
2
−2δdT F mð Þ−dtrue

h i
þ δdk k22 ¼

¼ cr mð Þ−2δdT−2δdT F mð Þ−dtrue
h i

þ δdk k22;

ð34Þ

where the indexes p and r stand respectively for the perturbed and
regularized cost function. Imposing the stationary conditionwe arrive at

∇crp mð Þ ¼ ∇cr mð Þ−2JFTm0
δd ¼ 0: ð35Þ

Therefore

∇cr mð Þ ¼ 2JFTm0
δd; ð36Þ

and the regularized solution for the perturbed case does not coincide
with the solution found in the noise-free regularized case.

The nonlinear equivalent regions are related through

crp mð Þ≤tol2⇔cr mð Þ−2δd F mð Þ−dtrue
h i

þ δdk k22≤tol2: ð37Þ

Now, adopting a linearization of cy(m) in a modelm0 located on the
nonlinear equivalent region, it is possible to obtain the linearized region
of equivalence for the regularized case as

ΔmT JFTm0
JFm0

Δmþ 2 Δd−δdð ÞT JFm0
Δm

þε2 Δm−Δmref
� �T

Δm−Δmref
� �

þ Δd−δdð ÞT Δd−δdð Þbtol2;
ð38Þ

with Δmref = mref − m0.
Considering the singular decomposition of the Jacobian

JFm0
¼ UΣm0V

T , the equation of the hyper-quadric referred to the V
base is

ΔmT
VΣ

T
m0

Σm0
ΔmV þ 2ΔbT

UΣm0
ΔmVþ

ε2 ΔmV−Δmref
V

� �T
ΔmV−Δmref

V

� �
þ ΔbUk k22btol2:

ð39Þ

Eq. (39) can be written as follows

Xr

k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
k þ ε2

q
ΔmVk−

ε2Δmref
Vk−μkΔbUkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
k þ ε2

q
0
B@

1
CA

2

þ
Xn
k¼rþ1

ΔmVk−Δmref
Vk

� �2 ¼

¼ tol2 þ
Xr
k¼1

ε2Δmref
Vk−μkΔbUk

� �2

μ2
k þ ε2

− ΔbUk k22−ε2
Xr

k¼1

Δmref
Vk

� �2
;

ð40Þ

where ΔmVk represent the model increments with respect to m0

referred to the V base. The center of the hyper-quadric coincides with
the regularized solution of the linearized inverse problem.

Performing a similar analysis for the linearized equivalent regions
with and without regularization, we arrive at a similar relationship to
the one proposed for the linear case (Fernández-Martínez et al., 2014)

tol� μ ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tol2 þ ε2

μ2
i

tol2 þ
Xn
k¼rþ1

Δb2UkÞ þ ε2
Xr

k¼1

ΔbUk þ μkΔm
ref
Vk

� �2

μ2
k þ ε2

;

0
B@

vuuuut

ð41Þ

where tol⁎(μi) is the tolerance of the equivalent region in the presence
of regularization, and tol in its absence (without regularization). As in
the linear case, the regularization deforms the linearized equivalent
region in an anisotropic manner. Nevertheless, the main difference
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Fig. 2. Synthetic numerical example. Comparison of the nonlinear and linearized equivalent
regions with Tikhonov regularization for two different models located on the nonlinear
equivalent region, noise δ → N(0,0.05), regularization parameter ε2 = 0.1 and mref =
(15,0.06).
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Fig. 3. Synthetic numerical example. Same comparison than in Fig. 2 when the Lasso
regularization is employed and the damping parameter is increased to ε2 = 0.3. Similar
results are obtained for the case of Tikhonov's regularization analyzed in this paper.
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resides in the fact that in the nonlinear case this deformation depends
on the model m0, through Δmref = mref − m0.

Fig. 2 shows, for the above mentioned synthetic numerical example,
the linearized equivalent region for two different models, m0 =
(20.0,0.1) and m0 = (25.0,0.08), of the nonlinear equivalent region.
The numerical parameters used in this case are as follows: the initial
guess used to perform the inversion coincides with the reference
model that has been adopted in the regularization, mref = (15.0,0.06);
the damping parameter used was ε2 = 0.1; and a noise term δ →
N(0,0.05) was added to the observed data. It is possible to observe
that the linearized equivalent region only represents locally the real
nonlinear uncertainty region. Similar results are also obtained for
other kinds of regularization schemes, such as Lasso (Tibshirani,
1996). This algorithm is used to look for sparse solutions by increasing
the value of the regularization parameter ε2. This strategy has some
potential dangers since the linearized equivalent region in a point of
higher misfit than the global optimum might not be contained within
the nonlinear equivalent region. This situation is shown in Fig. 3 for
the synthetic numerical example solved with Lasso regularization, ε2

= 0.3 and noise ε → N(0,0.05). The analysis was also performed in
the same models of the nonlinear equivalent region of the previous
case (m0 = (20.0,0.1) and m0 = (25.0,0.08)). Results are similar to
those obtained using the zero-order Tikhonov's regularization (Fig. 2).
In conclusion, depending on the value of the damping parameter, the

linearized equivalent region does not always represent, even locally,
the nonlinear equivalent counterpart.

The conclusions of this analysis are the following:

(i) The center of the linearized hyper-quadric provides the regular-
ized solution of the linearized inverse problem in m0 and coin-
cides with the Gauss–Newton solution of the nonlinear inverse
problem.

(ii) The noise and the regularization deform non-homogeneously
the cost function topography. The regularization deforms the
linearized equivalence region in an anisotropic way, acting
differently in each model parameter. Taking into account this
fact, we can conclude that the noise can be interpreted as a par-
ticular kind of regularization. In fact, the Levenberg–Marquardt's
algorithm consists in adding awhite noise of variance ε2 to stabi-
lize the inversion.

(iii) The nonlinear and linearized equivalent regions are complete-
ly different in shape. It has been analytically proven in
Fernández-Martínez et al. (2012, 2013) that the nonlinear
equivalent region has a flat meandering valley shape. Also,
there could be other low misfit basins in the cost function
landscape if the forward operator is not injective. This is one of
the main differences between the linear and nonlinear inverse
problems. It can be easily understood that in the non-injective
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case the regularization might provide different solutions located
in different basins of the nonlinear equivalent region, depending
on the reference model that has been adopted. A sketch for this
fact is shown in Fig. 4, where we compare the notion of correct-
ness set in linear and nonlinear inversion. In nonlinear inversion
the correctness set C induced by the regularization might not
contain the true solution of the nonlinear inverse problem that
could be located in another different basin of the cost function to-
pography. This is not the case in linear inverse problems, where
the region of equivalence is unique (bounded or not), and the
only possibility for that to happen is adopting a wrong reference
model. Besides, the linearized equivalent region LRtol, only repre-
sents locally (when it does) the nonlinear equivalent region(s)
Vtol. Thus, performing a full nonlinear uncertainty analysis is
the onlyway to unravel the existence of very different equivalent
solutions, in order to quantify risk.

5. Conclusions

Noise is an important ingredient in inverse problems, since its effect
enters into the inverse problem cost function through the observed
data. In this paper we have analyzed the effect of the noise and that of
the regularization in nonlinear discrete inverse problems. We showed
that the noise shifts the solution found by the typical nonlinear optimi-
zation methods, and deforms the topography of the cost function non-
homogeneously. Under certain conditions, the noise might decrease
the size of the regions of very lowmisfits and at the same time increase
the size of the regions of mediummisfits. The inverse problem solution
becomes very difficult to find using searchmethods, but locating the re-
gions ofmediummisfits is easier. The success of global optimization and
searching methods in noisy problems might be related to this fact, that
is, a noise-free problem is usually harder to optimize.

The role of the regularization in the linearized region of equivalence
is similar to that shown for the linear case. In any case, under the pres-
ence of noise the model of minimummisfit is never the model that has
generated the observed data. Although the use of regularization tech-
niques has been presented as the panacea, and it obviously has a posi-
tive effect in decreasing the uncertainty of the solution that has been
found, regularization does not cause the disappearance of the nonlinear
equivalent models: regularization only serves at improving locally the
ill-conditioning of the Jacobian of the forward operator. Besides, the lin-
earized and the nonlinear problems have very different equivalence re-
gions. Although the regularization serves to stabilize the inversion
under the presence of noise, the regularized solution can be relatively
far from the real one since other equivalent solutions might exist in dif-
ferent basins of the cost function topography.

The analysis shown in this paper is completely general and applies
for any kind of nonlinear inverse problem. This knowledge might have
a significant impact in nonlinear geophysical inversion, due to the
omnipresence of noise in data, and to the impossibility of always having
at disposal good prior information to design the regularization. Due to
these facts, we can affirm that a full-nonlinear uncertainty analysis is
always needed in applied geophysics in order to quantify risk in
decision-making approaches. Therefore, no serious inversion research
should be presented without its corresponding uncertainty analysis.
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Summary

In this article, the Particle Swarm Optimization (PSO) algorithm is applied to the 2D gravity
inversion problem in sedimentary basins. The gravity inverse problem is an essential tool for
the Earth crust study at regional and local scales, as well as in mineral exploration and, as a
potential-field based problem, has an inherent non-uniqueness, which makes it ill-posed and,
then, an optimal target problem for the global search algorithms. In particular, the approach
consist in the determination of the sediments-basement interface using gravity data observed at
the terrain surface, imposing the density contrast. This corresponds to a nonlinear approach.
After an exhaustive literature review, it is concluded that this is the first time the PSO algorithm
is applied to this problem. The highlights of this research work are:

• A short summary of the problem solution via classical local optimization methods is pre-
sented.

• The problem solution via PSO is detailed. The search space determination is explained,
as well as the possibility of using constraints and its comparison with their counterparts in
the local optimization techniques. In this work, the GPSO, CC-PSO, CP-PSO, PP-PSO
and RR-PSO family members are used.

• Synthetic models, without and with white noise, are solved. The evolution of the function
error and swarm dispersion is analyzed through the iterations, which are important tasks
to take into account when using PSO. Two assertions, which were theoretically proved in
article 3 were verified: (i) the minimum of the cost function for the noisy problem does
not coincide with the minimum of the noise-free problem, and (ii) the noise decreases the
size of the equivalence region of lower misfit with respect to the noise-free problem. For
that purpose, it was performed an interpolation of the cost function topography in the 2D
PCA space using the models that have been sampled by PSO in the nonlinear region of
equivalence of relative error lower than 20%.

• A real inversion problem using data from the Atacama Desert (north Chile) is presented.
The obtained results are plausible from the geological point of view, and agree with the
results obtained using local optimization methods. The PSO method adds to the problem
the uncertainty analysis of the obtained solution. It is then demonstrated that the de-
veloped technique is a valid method for the 2D gravity inversion problem in sedimentary
basins and is not computationally expensive.
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Gravity inversion is a classical tool in applied geophysics that corresponds, both, to a linear (density unknown) or
nonlinear (geometry unknown) inverse problem depending on themodel parameters. Inversion of basement re-
lief of sedimentary basins is an important application among the nonlinear techniques. A common way to ap-
proach this problem consists in discretizing the basin using polygons (or other geometries), and iteratively
solving the nonlinear inverse problem by local optimization. Nevertheless, this kind of approach is highly depen-
dent of the prior information that is used and lacks from a correct solution appraisal (nonlinear uncertainty anal-
ysis). In this paper, we present the application of a full family Particle Swarm Optimizers (PSO) to the 2D gravity
inversion and model appraisal (uncertainty assessment) of basement relief in sedimentary basins. The applica-
tion of these algorithms to synthetic and real cases (a gravimetric profile from Atacama Desert in north Chile)
shows that it is possible to perform a fast inversion and uncertainty assessment of the gravimetric model using
a sampling while optimizing procedure. Besides, the parameters of these exploratory PSO optimizers are auto-
matically tuned and selected based on stability criteria. We also show that the result is robust to the presence
of noise in data. The fact that these algorithms do not require large computational resources makes them very
attractive to solve this kind of gravity inversion problems.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Gravity inversion is a classical tool in applied geophysics (Dobrin,
1960; Nettleton, 1976; Parker, 1994; Telford et al., 1976) to analyze
the structure of sedimentary basins in mineral exploration, oil and gas
upstream activities, hydrogeology, glaciology, etc. The gravity inverse
problem is linear when a given geometry for the bodies under study is
provided and the corresponding densities are estimated. Conversely,
the inverse problem is nonlinear when the geometry of the bodies is
treated as unknown, making some assumptions about the values of
the corresponding densities.

Among the nonlinear techniques, the inversion of basement relief of
a sedimentary basin is a relatively common task (Barbosa et al., 1997;
Blakely, 1995; Chakravarthi and Sundararajan, 2007). The classical
way to deal with this problem is via nonlinear optimization, where
the unknowns are the depth of the basement at certain locations,
or the depth and some additional parameters to take into account the
density variation of the sediments. Among others, basement relief

estimation has important implications in oil and gas exploration to
find out the location of possible stratigraphic traps (Silva et al., 2010),
in hydrogeology studies to understand the geological structure of aqui-
fers (Adema et al., 2007; Bohidar et al., 2001), in glaciology to infer the
flow rate of discharge (Krimmel, 1970; Stern, 1978; Venteris andMiller,
1993), or in landfill analysis as a tool for density determination (Mantlík
et al., 2009) and bottom relief estimation (Silva et al., 2009).

Basement relief estimation based on gravity anomalies could be high
dimensional nonlinear inverse problem depending on the model pa-
rameterization. Over the years, several methods were used to approach
this problem. Some of themwere based on the manual modeling of the
basin taken into account the adjustment of the observed anomaly by the
basin gravimetric model (Bott, 1960). Local optimization techniques,
particularly the Levenberg–Marquardt algorithmwith Tikhonov's regu-
larization, are commonly used in the resolution of nonlinear inverse
problems: stating a prior model for the density distribution (fixed or
variable with depth), and using an adequate set of constraints, a solu-
tion is achieved through iterative linearization of the cost function
(Barbosa et al., 1997; Chakravarthi, 1995; Silva et al., 2006). This proce-
dure provides a solution that is highly dependent on the initial model
and on the prior information that are used. Besides, no model appraisal
in the nonlinear sense is usually performed on the solution that has
been found.
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Uncertainty assessment is a very important step in inversion (see for
instance Scales and Snieder, 2000) since inverse problems always be-
long to decision-making processes, and they are by nature ill-posed,
that is, there exist different solutions (called equivalent) that are com-
patible with the prior information and fit the observed data within the
same error bounds. Fernández-Martínez et al. (2012a) studied the cost
function landscape for linear and nonlinear inverse problems, showing
that equivalent models (for a certain error tolerance) are located within
the hyper-quadric region of equivalence in the linear case. Thisflat elon-
gated valley bends for nonlinear inverse problems. Also, several discon-
nected basins might compose the nonlinear equivalence landscape.

Uncertainty analysis consists in obtaining a representative set of
model parameters in the lowmisfit region(s) of the cost function topog-
raphy. Fernández-Martínez et al. (2013) provided a deterministic anal-
ysis of the inverse problem uncertainty, proving that the regularization
does not provoke the disappearance of the equivalent models, showing
the risks of adopting a wrong prior model, and highlighting the fact that
linear analysis never accounts for the real uncertainty in nonlinear in-
verse problems.

Finally, noise in data is an important ingredient in inversion that de-
forms the cost function topography and it is intimately related to the
uncertainty analysis of the solution and to the need of regularization.
Fernández-Martínez et al. (2014a,b) have analyzed the effect of noise
in inversion, showing that noise deforms the topography of the cost
function in a homogeneous/inhomogeneous way, depending if the in-
verse problem is linear or nonlinear. As a consequence of noise the
inverted model never coincides with the hypothetical true model that
has generated the observed data. Nevertheless, the true model belongs
to the region of equivalence having a higher misfit than the true solu-
tion. In conclusion, inversion anduncertainty analysis (solution apprais-
al) must always go hand in hand.

In this paper, a full family of Particle Swarm Optimizers is applied to
the gravity inversion and uncertainty assessment of basement relief in
sedimentary basins. Particle Swarm Optimization (PSO) is an interest-
ing global optimization technique that was heuristically inspired by
the social behavior of groups of animals (birds and fishes) in nature
(Kennedy and Eberhart, 1995). Nevertheless, PSO was physically
interpreted as a damped-mass spring system (Fernández-Martínez
and García-Gonzalo, 2011b). The interest of having at disposal the PSO
physical model consists in properly understanding the exploratory be-
havior of the different PSO family members, and relating stochastic sta-
bility of the particle trajectories with the algorithm convergence for any
arbitrary statistical distribution of the PSO parameters (García-Gonzalo
and Fernández-Martínez, 2014). Although no theoretical results exist to
state the theoretic conditions needed for these algorithms to perform a
correct posterior sampling, exploratory PSO versions have shown to
perform a fairly good sampling of the nonlinear equivalent region
when applied to different types of DC electrical inverse problems
(Fernández-Martínez et al., 2010a,b), and also in oil and gas production
history matching (Fernández-Martínez et al., 2012b). Similar results
were also achieved for the Vertical Electrical Sounding inverse problem
using binary genetic algorithms (Fernández-Álvarez et al., 2008). These
results emphasize the fact that exploration is a key factor in performing
a good approximate uncertainty analysis of the inverse problem solu-
tion (sampling while optimizing).

In this work we introduce for the first time the use of two novel PSO
family optimizers (PP-PSO and RR-PSO) in geophysics, and particularly in
2D basement relief inversion, showing the application to synthetic and
real data (a gravimetric profile acquired in the Atacama Desert, north
Chile). We also compare the posterior sampling of the nonlinear region
of equivalence performed by different PSO family members, analyzing
numerically how noise in data affects the topography landscape and,
therefore, the corresponding uncertainty analysis of the solution. The un-
certainty analysis provided by PSO serves to answer important questions
about the basin structure in a probabilistic framework, taking into ac-
count the intrinsic uncertainty of the basement relief inverse problem.

2. Classical modeling in 2D basement relief gravity inversion

Gravity inversion of basement relief in sedimentary basins can be pro-
posed as a 2D or 3D problem depending on themodel conceptualization.
The 2D case is very common, and consists in the inversion of one or differ-
ent profiles across the basin, generally containing its maximum depth.
When the basin is elongated, a common approach consists in inverting
several profiles that are orthogonal to its longest dimension, which ana-
lyzed together serve to depict a pseudo 3D model. The 2D approach as-
sumes that the anomalous body (in this case the sediments) has an
infinity extent in the perpendicular direction to the gravimetric profile.

Several ways to model a generic basin in 2D have been proposed in
the literature: modeling the entire basin as a trapezoid (Rao, 1990),
using polygons with an arbitrary number of vertices (Chakravarthi
et al., 2001), using polynomial functions (Martín Atienza, 2001), or
by accretion of rectangular prisms of known density (see for
example Chakravarthi, 1995; Barbosa et al., 1997; Silva et al., 2006).
Fig. 1 shows a 2D model divided into M prisms, whose density is im-
posed. The width of the prisms can be selected as a factor (generally
between 0.5× and 1.5×) of the average spacing between theN observa-
tion points, which do not necessarily need to be equally spaced. Obvi-
ously depending on the number of observation points and the number
of prisms, the corresponding inverse problem might have an over-
determined or under-determined character, that will highly impact
the corresponding uncertainty analysis of the solution (Fernández-
Martínez et al., 2012a).

2.1. Modeling of the density contrast

Multiple approximations have been proposed in the literature to
model the density contrast Δρ = ρs − ρb between the sediments and
the basement. For environments such as glaciers it is very common to
use a constant density value (Krimmel, 1970; Stern, 1978; Venteris
and Miller, 1993), although variable depth-density models could be
also used (Shumskiy, 1960). For sedimentary basins, a constant density
contrast is usually employed (Barbosa et al., 1997; Gabalda et al., 2005).
Nevertheless, adopting a variable dependency with depth is also a com-
mon strategy, especially for deep environments. Some models for
variable density contrast with depth can be seen in Table 1. The param-
eter needed to define thesemodels of density variation can be estimated
at inversion or being adjusted based on borehole information,which is a
more realistic approach. The corresponding forward problem equations
of gravity attraction following the different density models are present-
ed in the respective papers (Chakravarthi, 1995; Rao, 1990; Rao et al.,
1995). The useful exponential depth density variationmodel introduced
in Cordell (1973) has no analytical expression in the space domain, even
in the case of simple geometric bodies. Solutions to this problem have
been proposed in the frequency domain (Chapell and Kusznir, 2008;
Cordell, 1973; Granser, 1987).

X1 2 3 M...

1 2 3 ... N

z j

Z

Fig. 1. Two dimensional modeling of a sedimentary basin by right rectangular prisms' ac-
cretion. The domain is divided intoM rectangular prisms of known density, where depths
zj are unknown. The width of the prisms is a factor of the average separation between the
N observed points.
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In this paper the inversions have been performed using a constant
density value, as suggested by the geological setup of the Atacama pro-
file. Therefore the number of parameters in the inverse problem coin-
cides with the number of prisms used to define the basin. In case a
homogeneous depth dependency is given, the number ofmodel param-
eters is increased by the number of parameters needed tomodel this de-
pendency if they were considered as unknowns. The full nonlinear
basement relief inverse problem allows this dependency to vary lateral-
ly across the basin. In that case it is crucially important to provide a good
prior knowledge to constraint the density space variability. This prob-
lem is beyond the scope of this paper, but it will be the subject of future
research work.

2.2. The 2D basement relief gravity inverse problem

One common way to deal with the inverse problem stated in Fig. 1
(valid for 2D and 3D) is exposed in Barbosa et al. (1997). Let a set of N
observed gravity anomalies taken along a profile at observation points
pi(xi,zi), and let us adopt a partition of the basin into M rectangular
prisms with known constant density contrast Δρ = ρs − ρb (standing
the subscripts s and b for sediments and basement, respectively). The
gravity anomaly Δg at each observed point can be written as

Δgi ¼
XM
j¼1

F Δρ j; z j; ri j
� �

; i ¼ 1;2;…;N; ð1Þ

where F(Δρj,zj,rij) is the function that solves the forward problem for an
individual prism at the observation point i,Δρj is the density contrast of
the jth prism, zj is the depth of the jth prism, and rij is the horizontal po-
sition vector between the ith point and the jth prism. A detailed formu-
lation for F is given in Appendix A.

The nonlinear inverse problem to estimate the depth model z may
be formulated as the minimization of the prediction error cost function

cg zð Þ ¼ 1
N
∥Δgobs−Δg� zð Þ∥22; ð2Þ

where Δgobs is the vector of observed gravity anomalies, and Δg*(z) the
anomalies predicted by the model z. The inverse problem stated in Eq.
(2) is ill-posed, since there exist an infinity of solutions that fit the ob-
served data within the same error bounds, and the determination of
the solution with minimum misfit is very unstable. To alleviate the ill-
posed character of the inverse problem and reducing the set of solutions
to those that are compatible with the prior information, different kinds
of constraints are commonly used (Barbosa et al., 1997; Silva et al., 2006,
2009). These constraints consist in imposing smoothness conditions of
some degree on the basement relief (relative), or prescribing the values
of the depth in some points, based on borehole information (absolute).
For that purpose some regularization parameters which determine the
trade-off between the different terms in the cost functions (prediction
error and regularity and prior conditions) are needed. More detailed in-
formation about the regularization constraints is given in Appendix B.
Different well-known iterative local optimization techniques, such as
Levenberg–Marquard (Marquardt, 1963), Gauss–Newton and Quasi-
Newton methods (Nocedal and Wright, 1999) are used to solve the
nonlinear regularized problem. Nevertheless, the result provided by

these algorithms depends on the initialmodel and on the prior informa-
tion that are adopted. Besides, these methods do not provide the possi-
bility to performmodel appraisal. Only linear techniques are used in this
case, but do not take into account the real uncertainty existing in a non-
linear inverse problem (Fernández-Martínez et al., 2014b). This setup is
valid in two and three dimensions. The most important difference be-
tween both resides in the forward problem formulation and on the
dimensionality of the model space concerning z. Examples of 3D
basement relief inversion can be consulted in Barbosa et al. (1997),
Chakravarthi and Sundararajan (2004, 2007), and Chakravarthi et al.
(2002).

The above-mentioned methodology corresponds to the solution of
the relief gravity inversion using nonlinear local optimization methods
with regularization. The global optimization algorithms used in this
paper (a full family of PSO optimizers) do not look for the inverse oper-
ator. These algorithms perform smart search of the model space, evalu-
ating the forward problem for different geophysical models, in order to
conduct the swarm towards the low misfit regions of the cost function
landscape. In the case of nonlinear optimization techniques, regulariza-
tion techniques are needed to stabilize the inversion, due to the ill-
conditioned character of the Jacobian of the forward operator JF(m),
computed in different model candidates. One of the main differences
with respect to nonlinear inversion is that regularization is not needed
when using global optimization procedures because no inversion is per-
formed. Nevertheless, prior information is still necessary to reduce the
set of equivalent solutions and guiding correctly the search.

3. The Particle Swarm Optimization design

Particle Swam Optimization (PSO) (Kennedy and Eberhart, 1995) is
a global optimization algorithm inspired in the behavior of bird
flocks and fish schools searching for food. In this search algorithm,
a swarm of particles (or models) explores the space of possible
solutions in order to optimize a given cost function, that in our case is
related to the inverse problem: the data prediction error shown in
expression (2).

In this paper we use a full family of particle swarm optimizers that
is fully described in Appendix C. Particularly we introduce the use of
RR-PSO and PP-PSO in geophysical inversion. We have used the cloud
versions of these algorithms (Fernández-Martínez et al., 2010a), that
is, no parameter tuning of the inertia, local and global accelerations is
needed, since each of the particles in the swarm has their own PSO pa-
rameters that are automatically chosen from a set of PSO parameters
that are located in the neighborhood of the corresponding second
order stability regions. In our opinion, these mathematical results
make PSO to be a very unique algorithm, different from other heuristic
approaches.

The use of PSO in applied geophysics has been introduced in
Fernández-Álvarez et al. (2006), Shaw and Srivastava (2007) and
Fernández-Martínez et al. (2010a,b). Particularly, Fernández-Martínez
et al. (2010a) presented the application of Generalized PSO (GPSO),
CC-PSO and CP-PSO to the solution and appraisal of a 1D-DC resistivity
inverse problem, justifying in each case how to perform the parameter
tuning. Nevertheless, in gravity inversion, the PSO algorithm has been
barely used. Sanyi et al. (2009) presented some simple synthetic exam-
ples using buried cylinders (using the depths and density contrast as un-
knowns), and compared the results with the ones obtained via
Levenberg–Marquardt, genetic algorithm (GA), simulated annealing
(SA), and Ant Colony Optimization (ACO) approaches. The conclusion
was that PSO outperforms the rest of the algorithms, showing higher
convergence rates for PSO and ACO with respect to GA and SA.
Toushmalani (2013a,b) used PSO to invert the parameters of a fault
(thickness of the sheet, left and right distances to the middle of the
sheet, and the fault's angle) using gravity anomalies, comparing the re-
sults with the Levenberg–Marquardt method. His general conclusion
was that the PSO algorithm provides a better agreement between

Table 1
Several models for density contrast variation with depth.

Analytical expression Reference

Δρ(z) = α0 + α1z + α2z
2 Rao (1990)

Δρ zð Þ ¼ Δρ0α2

αþzð Þ2
Rao et al. (1995)

Δρ zð Þ ¼ Δρ3
0

Δρ0−αzð Þ2
Chakravarthi (1995)

Δρ(z) = Δρ0 exp(−αz) Cordell (1973)
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the predicted model anomaly and the observations than for the
Levenberg–Marquardt method. Sweilam et al. (2008) also compared
the PSO algorithmwith function stretching (SPSO) to genetic algorithms
for synthetic and real (a salt dome) inverse gravimetric problems, find-
ing comparable solutions for both algorithms, but with the advantage
for SPSO of having less parameters to tune than the GA method. These
papers that are devoted to the use of PSO in gravity inversion as a global
optimizer, comparing its performance with classical inversion tech-
niques, miss the most important feature of global optimization algo-
rithms, which is their capability to perform an approximate nonlinear
uncertainty analysis (sampling of the nonlinear uncertainty region(s))
of the solution that has been adopted. Also, a clear description
about the importance of a correct tuning of the PSO parameters
(Fernández-Martínez et al., 2010a,b, 2012b) is usually absent.

3.1. The search space design and the prior information

The first step before PSO sampling consists in computing low
and upper bounds for the parameter search space. For the 2D basement
relief gravity inverse problem, the search bounds are estimated as
follows:

1. An approximate model z0 is computed using the observed anomaly
and applying to each individual prism location a formulation
based on the standard Bouguer's plate correction formula, which
is valid in the case of a constant density contrast (Barbosa et al.,
1997)

z0j ¼
Δgobsj

2πGΔρ
; ð3Þ

where zj
0 is the initial depth for the jth prism, Δgjobs is the observed

gravity anomaly at the center of the prism (if there is not an observa-
tion point at this location, its value can be interpolated), G is the uni-
versal gravitational constant, and Δρ is the prescribed constant
density contrast.

2. Factors kminb 1.0 and kmax N 1.0 are applied to the approximatemodel
zj
0 in order to obtain the bounds of the searching space as

z∈ kmin � z0; kmax � z0
h i

; ð4Þ

where z0 has the same dimensionality as the main unknown of the
inverse problem, z. Typically the number of parameters in a 2D grav-
ity inverse problem is in the order of tens to hundreds. For very high
dimensional problems, additional model reduction techniques
should be used, as it has been shown for the history matching prob-
lem in oil and gas production optimization (Fernández-Martínez
et al., 2012b).

Absolute constraints can be easily imposed by setting the lower
and upper bounds of the depth for the involved prisms equal to the
known value. The way of imposing relative constraints in PSO is differ-
ent from local optimization techniques (through a regularization term
in the cost function), since the use of relative constraints in global opti-
mization is not aimed at stabilizing the inversion as in the case of local
optimization methods, but to restrict the search to the family of models
that are compatible with the prior information. In the PSO case, a
smoothness condition for the basement relief can be achieved via a
moving average filter. The size of the window filter might be fixed in
the inversion, or can be considered as an additional parameter to be es-
timated. In this last case, the lower and upper bounds of the window
size (in number of grid points) must be given, increasing in one the di-
mension of the search space. This kind of constraint is always needed,
since themodels sampled by PSOwithin the search space in the absence
of additional constraints show a typical sawtooth shape, that might not
be realistic from the geological point of view.

3.2. PSO parameter tuning

Parameter tuning (inertia, local and global accelerations) is very
important in PSO. Most of the publications use a unique parameter
set for all the particles, deduced from the numerical analysis provided
by Carlisle and Dozier (2001) and Clerc and Kennedy (2002). Neverthe-
less it has been shown (Fernández-Martínez and García-Gonzalo, 2008,
2009) that these points are not unique, and their performance is
related to the fact that they are close to the upper border of the
PSO second order stability limit, where the attraction from the
oscillation center is weak, and the explorative behavior of PSO is very
high, due to the fact that the variance of the trajectories is almost
unbounded.

The algorithms used in this paper belong to the category of free-
parameter tuning, since for all the PSO optimizers we have used the
corresponding cloud version, where each particle of the swarm has
its corresponding values of inertia, local and global accelerations,
that are selected in the neighborhood of the upper border of the corre-
sponding second order stability regions (Fernández-Martínez and
García-Gonzalo, 2009, 2012). Therefore, the PSO parameters of each
particle vary with iterations. Besides each particle (geophysical
model) has its corresponding time step Δt, varying between Δtmin =
0.8 andΔtmax=1.2. TheΔt parameter greatly influences the explorative
behavior of each PSO member: the exploration of the search space in-
creases when Δt is greater than 1.0. Conversely the algorithm becomes
more exploitative when Δt is lower than 1.0.

4. Numerical experiments with synthetic examples

First, the PSO algorithmhas been tested for basement relief determi-
nation by two different 2D synthetic examples: a noise-free gravimetric
inverse problem, and a second examplewhere awhite Gaussian noise of
N(0,50) μGal (which represents approximately 5 % of the signal) was
added to the observed data. The synthetic model of the basin is com-
posed by 50 right rectangular prisms of 100 m width. The maximum
depth is located at the center of the basin and reaches 250 m, while
the shallower prisms are located at the left and right borders of the
basin, and reach a depth of 50m. The density contrast between the sed-
iments and the basementwasΔρ=−150 kg/m3 for all the prisms. The
Bouguer anomaly was generated, using Eq. (1), at 40 regularly spaced
observation points, located at the same height of the prism's upper
sides. The search space was generated following Section 3.1 with
kmin = 0.5 and kmax = 2.0.

4.1. The noise-free case

Different members of the PSO family (GPSO, CC-PSO, CP-PSO, PP-
PSO and RR-PSO) have been used for comparative purposes, both in
inversion (to analyze their convergence rate) and in model appraisal
(explorative analysis). In the present case, only relative constraints
were imposed, fixing the size of the average filter window to 15 points,
based on different numerical experiments that have been carried out.
The size of the swarm was 250 particles, and the number of iterations
150. Fig. 2 shows the real model and its generated anomaly, as well as
the initial model z0 and the search space [0.5 ⋅ z0,2.0 ⋅ z0].

For comparative purposes the following plots were produced:

1. Convergence rate curves with iterations to compare all themembers
of the PSO family. Fig. 3 (top) shows that most of themembers reach
the 2 % equivalence region in less than 10 iterations, that is, around
2500 forward evaluations. GPSO, CC-PSO, and CP-PSO are the most
exploitative versions, reaching the minimum misfit solution in less
than 40 iterations, while RR-PSO and PP-PSO are more explorative.

2. Dispersion curves, Fig. 3 (bottom), that provide a measure of the
swarm collapse with the iterations, given by the median distance in
each iteration between the different particles of the swarm and
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their center of gravity, normalized by themedian distance in the first
iteration (100 % dispersion). Monitoring this plot is important, since
the dynamics of the entire swarm in PSO is designed to collapsewith
iterations towards their corresponding oscillation center. A disper-
sion lower than 5 % of the initial dispersion would mean that the
swarm has collapsed into a unique particle. Therefore, to control
the premature collapse of the swarm, exploratory PSO versions,
and a correct parameter tuning are needed. It can be observed that
RR-PSO and PP-PSO are the most exploratory versions in this case.
In the rest of cases, the cloud versions of these algorithms have
prevented the swarm to collapse.

3. Best model plots and posterior analysis to perform the solution ap-
praisal, by considering all the models z that fulfill

∥Δgobs−Δg� zð Þ∥2
∥Δgobs∥2

b tol: ð5Þ

Fig. 4 shows the best estimated models, residuals and the limits of
the 10 % equivalence region for the CP-PSO (top), PP-PSO (middle),
and RR-PSO (bottom) algorithms. It can be observed that the 3 ver-
sions provide similar solutions.

4. The interpolated inverse problem cost function topography in the 2D
PCA (principal component analysis) space in the region of equiva-
lence, deduced from the models projected into the 2D PCA space.
Fig. 8 (top) shows the topography of the cost function deduced in
this case from the CP-PSO samples. These graphics will be discussed
later in the paper when compared to the noisy case, and serve to vi-
sualize in 2D the topography landscape of the cost function in the re-
gion of equivalence, that is by construction very high dimensional,
and to analyze numerically how the noise affects the inversion. The
algorithm to construct the topography of the cost function in the
PCA space is as follows:
(a) Given a set of models {m1,m2,...,mq} in the non-linear misfit

region, sampled via PSO, the experimental covariance matrix
C = (X − μ)T ⋅ (X − μ) is computed, where X is the matrix that
has m1,m2,…,mq as column vectors and μ is the model mean of
this set of models.

(b) Diagonalization of experimental covariance matrix C provides an
orthonormal set of vectors Bv = {v1,v2,…,vg}.

(c) Finally, defining the matrix composed by the two first princi-
pal components V = [v1,v2], the projection into the 2D PCA
base is done as follows: mPCA = VT ⋅ X. Given the coordinates
of these q models in the 2D PCA base, and their corresponding
misfit, the cost function is interpolated and plotted as a
surface.

4.2. Gaussian noise case

In a second synthetic example a random white noise of normal dis-
tributionN(0,50) μGalwas added to the observations of the previous ex-
ample, in order to analyze the performance of the PSO family in the
inversion and uncertainty analysis under the effect of noise. The rest
of the numerical parameters of the experiment remained unchanged.
Fig. 5 shows the real and initial models, the generated anomaly, and
the search bounds.

The main conclusions of this analysis are the following:

1. The convergence rate curves in Fig. 6 (top) show that most of mem-
bers reach the 5 % equivalent region in less than 20 iterations, that is,
around 5000 forward evaluations. GPSO and CC-PSO are themost ex-
ploitative versions, since they reach the minimummisfit in fewer it-
erations than the other algorithms. CP-PSO, RR-PSO and PP-PSO are
more explorative.

2. The dispersion curves, Fig. 6 (bottom) show again the largest explor-
atory character of the RR-PSO and PP-PSO algorithms.
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3. Fig. 7 shows the best estimatedmodel, the residual, and the posterior
analysis performed in the 10 % nonlinear equivalence region for the
CP-PSO (top), PP-PSO (middle) and RR-PSO (bottom). All the PSO
members provide very good solutions. In this case, RR-PSO has the
lowest misfit, but the model shows a slightly sawtooth profile. The

−2

0

2

4

R
es

id
ua

ls
 (

μG
al

)

Synthetic model without noise (CP algorithm)

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

−600

−500

−400

−300

−200

−100

0

H
ei

gh
t (

m
)

Length along the profile (m)

Observation points
Best model residuals (0.15% rel. misfit)
True model residuals (0.00% rel. misfit)
Best model
Best model 10% equivalence region
True model
Search bounds

−5

0

5

R
es

id
ua

ls
 (

μG
al

)

Synthetic model without noise (PP algorithm)

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

−600

−500

−400

−300

−200

−100

0

H
ei

gh
t (

m
)

Length along the profile (m)

Observation points
Best model residuals (0.34% rel. misfit)
True model residuals (0.00% rel. misfit)
Best model
Best model 10% equivalence region
True model
Search bounds

−10

0

10

20

R
es

id
ua

ls
 (

μG
al

)

Synthetic model without noise (RR algorithm)

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

−600

−500

−400

−300

−200

−100

0

H
ei

gh
t (

m
)

Length along the profile (m)

Observation points
Best model residuals (0.68% rel. misfit)
True model residuals (0.00% rel. misfit)
Best model
Best model 10% equivalence region
True model
Search bounds

Fig. 4.Model solution for the noise-free case using the CP (top), PP (middle), and RR (bot-
tom) algorithms. Top sub-panels: residual gravity anomaly computed at the 40 observa-
tion points. Bottom sub-panels: estimated model and its 10 % equivalence region, true
model and search bounds.

−1500

−1000

−500

A
no

m
al

y 
(m

G
al

)

Initial synthetic model with N(0,50) µGal white noise

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

−450

−400

−350

−300

−250

−200

−150

−100

−50

0

H
ei

gh
t (

m
)

Length along the profile (m)

Observation points
Observed anomaly
Real model
Initial model
Search bounds

Fig. 5. Synthetic model of the 2D basin with white N(0,50) μGal noise. Top panel: gravity
anomaly in μGal, computed at the 40 observation points. Bottom panel: real model, initial
model generated from the observed anomaly using expression (3), and lower and upper
bounds defining the searching space for the PSO, computed as factors kmin = 0.5 and
kmax = 2.0 of the approximate model.

20 40 60 80 100 120 140

4.5

5

5.5

6

6.5

7

7.5

8

8.5

9

Iteration

R
el

at
iv

e 
er

ro
r 

(%
)

Convergence curves, synthetic model with N(0,50) µGal white noise

GPSO algorithm
CC algorithm
CP algorithm
RR algorithm
PP algorithm

20 40 60 80 100 120 140
0
5

10

20

30

40

50

60

70

80

90

100

Iteration

M
ed

ia
n 

sw
ar

m
 d

is
pe

rs
io

n 
(%

)

Dispersion curves, synthetic model with N(0,50) µGal white noise

GPSO algorithm
CC algorithm
CP algorithm
RR algorithm
PP algorithm

Fig. 6. Convergence (top) and dispersion (bottom) curves for the noisy case.

185J.L.G. Pallero et al. / Journal of Applied Geophysics 116 (2015) 180–191

102 Articles published in peer-reviewed journals



solutions provided by the other algorithms are smoother.
4. Fig. 8 shows the topography of the cost function deduced from the

CP-PSO samples. The top panel shows the noise-free case, and the
bottom panel the noisy example. The noise decreases the size of
the region of lower misfits and also shifts the location of the best

model of lowest misfit with respect to the true model. These facts
have been pointed out in Fernández-Martínez et al. (2014a,b) for lin-
ear and nonlinear inverse problems. It can also be observed the ellip-
tic shape of the cost function landscape in the PCA plane. This fact
implies that the corresponding inverse problem in the reduced PCA
space is close to linearity (Fernández-Martínez et al., 2012a). Similar
plots were obtained for other family members.

Finally, it can be observed that the relative misfit for the best model
found is smaller than the relativemisfit for the truemodel, which is one
of the effects of noise in inverse problems (Fernández-Martínez et al.,
2012a, 2013, 2014a,b). This fact also highlights the importance of the
uncertainty analysis in nonlinear inversion.

5. Real example: Atacama Desert

This section presents the application of PSO to the inversion of a real
gravity profile in the AtacamaDesert (north Chile). In this region of cen-
tral Andes, huge amounts of continental sediments (Cenozoic) pro-
duced by the erosion of the Andes mountains have filled a central
depression previously formed during the built up of the Andean system
(Jurassic–Cretaceous) in response to the subduction of the oceanic
Nazca plate beneath the South American continent (Isacks, 1988;
Mortimer, 1973). These sediments, well known as the Atacama gravel
formation, are composed of low density deposits (fluvial gravels, sand
and clays intercalatedwith ignimbrite layers) accumulated on thewest-
ern flank of the main Andean volcanic arc by large coalescing alluvial
fans over the pre-existing andesitic basement. Due to the extremely
arid climate in the Atacama region, sedimentary basins are well pre-
served and their geometries (thickness and basement relief) are consid-
ered of particular interest to better understand the tectonic history of
this region and the role of uplift and erosion processes in the formation
of the Andes (Vernon et al., 2005). The density contrast between these
sedimentary fluvial formations and the andesitic basement is around
800 kg/m3 (Gabalda et al., 2005). Therefore, the study of the Atacama
gravel formation represents a good candidate for basement relief esti-
mation via the gravimetric inverse problem.

The gravity data has been acquired during a field survey carried out
in central Chile in 2004 (Gabalda et al., 2005) and aimed at estimating
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the basement relief of the Atacama gravel formation in El Salado valley
(Fig. 9), where irregular sediment thicknesswas suspected (presence of
paleo-valleys). The gravity observations (53 points), acquired along a
30 km long profile using a relative Scintrex CG-3M gravity meter
(#9408267), have been processed via CG3TOOL (Gabalda et al., 2003).
The station coordinates were determined by differential GPS measure-
ments using full wavelength data (dual-frequency receivers) from a ref-
erence base station located in the El Salado valley (profile topography
ranged between 1050 m and 1900 m). The accuracies of gravity and
GPSmeasurements are estimated to be better than 20 μGal and 5 cm re-
spectively (Gabalda et al., 2005). Finally, a terrain correction was ap-
plied using the SRTM1 90 m topographic model and the GeoSoft
Oasis Montaj2 software. The resulting complete Bouguer anomaly pro-
file is oriented perpendicularly to the main NS orientation of
the Andes and is thus dominated by a W–E gravity gradient of

−3.23 mGal/km produced by the gravity effect of the sub-ducting
plate. This gradient was estimated jointly with the basin model by the
PSO family members.

In order to apply PSO to this gravimetric profile, we have used a gravi-
metricmodel composed of 63prisms—500mwidth,which is the approx-
imate mean separation between observations. For the initial model
computation, a first approximation of the regional trend was computed
and subtracted from the original complete Bouguer anomaly profile in
order to isolate the residual anomaly. This residual signal is assumed to
be produced by the sedimentary filling of the Atacama gravel formation
in a local pre-existing morphological basin. The approximate trend was
computed assuming that the anomaly at the extreme points is null,
since these ending observation points were located on the outcropping
andesitic basement. The initial model was computed using Eq. (3) for a
density contrast of −800 kg/m3, and the factors kmin = 0.5 and kmax =
2.0 were applied to create the searching bounds. The numerical parame-
ters used for PSO coincide with previous synthetic experiments, that is,
the size of the swarm was 250 individuals, the number of iterations

Fig. 9. Location of the test area used for the 2D gravity modeling of the Atacama gravel sedimentary formation (top), and location of the gravity stations (dark triangles) over the shaded
SRTM topography (bottom).
After Gabalda et al. (2005).

1 http://www.cgiar-csi.org/data/srtm-90m-digital-elevation-database-v4-1.
2 http://www.geosoft.com/products/oasis-montaj/.
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150, and the size of the filtering window was set to 15. The parameters
Δg0 andm of the linear regional trend Δgreg(x) = Δg0 + m ⋅ x, where x
is the length along the profile, were also imaged by PSO.

Fig. 10 shows the involved anomaly profiles. The top panel shows
the original complete Bouguer anomaly and the middle panel shows
the regional trend estimated by PP-PSO. The final estimated slope was
−3.23 mGal/km W–E. The bottom panel contains the residual gravity
anomaly generated by the estimated basin itself. It reaches a minimum
of −7.38 mGal at a point (the 30th in the profile) at 10.36 km far from
the westward extreme. Fig. 11 shows the basin model derived from the
inversion of the observed gravity data via PP-PSO. The top panel shows
the residuals between the observations generated by the gravimetric
model and the original complete Bouguer anomaly (after subtraction
of the regional trend), producing a relativemisfit of 5.40 %. The basin ge-
ometry (bottom panel) shows that the maximum filling of low density
materials occurred in the westward half of the profile. The analysis of
the 10 % equivalence region shows that the deepest point lies in the
range of [205, 232] m depth from the surface. Using the uncertainty
analysis provided by PSO it is possible to establish probability thresh-
olds, such as the probability that the depth of the deepest point in the
basin exceeds a certain depth dc as follows: P(zmax ≥ dc) = Nc/Nt,
where Nc is the number of equivalent models whose maximum depth
is greater than dc, and Nt is the total number of models that have been
sampled.

These results are similar to those that were previously published by
Gabalda et al. (2005) using the methodology proposed by Cady (1980).
Nevertheless these authors did not explore the uncertainty in the inver-
sion of the Atacama profile. From a pure geophysical point of view, it is
not straightforward to prove how the evaluation of these uncertainties
improves the understanding of the basin. Nevertheless, two important
features from this application can behighlighted: (i) amore accurate es-
timation of the interface is provided here as it takes into account the sta-
tion elevation into the inversion process (not done in the previous
approximation), and (ii) the uncertainties provided here are believed
to be very useful as a priori constraints on basin geometry in other nu-
merical modeling of the tectonic, climatic and morphological processes
performed to explain the formation and evolution of the sedimentary
basins in this area (see for instance Farías et al., 2008).

6. Conclusions

In this paper we presented the design and application of a whole
family of PSO optimizers to the 2D gravity inversion andmodel apprais-
al (uncertainty assessment) of basement relief estimation in sedimenta-
ry basins, using a classical approach consisting in describing the basins
as aggregates of rectangular prisms. The performance of these algo-
rithms is first analyzed for two synthetic data sets (noise free and
white Gaussian noise cases) showing that all the PSO family members
provide similar results for inversion and nonlinear uncertainty analysis
when explorative versions are used (sampling while optimizing). All of
these algorithms used a free-parameter tuning philosophy, automati-
cally choosing the PSO parameters from regions that are close to their
respective second order stability upper limits (cloud versions). Particu-
larly, monitoring their respective dispersion curves is of paramount im-
portance to ensure a correct sampling of the nonlinear uncertainty
region. Also the effect of noise in inversion has been analyzed via prin-
cipal components analysis of the nonlinear equivalent models that
have been sampled, illustrating the theoretical results that have been
shown in Fernández-Martínez et al. (2014a,b), and urging for the need
of a correct nonlinear uncertainty analysis.

Finally, a real profile from Atacama Desert (north Chile) has been
inverted using the same methodology, and demonstrating that PSO
generates geologically plausible results that are consistent with those
that have been obtained by other well known classical approaches,
but without uncertainty assessment. Compared to such techniques al-
ready proposed for 2D nonlinear gravity inversion, the PSO technique
proposed here appears as a powerful tool for estimating the basement
relief of sedimentary basins and their uncertainties in a fast3 optimized
procedure. Moreover, as the inversion procedure takes into account the
actual topography of the gravity observations (i.e. calculations are per-
formed at the station elevation) and enables a separation of regional/re-
sidual anomalies, it is believed to be of special interest in many
geological and geophysical applications requiring accurate estimation
of basement relief of sedimentary basins.

This work is a first approximation to a future free Matlab-based
package for sedimentary basin gravity inversion using PSO.0 0.5 1 1.5 2 2.5 3
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3 The PSO, implemented as aMatlab program, took for the real example around2min of
processing time in a laptop equipped with an Intel Core i7-4800MQ 2.70 GHz processor,
running a Debian GNU/Linux operating system.
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Appendix A. Gravity attraction of a 2D right rectangular prism with
constant density

Let a right rectangular 2D prism of constant density ρ, defined by its
extreme coordinates xminimum xm, xmaximum xM, z of the top side zt,
and z of the bottom side zb. The gravity attraction generated by this
prism at a point P(x,y) can be computed (Barbosa and Silva, 1994;
Telford et al., 1976) as

F ¼ F x; z; xm; xM ; zt ; zb;ρð Þ

¼ Gρ
�
A ln

A2 þ D2

A2 þ C2 −B ln
B2 þ D2

B2 þ C2 −2C arctan
A
C
− arctan

B
C

� �

þ2D arctan
A
D
− arctan

B
D

� ��
;

ðA:1Þ

where A = x − xm, B = x − xM, C = z − zt, D = z − zb, and G is the
Newton's constant. A schematic view of the situation can be seen in
Fig. A.1.

Although this formulation is stated for a constant density, other den-
sity distributions, such as those presented in Table 1, could be used if the
original prism is discretized into sub-prisms, each of whichwith its cor-
respondent density contrast computed by the right equation. Then,
Eq. (A.1) can be applied to each sub-prism of constant density and the
final attraction computed as the sum of each individual attractions.
Also, this computation strategy could be used taking into account the
known density values from boreholes. The size of the sub-prisms must
be chosen such that the error in the approximation is less than a speci-
fied tolerance.

Appendix B. Relative and absolute constraints in the
right-rectangular prismmodel

The inverse problem stated in Eq. (2), consisting in minimizing the
prediction error, is ill posed, since there exist an infinity of solutions
that fit the observed data within the same error bounds. Also, the deter-
mination of the solutionwithminimummisfit is very unstable. Different
kinds of constraints are commonly used to win stability at inversion,

and reducing the set of solutions to those that are compatible with the
prior information.

Relative constraints (Barbosa et al., 1997; Silva et al., 2006, 2009) con-
sist in imposing smoothness conditions of some degree to the basement
relief. This smoothness is introduced via the regularization term

cr zð Þ ¼ 1
M−1

XM−1

j¼1

z j−z jþ1

� �2
: ðB:1Þ

A more general formulation of Eq. (B.1) is

cr zð Þ ¼ 1
L
∥Rz∥22; ðB:2Þ

where R is a L × M weighting matrix for the regularity conditions to be
imposed on themodel parameters. Expression (B.2) includes the case of
Tikhonov's regularizations of order 1 and 2, to impose regularity condi-
tions on the first and second order derivatives of the model z.

Absolute constraints (Barbosa et al., 1997) consist in fixing the depth
value of some prisms to prescribed values based on borehole or seismic
profile information. The corresponding regularization term is

ca zð Þ ¼ 1
K
∥zobs−Az∥22; ðB:3Þ

where A is a K × M (with K b M) zeros and ones matrix, where 1 indi-
cates the positions of the prisms whose depth has to be fixed, and zobs

is a vector containing the observed depths.
The final cost function with both regularization terms is written as

c zð Þ ¼ cg zð Þ þ μrcr zð Þ þ μaca zð Þ; ðB:4Þ

where μr and μa are regularization parameters which determine the
trade-off between the different terms in the cost function (prediction
error and relative and absolute constraints).

Appendix C. The family of PSO optimizers

PSO applied to optimization problems is very simple: individuals,
or particles, are represented by vectors whose length is the number
of degrees of freedom of the optimization problem. To start, a popu-
lation of particles is initialized with random positions x0 and veloci-
ties v0. The same objective function (Eq. (2)) is used to compute the
fitness (or prediction error) of each particle in the swarm. As time
advances, the position and velocity of each particle are updated as
a function of its fitness and the fitness values of its neighbors. At
time-step k+1, the algorithm updates positions xk + 1 and velocities
vk + 1 of the individuals as

vkþ1
i ¼ ωvki þ ϕ1 gk−xk

i

� �
þ ϕ2 lki −xk

i

� �
;

xkþ1
i ¼ xk

i þ vkþ1
i ;

ðC:1Þ

where gk is the global best position in the whole swarm, lik is the ith
particle's best position, ϕ1= r1ag and ϕ2= r2al are the random global
and local accelerations, and ω is a real constant called inertia weight.
Finally, r1 and r2 are random variables uniformly distributed in (0,1),
to weight the global and local acceleration constants ag and al.
Tuning of the PSO parameters implies providing suitable values for
the inertia constant ω and for the local and global accelerations ag
and al, in order to achieve exploration and also convergence towards
the low misfit regions.

The PSO algorithm, as it was originally proposed in Eq. (C.1), was not
dimensionally correct, since velocities and accelerations, and positions
and velocities are directly added. The solution to this simple enigma
came from physical analysis. PSO can be interpreted as a double sto-
chastic gradient algorithm in the model space, and is the particular

Z

X

P(x,z)

xm xM

zb

zt

ρ

Fig. A.1.Two dimensional schematic situation of a right rectangular prism and an attracted
point P(x,y). ρ: density, xm: minimum x coordinate, xM: maximum x coordinate, zt: top side
z coordinate, and zb: bottom side z coordinate.
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case of the generalized PSO (GPSO) algorithm (Fernández-Martínez and
García-Gonzalo, 2008) for t = k and Δt = 1:

v t þ Δtð Þ ¼ v tð Þ 1− 1−ωð ÞΔt½ �
þϕ1Δt g tð Þ−x tð Þ½ �
þϕ2Δt l tð Þ−x tð Þ½ �;

x t þ Δtð Þ ¼ x tð Þ þ v t þ Δtð ÞΔt:
ðC:2Þ

The GPSO algorithm was derived using a mechanical analogy: a
damped mass-spring system with unit mass, damping factor 1 − ω,
and total stiffness constant ϕ= ϕ1 + ϕ2, i.e., the so-called PSO continu-
ous model

x″ tð Þ þ 1−ωð Þx0 tð Þ þ ϕx tð Þ ¼ ϕ1g tð Þ þ ϕ2l tð Þ;
x 0ð Þ ¼ x0;
x0 0ð Þ ¼ v0;

8<
: ðC:3Þ

where x(t),t∈ℝ is the position of any particle of the swarm in continu-
ous time. In this model, particles interact through the local and
global attractors l(t) and g(t), and mean particle trajectories oscillate
around the particle position (Fernández-Martínez and García-Gonzalo,
2008)

oi tð Þ ¼ ϕ1g tð Þ þ ϕ2li tð Þ
ϕ1 þ ϕ2

: ðC:4Þ

The full stochastic analysis of the PSO continuous and discrete
models (GPSO) was performed in a collection of 3 papers
(Fernández-Martínez and García-Gonzalo, 2008, 2009, 2011a). This
analysis shed light about the relationship between PSO convergence
and the PSO parameter tuning: good PSO parameters (ω,ag and al) are
located in theneighborhood of theupper border of the secondorder sta-
bility region. Therefore, no magical tuning points with five decimal fig-
ures exist. The answer is simpler than that: stochastic stability and
convergence are intimately related in the PSO case. Using the above-
mentioned mechanical analogy a full family of particle swarm opti-
mizers was also derived (Fernández-Martínez and García-Gonzalo,
2009, 2012; García-Gonzalo et al., 2014). Numerical analysis using dif-
ferent analytical benchmark functions has shown that the most
performing algorithm of the family in terms of the balance of its explo-
ration/exploitation capabilities was RR-PSO, that is the PSO member
family obtained by adopting both regressive finite difference schemes
of the PSO continuous model (Eq. (C.3)) for the acceleration and the
velocity.

The RR-PSO algorithm can be written as

v t þ Δtð Þ ¼ v tð Þ þ ϕ1Δt g tð Þ−x tð Þ½ � þ ϕ2Δt l tð Þ−x tð Þ½ �
1þ 1−ωð ÞΔt þ ϕΔt2

;

x t þ Δtð Þ ¼ x tð Þ þ v t þ Δtð ÞΔt;
x 0ð Þ ¼ x0;
v 0ð Þ ¼ v0;

8>>>><
>>>>:

ðC:5Þ

where (t,Δt) ∈ ℝ. This algorithm has regions of first and second order
stochastic stability that are unbounded. It has been numerically shown
that good parameter sets in the RR-PSO case are concentrated around
the lineϕ ¼ 3 ω−3=2ð Þ, mainly for inertia valuesω N 2. This line is inde-
pendent of the cost function that is optimized, and remains invariant
when the number of optimization parameters increases. Furthermore,
this line is located in a region of medium attenuation and very high fre-
quency for the swarm particle trajectories. This last property confers to
RR-PSO a good balance between exploration and exploitation, allowing
for a very efficient and explorative search around the oscillation center
of each particle in the swarm.

Two other explorative members of the PSO family are also used in
this paper (Fernández-Martínez and García-Gonzalo, 2009, 2012):

• The CP-PSO:

v t þ Δtð Þ ¼
1þ ϕΔt2

� �
v tð Þ þ ϕ1Δt g tð Þ−x tð Þ½ � þ ϕ2Δt l tð Þ−x tð Þ½ �

1þ 1−ωð ÞΔt ;

x t þ Δtð Þ ¼ x tð Þ þ v tð ÞΔt:

8><
>:

ðC:6Þ

• The PP-PSO:

v t þ Δtð Þ ¼ 1− 1−ωð ÞΔt½ �v tð Þ
þϕ1Δt g tð Þ−x tð Þ½ � þ ϕ2Δt l tð Þ−x tð Þ½ �;

x t þ Δtð Þ ¼ x tð Þ þ v tð ÞΔt:

8<
: ðC:7Þ

PP-PSO has the same velocity rule than PSO, but the positions of the
particles are written in time t, instead of t + 1. This small difference
has big implications in the stability analysis.
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Summary

In this last article, the Particle Swarm Optimization (PSO) algorithm is applied to the 3D
gravity inversion problem in sedimentary basins. The main differences between this work and
the one presented in article 4 are the increase of the problem dimensions and a specific treatment
of the density contrast for taking into account its horizontal and depth variations. As for the
2D case, this is the first time that the PSO algorithm is applied to this kind of problem. The
principal features of this research work are:

• A regional trend adjustment during the inversion is added to the basin modeling, which is
composed by a set of right rectangular prisms. The horizontal and depth-dependence of
the density contrast can be taken into account.

• A filtering window is introduced, which acts as relative constraints, acting as a generaliza-
tion of the first order Tikhonov regularization in local optimization methods.

• The search space construction is explained and the possibility of introduction of absolute
constraints is discussed, comparing it with the same task used in local optimization algo-
rithms. As in the 2D case, the GPSO, CC-PSO, CP-PSO, PP-PSO and RR-PSO family
members are used.

• Synthetic examples, without and with noise are solved, in both cases with horizontal and
vertical density contrast variation. The obtained solutions and uncertainty regions are
compared with the real models, concluding that PSO is a valid method for the solution
of the 3D gravity basement relief inversion problem in sedimentary basins. Similarly to
the 2D case, it has been shown numerically the effect of the noise in the topography cost
function.

• A real problem with data from the Argelès-Gazost basin (France) is solved. The geophys-
ical model that has been obtained is consistent from a geological point of view and agree
with the results obtained via classical inversion. The PSO method adds to the problem the
uncertainty analysis of the obtained solution. It is then demonstrated that the developed
technique is a valid method for the 3D gravity inversion problem in sedimentary basins.
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Abstract

Nonlinear gravity inversion in sedimentary basins is a classical problem in applied geophysics. Although a 2D approximation is
widely used, 3D models have been also proposed to take better into account the basin geometry. A common nonlinear approach to
this 3D problem consists in modeling the basin as a set of right rectangular prisms with prescribed density contrast, whose depths
are the unknowns. Then, the problem is iteratively solved via local optimization techniques from an initial model computed using
some simplifications or being estimated using prior geophysical models. Nevertheless, this kind of approach is highly dependent
on the prior information that is used, and lacks from a correct solution appraisal (nonlinear uncertainty analysis). In this paper,
we show the application of Particle Swarm Optimization (PSO) to the 3D gravity inversion and model appraisal of the solution
that is adopted for basement relief estimation in sedimentary basins. Synthetic and real cases are illustrated, showing that robust
results are obtained. Therefore, PSO seems to be a very good alternative for 3D gravity inversion and uncertainty assessment of
basement relief when used in a sampling while optimizing modality. That way important geological questions can be answered
probabilistically in order to perform risk assessment in the decisions that are made.

Keywords: Nonlinear gravity inversion, Particle Swarm Optimization, Uncertainty assessment, Sedimentary basin,
Pyrenees-Argelès-Gazost

1. Introduction

Gravity in geophysics is a commonly used tool to analyze
the Earth crust structure, in mineral exploration, oil and gas
upstream activities, hydrogeology, glaciology, etc. (Dobrin,
1960; Nettleton, 1976; Telford et al., 1976; Parker, 1994; Hinze
et al., 2013). Gravity inversion is defined as a procedure that
constructs a model of subsurface density variations or geome-
tries from gravity measured data and other prior information
(Nabighian et al., 2005). The gravity inverse problem can be
stated as linear (if the geometry is provided and the densities
are estimated) or nonlinear (if the densities are postulated and
the geometry is treated as unknown).

Bottom relief determination in sedimentary basins is a com-
mon task (Silva et al., 2006; Chakravarthi and Sundararajan,
2007) as a former step for different posterior studies as oil and
gas exploration (Silva et al., 2010), aquifers structure (Adema
et al., 2007; Bohidar et al., 2001), etc. Although a 2D approx-
imation to the inverse problem is frequently used in practice
(Chakravarthi et al., 2001; Silva et al., 2006, 2009), there have
been also proposed 3D methods that produce more realistic

∗Corresponding author
Email addresses: jlg.pallero@upm.es (J.L.G. Pallero),

jlfm@uniovi.es (J.L. Fernández-Martı́nez), sylvain.bonvalot@ird.fr
(S. Bonvalot), fudym@mines-albi.fr (O. Fudym)

models (Barbosa et al., 1997; Chakravarthi and Sundararajan,
2007).

Estimation of basement relief based on observed gravity
anomalies could be a high dimensional nonlinear inverse prob-
lem, especially for 3D approaches. Most resolution methods are
based on local optimization techniques, such as the well-known
Levenberg-Marquardt’s algorithm with Tikhonov’s regulariza-
tion: stating a prior model for the densities and (optionally) a set
of constraints, a solution is achieved through iterative lineariza-
tion of the cost function. This procedure provides a solution
that is highly dependent on the initial model and on the prior
information that are used. Besides, no model appraisal in the
nonlinear sense is usually performed on the solution that has
been found. The fact that exist different (equivalent) models
that fit the observations with the same error bounds makes un-
certainty assessment a key step in any inversion process (Scales
and Snieder, 2000; Fernández-Martı́nez et al., 2012a, 2013).

In this paper, we applied a full family of Particle Swarm Op-
timizers to the 3D gravity inversion and uncertainty assessment
of basement relief in sedimentary basins. It can be understood
as the second part of Pallero et al. (2015), where the 2D problem
with PSO was addressed with satisfactory results. In addition
to the 3D extension, some aspects as density contrast variation
with depth and laterally are developed in a more detailed way.

The organization of the paper is as follows: section 2 ex-
plains the basin modelling. The criteria for basin discretization,
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density selection, regional trend modelling and cost function
design are detailed. In section 3, the PSO design for the model
inversion is introduced with regard to the searching bounds de-
sign and the PSO family members. Sections 4 and 5 are de-
voted to work with synthetic and real examples, respectively.
The synthetic examples served to analyze the behavior of the
different PSO family members and also helped to understand
the importance of the different inversion parameters. As real
example we present the inversion of the Argelès-Gazost basin
(France). Therefore, the algorithm behavior in real environ-
ments is tested, showing that PSO is a serious alternative for
gravity inversion and uncertainty assessment in 3D basement
relief inversion. Finally, the general conclusions are summa-
rized in the last section.

2. 3D basement relief modelling

Following Barbosa et al. (1997), we have modelled the basin
as an accretion of M right rectangular prisms, considering the
density contrast ∆ρ between the sediments and the basement
a known parameter (fixed or variable with depth and/or hori-
zontally). The horizontal dimensions of the prisms can be cal-
culated as a factor (generally between 0.5× and 1.5×) of the
average spacing between the observations, and do not need to
be equal along the X and Y axis. The top sides of the prisms
are situated at the terrain surface level, being the height of the
prisms the main problem unknowns. The set of prisms gener-
ates an attraction over each of the observed points that can be
computed as the sum of the attraction of each individual prism.
The formulation is provided in AppendixA.

A key step in the problem setup is the decision concerning
the density contrast between the sediments and the basement,
∆ρ = ρs − ρb, to be used. The literature shows examples of
using a constant density value (Krimmel, 1970; Stern, 1978;
Venteris and Miller, 1993; Barbosa et al., 1997; Gabalda et al.,
2005), although a variable density dependency with depth due
to compaction is a common strategy, especially for deep en-
vironments. Some models for density variation with depth are
based on binomial (Chakravarthi, 1995), quadratic (Rao, 1990),
hyperbolic (Litinsky, 1989; Rao et al., 1995; Silva et al., 2009),
parabolic (Chakravarthi et al., 2002; Işik and Şenel, 2009) or
exponential (Cordell, 1973) functions.

In this paper, we propose a numerical approximation to the
problem of dealing with the density variation with depth. The
original prism is divided into sub-prisms with their correspond-
ing density value interpolated according to the selected density
distribution. Then, Eqns. (A.2) or (A.3) are applied to each sub-
prism and the final attraction is computed as the sum of each
individual attractions. This strategy can be used with analytical
density distributions and also with known density values from
boreholes or other estimation methods. The size of the sub-
prisms must be chosen such as the error in the approximation is
less than a given tolerance.

In real environments, the density varies not only with depth
but also laterally at global and local scales, due to different het-
erogeneities in the Earth crust. The common practice to es-
timate this lateral density variations is using linear inversion

techniques setting the depths, layer thicknesses, dividing the
domain into prisms, and then working with densities as un-
knowns (Tiberi et al., 2005; Li et al., 2012). This procedure
requires a good prior knowledge of the subsurface geometry,
which is not always at disposal.

In this work, we allow lateral density variations to be used at
inversion. If the density (fixed or variable with depth) is known
at various locations throughout the basin, for example at both
sides of a fault, the domain (in top view) can be divided into
polygons and the corresponding density contrast can be used
for the gravity computations in the corresponding prisms.

Finally, a regional trend affecting the data might also be con-
sidered. The gravity anomalies ∆g contain information not only
due to the sedimentary basin mass anomaly under study, but
also due to mass distribution in large areas of the depth Earth
crust and upper mantle, which affect at regional scale. These
regional contribution mask the local anomaly, and need to be
removed prior to the inversion or considered as an additional
unknown in the process. In this paper, we consider a plane sur-
face as a regional trend whose coefficients will be treated as
unknowns. Also a second order polynomial Chakravarthi and
Sundararajan (2007) or even higher degree surfaces could be
used.

The gravity anomaly derived at each of the i = 1, . . . ,N ob-
served points is computed as the sum of the attraction of each
of the M individual prisms plus the regional trend contribution:

∆gcom
i =

M∑

j=1

[
F

(
∆ρ(z) j, pi j

)
+ A + B · xi + C · yi

]
, (1)

where F is the forward problem defined in Eqns. (A.2) or (A.3),
pi j is the prism position relative to the observation point, ∆ρ(z) j

is the density contrast (fixed or depth dependent) attributed to
each prism, xi and yi are the coordinates of the observation
point, and A, B and C are the trend coefficients.

The nonlinear inverse problem to estimate the bottom side
coordinates zb of the model prisms may be formulated as the
minimization of the cost function

cg(zb) = ‖∆gobs − ∆gcom‖22, (2)

where ∆gobs is the vector of observed gravity anomalies, and
∆gcom the model predicted anomalies.

The problem stated in Eq. (2) is ill-posed because there ex-
ist many equivalent solutions that fit the observed data within
the same error bounds. The classical way to deal with this
kind of problem is the use of the well-known iterative local
optimization techniques, such as Levenberg-Marquardt (Mar-
quardt, 1963), Gauss-Newton or Quasi-Newton methods (No-
cedal and Wright, 1999), which need an initial approximate
model to solve the problem. Also, in order to stabilize the inver-
sions these methods require different types of constraints and
regularization parameters. Nevertheless, the results provided
depend strongly on the used initial model and on the prior infor-
mation that is adopted. Besides, these methods do not provide
the possibility of performing a nonlinear uncertainty analysis of
the solution that is adopted (Fernández-Martı́nez et al., 2014b).

2
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Instead of local optimization algorithms we have used a full
family of global PSO optimizers that do not look for the in-
verse operator, but perform a smart search of the model space,
evaluating the forward problem for different models in order to
conduct the swarm towards the low misfit regions of the cost
function landscape. The algorithm has to be fast in locating
the low misfit region (or regions) to avoid the solution of many
forward problems and the need of very high computational re-
quirements. Regularization is not needed in this case, but prior
information is still necessary in order to reduce the set of equiv-
alent solutions and guiding correctly the search. The inversion
of the real dataset shown in this paper have been done with a
personal computer and took less than 3 minutes of CPU time.
The program could be further parallelized.

3. The Particle Swarm Optimization inversion scheme

Particle Swam Optimization (PSO) (Kennedy and Eberhart,
1995) is a global optimization algorithm inspired in the behav-
ior of bird flocks and fish schools searching for food. In this
search algorithm a swarm of models explores the space of pos-
sible solutions in order to optimize a given cost function, that
in our case is the data prediction error shown in Eq. (2).

Although PSO has been used in applied geophysics
(Fernández-Álvarez et al., 2006; Shaw and Srivastava, 2007;
Fernández-Martı́nez et al., 2010a,b), in gravity inversion has
been barely used. Some approximations have been proposed
in Sweilam et al. (2008); Sanyi et al. (2009); Toushmalani
(2013b,a), which are focused in the comparison of the PSO
with other global optimizers and classical local optimizations
techniques, but do not deal the capability to perform an approx-
imate nonlinear uncertainty analysis (sampling of the nonlin-
ear uncertainty regions) of the solution that has been adopted.
Also, a clear description about the importance of a correct tun-
ing of the PSO parameters (Fernández-Martı́nez et al., 2010a,b,
2012b) is usually absent. In Pallero et al. (2015), we applied
PSO to the 2D determination of basement relief and model ap-
praisal. The effect of noise in inversion was also analyzed, il-
lustrating the theoretical results shown in Fernández-Martı́nez
et al. (2014a,b).

The key task before PSO sampling consists in computing low
and upper bounds for the parameter search space. These pa-
rameters are, in our case: (i) the regional trend coefficients, and
(ii) the prisms bottom side heights. For the 3D basement re-
lief gravity inverse problem, the search bounds are estimated as
follows:

1. A first approximation to the regional trend is estimated via
least squares fitting of a plane to the observed anomaly.
Search bounds for the plane parameters A, B and C are
also needed, and can be computed as follows: (i) se-
lected a small gravity value, at the level of the observa-
tion error for example, it is sequentially added to each ob-
served anomaly and also sequentially a new plane is ad-
justed via least squares; (ii) from the obtained collection
of planes, the maximum and minimum values for A, B and
C parameters are extracted, conforming the [Amin, Amax],
[Bmin, Bmax], and [Cmin,Cmax] search bounds for them.

2. The next task consist in computing a first approximation to
the prisms bottom side height. After subtracting the com-
puted regional trend from the observations, the remaining
signal corresponds to the basin under study (plus the al-
ways present observational noise). Using these data, an
approximate depth model d0 is computed using the resid-
ual anomaly and applying to each individual prism a for-
mulation based on the standard Bouguer’s plate correction
formula, assuming a constant density contrast ∆ρ0 (Bar-
bosa et al., 1997) as follows:

d0
j =

|∆gres
j |

2πG∆ρ0
, (3)

where d0
j is the initial depth for the j-th prism (from 1 to

M), ∆gres
j is the residual gravity anomaly at the top center

of the prism, G is the Newton’s constant, and ∆ρ0 is the
prescribed constant density contrast (taking into account
the possible lateral variations). Then, factors kmin < 1.0
and kmax > 1.0 are applied to the approximate model d0 in
order to obtain its bounds as dmin = kmin · d0, and dmax =

kmax ·d0. Combined with the prisms top side heights zt, the
basement relief absolute height search bounds are zmin

b =

zt − dmax, and zmax
b = zt − dmin.

3. Finally, the complete model search bounds are created as
the combination of both, the bottom relief heights and the
regional trend parameters, as

m ∈
{[

zmin
b , Amin, Bmin,Cmin

]
,
[
zmax

b , Amax, Bmax,Cmax

]}
.
(4)

Prior information about known depths at particular locations
can be introduced in the search bounds. The search bounds for
the prisms containing these locations are modified according
the prescribed density values. This kind of search bounds mod-
ification is equivalent to the absolute constraints employed by
Barbosa et al. (1997).

Barbosa et al. (1997); Silva et al. (2006, 2009) imposed
smoothness conditions for the basement relief through a reg-
ularization term in the cost function. The purpose of this term,
called relative constraints in the literature, is stabilizing the in-
version and to produce smooth and geologically plausible mod-
els. The way of imposing relative constraints in PSO is different
from local optimization techniques. This kind of constraint is
needed in the solution of the basement relief inverse problem
via PSO, since the sampled models in absence of additional
constraints show a typical sawtooth shape that is not realistic
from a geological point of view. In this case the smoothness can
be achieved via a moving average filter (Pallero et al., 2015).

The coefficients for a filter window of determined size are
imposed, and each model is smoothed (only the prisms bottom
side heights) before computing its misfit via Eq. (2). The opti-
mal window filter size can be also considered as an additional
inversion parameter.

3.1. PSO parameter tuning
Parameter tuning (inertia, local and global accelerations) is

crucial important in PSO to achieve good results. Most of
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the publications use a unique parameter set for all the parti-
cles, that was deduced from numerical analysis (Carlisle and
Dozier, 2001; Clerc and Kennedy, 2002). Nevertheless it has
been shown (Fernández-Martı́nez and Garcı́a-Gonzalo, 2008,
2009) that these points are not unique, and their performance is
due to the fact that are located close to the upper border of the
PSO second order stability limit, where the attraction from the
oscillation center is weak, and the exploratory behavior of PSO
is very high because the variance of the trajectories, considered
as stochastic processes, is almost unbounded.

The algorithms used in this paper, as we did in Pallero et al.
(2015), belong to the category of free-parameter tuning, since
for all the PSO optimizers use their corresponding cloud ver-
sion, where each particle of the swarm have its correspond-
ing values of inertia, local and global accelerations, that are
selected in the neighborhood of the upper border of the cor-
responding second order stability regions (Fernández-Martı́nez
and Garcı́a-Gonzalo, 2009, 2012). Besides, each particle (geo-
physical model) has its corresponding time step ∆t, in this pa-
per varying randomly at each iteration between ∆tmin = 0.3
and ∆tmax = 1.5. The ∆t parameter greatly influences the ex-
ploratory behavior of each PSO member: the exploration of the
search space increases when ∆t is greater than 1.0. Conversely
the algorithm becomes more exploitative when ∆t is lower than
1.0.

4. Numerical experiments with synthetic examples

In this section, the methodology will be tested using synthetic
models for the noise-free and noisy cases. The synthetic basin
relief model is based on a quadratic function and is composed
by 400 right rectangular prisms of 250 × 250 m in X and Y
directions, which top sides are all located at 1000 m height. The
maximum depth is located at the center of the basin and reaches
500 m, while the shallower prisms are located at the NW, NE,
SW and SW corners, reaching a depth of 20 m (Fig. 1 shows
the depth map). The density contrast between the sediments
and the basement was selected to be variable with depth, and
it is composed by two layers of constant density. Also, lateral
density variations are considered for the half North and South
sectors. The contrast density model can be seen in Table 1.

4.1. Noise-free case
The Bouguer’s anomaly was generated, using Eq. (3), at 229

observation points, located at the same height of the prisms up-
per sides (1000 m). 225 of them are regularly spaced form-
ing a 321 × 321 m grid, and the last 4 are located at the cor-
ners, outside the model. A plane regional trend of parame-
ters A = −114.00 mGal, B = −1.263158 · 10−3 mGal/m, and
C = 5.894737 · 10−3 mGal/m was also added to the generated
observations. Fig. 2 (upper) shows the original anomaly and the
observation points. Then, the regional trend search bounds are
estimated using all the observed anomalies as it was explained
previously in Sect. 3, obtainig as search limits the following
intervals:

• A ∈ [−114.55,−113.95] mGal,

• B ∈ [−1.29,−1.24] · 10−3 mGal/m, and

• C ∈ [5.86, 6.13] · 10−3 mGal/m.

The initial residual gravity corresponding to the basin mass
anomaly is computed by subtracting the adjusted regional trend
from the observed anomaly and can be shown in Fig. 2 (mid-
dle). Although the true model has horizontal symmetry, it can
be observed that the minimum is not located at the basin center,
due to the lateral density variations. Finally, the initial depth
model computed using the residual anomaly and Eq. (3) to de-
sign the search bounds is shown in Fig. 2 (bottom). The cor-
responding search space was generated following Sect. 3 with
kmin = 0.5 and kmax = 2.0.

As we did in Pallero et al. (2015) different members of the
PSO family (GPSO, CC-PSO, CP-PSO, PP-PSO and RR-PSO)
have been analyzed. In this case, only relative constraints were
imposed, using a filter window of size 5 × 5 points, and values



0.7669 0.8471 0.8757 0.8471 0.7669
0.8471 0.9358 0.9673 0.9358 0.8471
0.8757 0.9673 1.0000 0.9673 0.8757
0.8471 0.9358 0.9673 0.9358 0.8471
0.7669 0.8471 0.8757 0.8471 0.7669


, (5)

which was created based on a bi-dimensional normal distribu-
tion with σ = 2. The swarm size was fixed to 35 particles (mod-
els), and the number of iterations was 150. Therefore, 5250
forward evaluations were performed in each experiment.

Different plots were produced:

1. Fig. 3 (top) shows the relative error for the best model
through iterations. This convergence curves shows a high
variability in the CP-PSO member, which implies a very
exploratory character. Also CC-PSO and GPSO are ex-
ploratory versions and get stabilized in the region of 2%
relative error. RR-PSO and PP-PSO have a more exploita-
tive character, showing a constant relative error decreasing
behavior.

2. Fig. 3 (bottom) shows the dispersion curves, which pro-
vide a measure of the swarm collapse with the iterations
given by the median distance in each iteration between the
different particles of the swarm and their center of grav-
ity (normalized by the median distance in the first itera-
tion, 100% dispersion). A dispersion lower than 5% would
mean that the swarm has collapsed into an unique particle.
This situation must be avoided (using a correct parameter
tuning) to perform a fear sampling of the nonlinear equiv-
alent region. GPSO, CC-PSO and CP-PSO show clearly
an exploratory character. RR-PSO and PP-PSO show dis-
persions below 5% after iterations 60 − 100, respectively.
Moreover, the ∆t parameter selection was set randomly be-
tween the limits ∆tmin = 0.3 and ∆tmax = 1.5. The ∆t pa-
rameter serves to disperse the swarm and exploring the un-
certainty space when the swarm is about to collapse. This
fact can be observed for example in the PP-PSO case at
iteration 80th, when the dispersion jumps up till 10%.

3. Fig. 4 shows the best model estimated by PP-PSO. Fig. 4
(top) shows the residual gravity anomaly produced by this

4
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model, while Fig. 4 (bottom) represents the basin esti-
mated depths. The relative error for this best model is
1.07%, and was computed as

cr(zb) =
‖∆gobs − ∆gcom‖2
‖∆gobs‖2 · 100, (6)

where ∆gobs is the observed anomaly and ∆gcom the com-
puted one with the best depth model. The regional
trend best coefficients for the PP-PSO solution were A =

−114.01 mGal, B = −1.277962 · 10−3 mGal/m, and C =

5.998566 · 10−3 mGal/m. Fig. 5 shows two profiles from
the PP-PSO best model plus the 10% equivalence region,
the true model and the residuals in the observation points.
Fig. 5 (top) is a West-East profile crossing the deepest
basin point (index i = 10, according to Fig. 1), while Fig. 5
(bottom) is the North-South profile of index j = 10. It
can be seen that the best estimated model matches the true
one. In the North-South profile (bottom) it can be seen a
systematically slightly over-determination in the northern
depths and under-determination in the south. This can be
interpreted as an effect of the joint regional trend deter-
mination and the lateral density variation: the estimated
parameter C, the Y axis plane slope shows the greatest dif-
ference compared with its corresponding true value. The
gravitational effect of the lateral density variation can be
partially absorbed as trend signal, so this fact must be
taken into account in the posterior interpretation of the re-
sults. In order to mitigate this effect in real environments,
we propose to work with observed points not only con-
tained in the basin, but also to consider observations in
the surroundings, located farthest from the working area.
These points are not so affected as the interior ones by the
lateral density variations, and can be used for the initial es-
timation of the regional trend parameters and the search-
ing bounds. Fig. 6 (top) shows the North-South profile
( j = 10) corresponding to RR-PSO. It shows similar char-
acteristics as the PP-PSO solution, with slightly lower rel-
ative error. Fig. 6 (bottom) shows the North-South profile
j = 10 found by CC-PSO. Although the relative error is
1.92%, the bottom relief shape deviates from the true so-
lution.

4. Finally, Fig. 12 (top) shows the interpolated cost function
topography in the 2D-PCA space, in the region of equiva-
lence (see details in Pallero et al. (2015)). This graph also
serves to analyze numerically the effect of the noise in the
inversion. It will be discussed later in the paper, when an-
alyzing the noisy case.

4.2. Noisy case
In this example, the basin is the same as in the previous one

that can be seen in Fig. 1. The observation points are also 229
(located also at height of 1000 m), but in this case they are not
evenly distributed and the observations have been perturbed by
a random white noise with normal distribution N(0, 500) µGal.
The relative misfit for the true model was 5.95%. The swarm
size was 70 models, and the number of iterations 150. The

rest of the numerical parameters of the experiment remained
unchanged with respect to the previous example.

Fig. 7 (upper) shows the original anomaly and the observa-
tion points. The regional trend searching bounds are in this case

• A ∈ [−114.25,−113.89] mGal,

• B ∈ [−1.29,−1.20] · 10−3 mGal/m, and

• C ∈ [5.80, 5.98] · 10−3 mGal/m.

Fig. 7 (middle) shows the initial residual gravity correspond-
ing to the basin mass anomaly minus the adjusted regional
trend. Fig. 7 (bottom) shows the initial depth model, from
which the search bounds for depths are computed using kmin =

0.5 and kmax = 2.0.
The main conclusions of this analysis are the following:

1. The convergence curves are shown in Fig. 8 (top). In
this case, CC-PSO, PP-PSO and RR-PSO are the most ex-
ploitative algorithms. The algorithm that reaches the min-
imum relative error is RR-PSO, as in the noise-free exam-
ple. CP-PSO is again the more exploratory algorithm.

2. Fig. 8 (bottom) shows the dispersion curves. As in the
noise-free case, CC-PSO, GPSO and CP-PSO show a clear
exploratory character. PP-PSO and RR-PSO dispersion is
below 5% at the end of the exploration process, but have a
good exploratory character until iterations 80 − 100.

3. Fig. 9 shows the best model estimated by PP-PSO (top),
RR-PSO (middle), and CC-PSO (bottom). All the PSO
versions estimate a maximum depth greater than the true
depth, and also not in the true location. The CC-PSO so-
lution has also a non-smooth character. PP-PSO provided
the best solution. The estimated best regional trend for the
PP-PSO solution are A = −113.95 mGal, B = −1.279687 ·
10−3 mGal/m, and C = 5.904982 · 10−3 mGal/m. Fig. 10
shows the West-East profile number 8 (top), and the North-
South one number 12 (bottom) provided by PP-PSO. It
can be seen that the true model is contained in the 10%
equivalent region. Fig. 11 (top) shows the North-South
profile number 13 for the RR-PSO solution. In this case,
the true model is almost contained in the 10% equivalent
region, but there is more prisms with the true depths out-
side the 10% equivalent region than in the PP-PSO case.
Fig. 11 (bottom) corresponds to the North-South profile
number 13 of the CC-PSO solution. In this case, the solu-
tion is not as smoother as the PP-PSO and RR-PSO solu-
tions.

4. Fig. 12 shows the cost function topography deduced from
the PP-PSO samples. The top panel shows the noise-free
case, and the bottom panel, the noisy case. As it was
pointed in (Fernández-Martı́nez et al., 2014a,b) the noise
decreases the size of the region of lower misfits and shifts
the location of the maximum depth with respect to its true
position. Similar plots were obtained for other PSO fam-
ily members. It can be also observed that relative misfit
for the best model is smaller than the relative misfit for
the true solution, as it was pointed in (Fernández-Martı́nez
et al., 2012a, 2013, 2014a,b).

5

3.5. Article 5 119



5. Real example: The Argelès-Gazost basin

In this section, the proposed PSO method is applied to the
inversion of available gravity data on the Argelès-Gazost basin,
an ancient glacial valley located in the French Pyrenees moun-
tain range, that is now occupied by the Gave de Pau river
(Fig. 13). This area is characterized by a low density sedimen-
tary filling of a pre-existing basement depression (older sub-
stratum), and represents a suitable case for the basement relief
modeling of a sedimentary basin. It has been also subjected to
recent geophysical studies, including 2D and 3D gravity data
inversion. Therefore, it provides a good reference for testing
the proposed 3D inversion methodology.

The Argelès-Gazost depression was formed and occupied by
a glacier that belonged to a larger ice tongue overlying this
Pyrenean region in the Quaternary times. Nowadays, this val-
ley mainly surrounded by limestones and flyschs, and filled by
Quaternary deposits (Alimen, 1964) and lying at an elevation
of about 450 m is almost flat with width varying between 1 km
and 2 km for a length of about 7 km (Fig. 13).

Within the last few years, two gravity surveys have been car-
ried out in this valley with the aim to determine the 2D or 3D
geometry of the basement relief (Perrouty, 2008; Moussirou,
2013). These new observations were acquired using relative
Scintrex CG3/CG5 gravity meters (#9408268 and #9002136
from GET/IRD) and tied to absolute gravity stations recently
determined in this area by IGN France and available from the
BGI global Absolute gravity database (Wilmes et al., 2009;
Wziontek et al., 2012). Stations coordinates were obtained from
precise GPS positioning (differential measurements using dual-
frequency GPS receivers) and processing (GAMIT/GLOBK
software1). The whole gravity data set, complemented with
previous observations available from the Bureau Gravimétrique
International (Drewes et al., 2012), has been reduced using
CG3TOOL (Gabalda et al., 2003) and GEOSOFT Oasis Montaj
software2 in order to provide precise complete Bouguer anoma-
lies, including terrain corrections computed from the SRTM
90 m resolution3. The final gravity data set used in this study
is shown in Fig. 13 and contains 117 points. Among them 69
points are located inside the basin, while the remaining are lo-
cated in the surroundings. Due to the uncertainties on both,
gravity and coordinates data acquisition, and processing and
according to Perrouty et al. (2015), the final accuracy of the
Bouguer’s gravity anomaly (computed for a density reference
value of 2600 kg/m3) is estimated to be less than 0.5 mGal in
zones of steep relief, and probably higher in zones of flat relief
where the effect of topography is reduced.

The same dataset was also interpreted by Moussirou (2013).
In order to ease the comparison of the results, the same refer-
ence value of ∆ρ = 600 kg/m3 for density contrast between the
sediments and the basement was used. No absolute constraints
on the basement depths were set up. The average distance
between the observed points being about 280 m. Therefore,

1http://www-gpsg.mit.edu/~simon/gtgk/index.htm.
2http://www.geosoft.com/products/oasis-montaj/.
3http://www.cgiar-csi.org/data/srtm-90m-digital-elevation-database-v4-1.

prisms of horizontal size equal to 225 × 225 m were selected
for the basin discretization, resulting in a set of 300 prisms.
The following PSO parameters were used here: (i) PP-PSO al-
gorithm, (ii) swarm size of 200 models, (iii) 200 iterations, and
(iv) plane approximation for modeling the regional trend. For
the relative constraints, a filter window of size 5 × 5 points was
used, whose coefficients were



0.3459 0.4220 0.2652 0.0858 0.0143
0.4220 0.7669 0.7176 0.3459 0.0858
0.2652 0.7176 1.0000 0.7176 0.2652
0.0858 0.3459 0.7176 0.7669 0.4220
0.0143 0.0858 0.2652 0.4220 0.3459


, (7)

which was created based on a bi-dimensional normal distribu-
tion of σ1 = 1 in NW-SE direction, and σ2 = 0.5 along the NE-
SW direction. The basin has its main dimension in the NW-SE
direction, and the residual anomaly shows a similar trend. The
NW-SE aligned prisms are constrained stronger than the NE-
SW prisms, since this direction corresponds to the narrowest
part of the basin.

Fig. 14 shows the residual anomaly (left) produced by the
inverted best model, and the corresponding depths (right).
As expected, the overall pattern of the gravity effect of our
model is very similar to those previously found by other au-
thors. The minimum anomaly is about −5.7 mGal and the
regional trend parameters corresponding to this best model
are A = −63.61 mGal, B = 3.607915 · 10−4 mGal/m, and
C = 3.486091 · 10−3 mGal/m, (A is referred to the point
P = (738158.216, 4765095.343) m). Considering the previous
results, Perrouty (2008) and Moussirou (2013) deduced from
their modeling a minimum gravity effect of −5.2 mGal and
−5.6 mGal respectively (Perrouty (2008) considered a 3rd de-
gree surface and Moussirou (2013) a plane as regional models
in the computation of the residual gravity field produced by the
basin itself). Moreover, the dataset used by Moussirou (2013)
contained 24 additional observations with respect to the dataset
used by Perrouty (2008). In this paper we have used the former
dataset (Moussirou, 2013).

Fig. 14 shows the best depth model inferred from the 3D in-
version. It can be observed a mean depth of about 150 m with a
maximum value reaching 332.7 m. Fig. 15 shows different sec-
tions of this depth model, including the equivalence region of
15% relative error (the best model has a relative error of 9.72%).
The West-East profile is shown in the top of this figure, and the
North-South is shown in the bottom, and contains the deepest
point in the basin at prisms indexes i = 36 and j = 13 (see
Fig. 14). The analysis of the 15% equivalence region shows
that the deepest point lies in the range of [288, 379] m depth
from the surface. This uncertainty at 15% level of relative error
deduced from the PSO inversion encompasses the depth value
obtained for the same point (300m) by Moussirou (2013) using
the 2D1/2 modeling (Cady, 1980). Perrouty (2008) obtained a
shallower maximum depth of 250 m but as stated above, this
model was constrained by a lower number of observations. It
is interesting to note that the maximum depth value (234 m)
estimated by Perrouty et al. (2015) using the same dataset and
density contrast falls out of the 15% equivalence region. Even if
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a distinct 3D modeling technique was used (Virtual Prism mag-
netic and gravity inversion) following Fullagar et al. (2008),
it is more likely that such difference is not related to the in-
version process but to the fact that the 3rd degree surface used
by Perrouty et al. (2015) to model the regional trend may have
absorbed part of the Bouguer’s signal. This is confirmed by
the amplitude of the residual anomaly obtained by Perrouty
et al. (2015) for the Argelès-Gazost valley, that reaches only
−4.2 mGal, which leads to a significant underestimation of the
thickness of the sedimentary basin.

Therefore we can conclude that the result achieved by PSO is
consistent with previous results obtained for the Argelès-Gazost
basin. Moreover, it served to quantify the uncertainty in the
inverted depth model. The proposed 3D inversion methodology
includes a regional trend modeling and the consideration of the
topography of the gravity stations, as we previously did in our
2D approach (Pallero et al., 2015), and appears to be a suitable
tool for fast and accurate 3D dimensional modeling of basement
relief in sedimentary basins.

6. Conclusions

In this paper we have presented the design and application
of a whole family of PSO optimizers to the 3D gravity inver-
sion and model appraisal (uncertainty assessment) of basement
relief estimation in sedimentary basins, that are discretized as
aggregates of right rectangular prisms. Density variability with
depth and laterally and regional trend estimation are taking into
account. The algorithm performance is analyzed for two syn-
thetic data sets (noise-free and white Gaussian noise cases)
showing very acceptable results. The parameter tuning of all
these algorithms is automatically performed based on stability
considerations (cloud versions). Particularly, monitoring their
respective dispersion curves is of paramount importance to en-
sure a correct sampling of the nonlinear uncertainty region. The
effect of noise in inversion has also been analyzed via princi-
pal components analysis of the nonlinear equivalent models that
have been sampled, illustrating the theoretical results that have
been shown in Fernández-Martı́nez et al. (2014a,b). This analy-
sis serves to urge for the need of performing a correct nonlinear
uncertainty analysis in inversion.

Finally, a data set from the Argelès-Gazost basin (France)
has been modeled using this methodology, to demonstrate that
PSO is able to generate geologically plausible models that are
consistent with those that have obtained by other well known
classical approaches, but without uncertainty assessment. The
PSO methodology that is proposed in this paper appears as a
powerful tool for estimating the basement relief of sedimen-
tary basins and their corresponding uncertainties. Moreover,
as the inversion procedure takes into account the actual topog-
raphy of the gravity observations and enables a separation of
regional/residual anomalies, it is believed to be of special inter-
est in many geological and geophysical applications requiring
accurate estimation of basement relief of sedimentary basins.
Further efforts will be made to make this software publically
available.
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AppendixA. Gravity attraction of a right rectangular
prism with constant density

Let a right rectangular prism of constant density ρ, defined
by its extreme coordinates (xm, ym, zm) and (xM , yM , zM), where
the m subscript stands for minimum, and the subscript M for
Maximum. Let P(xp, yp, zp) be an exterior point, as shown in
Fig. 16. Let the boundary coordinates of the prism referred to
the point P be

(x1, y1, z1) = (xm, ym, zm) −
(
xp, yp, zp

)
, (A.1)

(x2, y2, z2) = (xM , yM , zM) −
(
xp, yp, zp

)
.

Then, the exact vertical gravitational attraction generated by
the prism at P can be written (Nagy et al., 2000) as

FN = Gρ

∣∣∣∣∣∣∣

∣∣∣∣∣∣

∣∣∣∣∣x ln (y + r) + y ln (x + r) − z arctan
xy
zr

∣∣∣∣∣
x2

x1

∣∣∣∣∣∣
y2

y1

∣∣∣∣∣∣∣

z2

z1

,

(A.2)
where G is the Newton’s constant, and r =

√
x2 + y2 + z2.

The evaluation of ln and arctan functions in Eq. A.2 is an
intensive computational task since the exact gravity attraction
computation involves a high number of prisms and observation
points. When the distance from the point P to the prism is large,
the gravitational attraction can be approximated (MacMillan,
1958; Fullea et al., 2008) as follows:

FM = Gρ∆x∆y∆z
{

1
r2 +

5
24r6 [V1 + V2 (A.3)

+V3

(
1 − 2r2

5z2

)]}
z
r

+ o
(

1
r11

)
,

where

V1 =
(
2∆x2 − ∆y2 − ∆z2

)
x2,

V2 =
(
2∆y2 − ∆x2 − ∆z2

)
y2,

V3 =
(
2∆z2 − ∆x2 − ∆y2

)
z2, (A.4)

r =

√
x2 + y2 + z2,

(∆x,∆y,∆z) = (x2 − x1, y2 − y1, z2 − z1) ,

(x, y, z) =

( x1 + x2

2
,

y1 + y2

2
,

z1 + z2

2

)
,

and (x1, y1, z1) and (x2, y2, z2) are the coordinates defined in
Eq. (A.1).
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Menéndez-Pérez, C. O., 2006. Application of the particle swarm optimiza-
tion algorithm to the solution and appraisal of the vertical electrical sounding
inverse problem. In: 11th Annual Conference of the International Associa-
tion of Mathematical Geology (IAMG ’06), Liège, Belgium.
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Table 1: Density contrast model for the synthetic examples.
Row indices start at 1 in the North border.

Figure 1: True basin depth model for synthetic examples.
Figure 2: Noise-free problem model. Top: observations

(model gravity anomaly plus regional trend). Middle: ini-
tial model gravity anomaly (observations minus initial regional
trend). Bottom: initial depth model based on Eq. (3). Grav-
ity values have been interpolated at the prisms centers only for
visualization purposes.

Figure 3: Convergence (top) and dispersion (bottom) curves
for the noise-free case.

Figure 4: Gravity anomaly due to the best model (top) and
depths (bottom) for the PP-PSO noise-free best solution.

Figure 5: Best model solution profiles for the noise-free case
using the PP-PSO algoritm. Top: WE profile number 10 (ac-
cording to the indices in Fig. 1). Bottom: NS profile number
10. The central prisms in both profiles coincice with the basin
deepest area.

Figure 6: North-South best model solution profiles for the
noise-free case using the RR-PSO algoritm (top), and CC-PSO
(bottom).

Figure 7: Noisy N(0, 500) µGal problem model. Top: ob-
servations (model gravity anomaly plus regional trend). Mid-
dle: initial model gravity anomaly (observations minus initial
regional trend). Bottom: initial depth model based on Eq. (3).

Figure 8: Convergence (top) and dispersion (bottom) curves
for the noisy N(0, 500) µGal case.

Figure 9: Best model depths for the PP-PSO noisy
N(0, 500) µGal case (top), RR-PSO (middle), and CC-PSO
(bottom).

Figure 10: Best model solution profiles for the noisy
N(0, 500) µGal case using the PP-PSO algoritm. Top: WE pro-
file number 8. Bottom: NS profile number 12.

Figure 11: North-South best model solution profiles for the
noisy N(0, 500) µGal case using the RR-PSO algoritm (top),
and CC-PSO (bottom). Both are NS profile number13.

Figure 13: Localization of the Argelès-Gazost basin (France)
and distribution of gravity data (black dots) used as a real case
application for this study. Isolines denote the topographic vari-
ations in meters and names correspond to the main cities. The
blue contour underlines the limit of the sedimentary filling of
the basin considered in the gravity inversion.

Figure 14: Computed anomaly (left) and depth model (right)
for the Argelès-Gazost sedimentary filling corresponding to the
best model estimated from the gravity inversion using the PP-
PSO algorithm (9.72% relative mistfit).

Figure 15: Best model solution profiles crossing the max-
imum basin depth for the Argelès-Gazost sedimentary basin
model presented in Fig. 14. Top : WE profile along the prism
index i = 36. Bottom: NS profile along the prism index j = 13.
The 15% equivalence region estimated for the depth estimation
is reported.

Figure 16: Three dimensional schematic situation of a right
rectangular prism and an attracted exterior point P(xp, yp, zp).

9

3.5. Article 5 123



ρ: prism density, (xm, ym, zm): minimum coordinates, and
(xM , yM , zM): maximum coordinates of the prism sides.

LIST OF TABLES

Table 1:
Row index Depth (m) ∆ρ (kg/m3)
i = 1, . . . , 10 0.0 −600.0

199.999 −600.0
200.001 −500.0

i = 11, . . . , 20 0.0 −650.0
299.999 −650.0
300.001 −550.0
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Chapter 4

Other publications

Introduction
This chapter includes two international congress contributions, which complement the main core
of the PhD Thesis. In both cases, the contribution was in the modality of oral communication
plus extended abstract, being the documents published in the corresponding proceedings. These
contributions were preliminary results of articles 2 and 3, in preparation at the time when the
symposia took place.

Regarding the quality indicators, both congress were international and the contributions
were peer-reviewed before their approval. One of these contributions (the work presented at the
IAMG symposium) is included in the Conference Proceedings Citation Index.
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Abstract
Inverse problems are a special kind of optimization problems since the cost function involves observed

data that is always affected by noise. This paper analyses the effect of noise in data and the effect of the
regularization in the cost function topography for linear and nonlinear inverse problems. In the case of
ill-conditioned inverse problems the noise in data is amplified back to the model parameters providing
spurious solutions if no regularization techniques are used. Furthermore, the noise shifts the least squares
solution of the linear system and deforms homogeneously the region of equivalence which is limited by a
hyper-quadric surface. The zero-order Tikhonov’s regularization with a model of reference serves to limit
the axes of hyper-quadric surface in the directions that span the kernel of the forward operator and to inform
the model components of the solution that originally resided in the kernel. In the case of nonlinear inverse
problems the effects are similar to the linear case, but the noise deforms the topography non-homogenously.
The effect of the regularization in the linearized inverse problem is similar to the linear case, although it
does not provoke the disappearance of the nonlinear equivalent models. Finally, the linearized and nonlinear
uncertainty analyses generally provide very different risk assessment conclusions.

Nomenclature

Roman symbols
c(m) Cost function
dobs Observed data
dtrue Noise-free data
F Forward operator
HCm0 Hessian matrix
JFm0

Jacobian of F
Ltol Linear equivalence region

m Model parameters
mref Reference model
mtrue True model
tol Tolerance value
Vtol Nonlinear equivalence region
Greek symbols
δd Noise in data
ε2 Damping parameter
Σ Singular value matrix from SVD

Introduction
Most inverse problems in science and engineering can be written in discrete form as F(m) ≈ dobs,

where m = (m1,m2, . . . ,mn) ∈ M ⊂ Rn are the model parameters, dobs ∈ Rs are the observed data,
and F(m) = [f1(m), fs(m), . . . , fs(m)] represents the forward model, where fi(m) is the scalar field
that serves to predict the i-th data. The inverse problem is linear if the forward operator is linear, that is,
the forward operator F depends linearly on the model parameters m, in which case F is represented by a
rectangular matrix of s rows and n columns.

Uncertainty in the solution is an intrinsic feature in linear and nonlinear problems. In linear inverse
problems the region of equivalence Ltol =

{
m : cp(m) =

∥∥Fm− dobs
∥∥
2
≤ tol

}
is the set of models that

are located within the hyper-quadric surface in Rn ([1])

mTFTFm− 2mTFTdobs + dobs
T
dobs − tol2 = 0. (1)

1
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The fact that the matrix of the hyper-quadric FTF is semi-definite positive (with positive or null sin-
gular values) implies that the hyper-quadric containing the equivalent models is an hyper-ellipsoid or an
hyper-elliptical cylinder. In the case of purely overdetermined linear inverse problems the hyper-quadric is
a single hyper-ellipsoid centered at the least-squares solution of the linear system. The lengths of the semi-
axes of the hyper-quadric of equivalence are 1/µk, which implies that the model parameters are more un-
certain in the directions corresponding to the smaller singular values. For nonlinear inverse problems, it can
be applied the same kind of reasoning as we have for the linear inverse problem to characterize local regions
of equivalence around a certain model m0 belonging to the nonlinear region of equivalence ([1]). Let us
define the region of nonlinear equivalence of value tol as Vtol =

{
m : cp(m) =

∥∥F(m)− dobs
∥∥
2
≤ tol

}
,

and let us suppose that we have at our disposal a model m0 ∈ Vtol. Considering a Taylor series expansion
in m0, we have

F(m) = F(m0) + JFm0
(m−m0) + o (‖m−m0‖2) , (2)

where JFm0 =
(
∂F
∂m1

, ∂F
∂m2

, . . . , ∂F
∂mn

)
m0

is the Jacobian matrix of F(m) at m0, and o (‖m−m0‖2) is

a vector function that vanishes faster than ‖m−m0‖2.
The first-order approximation of the nonlinear equivalent region Vtol is the linearized hyper-quadric

Ltol(m0) =

=
{

m : cp(m) = (m−m0)TJFTm0
JFm0

(m−m0) + 2∆dTJFTm0
(m−m0) + ‖∆d‖22 ≤ tol

2
}
,

(3)

where ∆d = F(m0)− dobs.
JFTm0

JFm0
represents the Gauss-Newton approximation to the Hessian term of the cost function since

1

2
(m−m0)THCm0

(m−m0) =

= (m−m0)T

{
JFTm0

JFm0 +

s∑
k=1

[fk(m0)− dk]Hfk(m0)

}
(m−m0) ≈ (4)

≈ (m−m0)TJFTm0
JFm0

(m−m0)

The region of nonlinear equivalence Vtol has a valley shape, and cannot be straight since the nonlinearity
of the forward operator F causes the Jacobian to change continuously with the model m0. In conclusion, the
nonlinear region of equivalence has a meandering valley or croissant-shape. Further details can be consulted
in [1]. The term

∑s
k=1 [fk(m0)− dk]Hfk(m0) might cause the exact Hessian to lose its positive semi-

definite character, that is, the nonlinear equivalent region can be composed of several diconnected basins
of equivalent solutions. It is worth mentioning that most of the local optimization methods approximate
the curvature of the cost function by the linearized Hessian JFTm0

JFm0
, which is semi-definite positive.

Thus, the saddle points of the cost function cannot be found in this analysis, and the uncertainty is reduced
to the linearized hyper-quadric. Otherwise said, the local optimization methods are not designed to look
for different basins of solutions due to the numerical approximations used in their designed.

1. The effect of the noise in linear inverse problems
Noise is one of the main causes of uncertainty in inverse problems, together with incomplete data

coverage and the approximated forward physics. The observed data dobs are always affected by noise δd,
that causes the linear system to have no solution. This incompatibility is also caused by the fact that the
linear operator F is only an approximation of the reality. Due to this fact the inverse problem is solved
via linear least squares. The generalized solution of the least-squares problem is provided by the Moore-
Penrose pseudo-inverse (see for instance [2]).

Let us call dobs = dtrue + δd, where dtrue is the observed data that would be measured in absence of
noise (noise-free data), and mtrue the hypothetical model that has generated these data, that is, Fmtrue =

2
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dtrue. Then m† = F†dobs = F†(dtrue + δd) = mtrue + ∆m, with ∆m = F†δd = VΣ†UT δd =∑r
k=1

δdUk

µk
vk, being r the rank of F, and δdU = UT δd the noise referred to the data orthonormal

base U, provided by the singular value decomposition of the forward operator F = UΣVT . The model
perturbation ∆m can be split in two parts : one that provides the stable part, and other that causes the
noise in data to be amplified back into the model parameters providing equivalent solutions that in some
cases are considered to be spurious, if these solutions violate some physical constraints. This second part
is associated to the vk vectors of the V base corresponding to the vanishing singular values µk → 0. This
effect is known as the ill-conditioning of the discrete linear inverse problems. Also, in presence of noise the
solution m† found never coincides with true solution mtrue that has generated the observed data. The ill-
conditioned character of the discrete inverse problems does not only originate the numerical determination
of the model of lower misfit to be unstable, more important, is the origin of the uncertainty problem. The
condition number of the matrix F is defined as the ratio of the maximum and minimum singular values of
F

κ(F) =
µmax
µmin

=
1/µmin
1/µmax

, (5)

and κ(F) is related to the eccentrity of the linear region of equivalence as

ε =

√
1−

(
µmin
µmax

)2

=

√
1−

(
1

κ(F)

)2

. (6)

Ill-conditioned linear problems are those whose region of equivalence eccentricity tends to 1 and the
equivalent models are located in oblong and elongated rectilinear valleys of the cost function topography.
Thus, ill-conditioning should be also viewed as a geometric property of the linear region of equivalence
(hyper-quadric). Thus, the following alternative definition might be proposed : A linear inverse problem
F(m) ≈ dobs is ill-conditioned if the eccentricity of its region of equivalence is close to 1.

The noise also affects the size of the hyper-quadric, that is, the boundary of Ltol. In the case of an
incompatible overdetermined or a rank-deficient linear system, the hyper-quadric is

r∑
k=1

(
µkmV k − dobsUk

)2
= tol∗2 −

s∑
k=r+1

dobsUk
2
, (7)

with dobsUk = dtrueUk + δdUk. It can be observed that

1. The noise in data does not affect the matrix of the hyper-quadric FTF. Thus its principal axes V
remain unchanged.

2. The noise shifts the center of the hyper-quadric, which coincides with the least squares solution of
the linear inverse problem.

3. The noise in data deforms homogenously the topography of the unperturbed cost function in the
region of equivalent models, bounded by Ltol.

To prove the last assert, let us consider the hyper-quadric for the noise-free case

r∑
k=1

(
µkmV k − dtrueUk

)2
= tol2 −

s∑
k=r+1

dtrueUk
2
. (8)

The following condition has to be fulfilled for both hyper-quadrics (with and without noise) to have the
same axes length

tol∗ =

√√√√tol2 +
s∑

k=r+1

[
(dtrueUk + δdUk)

2 − dtrueUk
2
]

=

√√√√tol2 +
s∑

k=r+1

(δd2Uk + 2δdUkdtrueUk ). (9)

3
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Calling ∆tol =
∑s
k=r+1

(
δd2Uk + 2δdUkd

true
Uk

)
, we have that the regions of equivalence will decrease

in size if ∆tol > 0. Particularly this happens for white noise
∑s
k=r+1 δdUkd

true
Uk = 0. In this case,

locating the equivalence region of low misfits by means of global optimization methods becomes a harder
task because it has smaller size. Nevertheless, due to the presence of noise, the posterior search is usually
performed in regions of higher misfit than the ones corresponding to the noise-free case. This contributes
to the feeling that finding the regions of medium misfits becomes easier under the presence of noise when
in fact these region do decrease in size. Conversely, locating the global optimum of the perturbed cost
function inside this region by local optimization methods is easier since the minimum is better localized.
Although the noise δd does not affect the conditioning of the forward operator F, it could be interpreted
as a regularization since for the same value of the error tolerance the axis of the hyper-quadric become
smaller. Finally, in the case of color noise ∆tol might be negative and the regions of equivalence will
increase in size.

These theoretical results were confirmed via a synthetic numerical example concerning a linear re-
gression problem of the kind y = αx + β + δ, where (α, β) are the unknown model parameters and δ
represents the noise. The experiment consisted in generating a dataset of 100 different (xi, yi) points, sta-
ting as true (noise-free) model parameters αt = 4 and βt = 2. Two different levels of white Gaussian noise
δ1 → N(0, 0.05) and δ2 → N(0, 0.075) were added to the noise-free data. Fig. 1 (left) shows the 9%
contour lines of relative misfit for these three cases. According to Eq. (9) the original 9% equivalent region
corresponds in size to the regions of 10.12% and 11.88% for δ1 and δ2 respectively. Also the least squares
solutions in the noisy cases are shifted to the models (α1 = 3.90, β1 = 2.14) and (α2 = 3.84, β2 = 2.25).

2. The effect of the regularization in linear inverse problems
The zero-order Tikhonov regularization ([3]) is the most commonly method used to regularize ill-

conditioned inverse problems, stabilizing their solution by adding an extra-term to the cost functional that
penalizes the size of the solution∥∥Fm− dobs

∥∥2
2

+ ε2 ‖m‖22 = ‖m‖22 + mT
(
FTF + ε2In

)
m− 2mTFTdobs, (10)

where ε2 is the damping parameter and is close to zero. Now, the normal equations are (FTF + ε2In) =
Fdobs, and the operator FTF + ε2In becomes full rank so (FTF + ε2In)−1 exists and is continuous. This
is the reason why zero-order Tikhonov’s regularization stabilizes the inversion. Geometrically, Tikhonov’s
regularization has two main effects :

1. The linear hyper-quadric becomes a hyper-ellipsoid whose longer axes are 1/ε in the directions of
the V vectors spanning the null space of F, ker(F).

2. The center of the hyper-quadric is shifted to mε
c = (FTF + ε2In)−1FTdobs, that coincides with the

regularized solution of the linear system. Also the axes of the hyper-quadric are slightly rotated.

Obviously, these two effects are almost negligible when the regularization parameter tends to zero
(ε2 → 0). Thus, the main effect of regularization is to limit the length of the misfit valley, causing the
linear region of equivalence to become bounded. Although the zero order regularization is a practical way
of stabilizing the determination of the center of the linear hyper-quadric, its location is perturbed by the
presence of noise in data. In terms of the optimal solution found, the zero-order Tikhonov’s regularization
with no model of reference, does not add to the solution any effect from the base terms (the set of vectors
{vr+1, . . . ,vn} defined by the singular value decomposition of F) spanning the null space of F, since
referred to the V and U bases the solution is

mε
cV = (ΣTΣ + ε2In)−1ΣTdU =

r∑
k=1

µkdUk
µ2
k + ε2

vk. (11)

Nevertheless, when a prior model mref is used in the regularization term

min
m∈Rn

‖F(m)− d‖22 + ε2
∥∥m−mref

∥∥2
2
, (12)

4
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the solution referred to the V base becomes

mε
V = mref

V + (ΣTΣ + ε2In)−1ΣT∆drefU , (13)

where ∆drefU is the reference model data misfit referred to the U base, that is, ∆drefU = UT (dobs −
Fmref ). The solution can be expressed as

mε
V =

r∑
k=1

ε2mref
V k + µkdUk
µ2
k + ε2

vk +
n∑

k=r+1

mref
V k vk. (14)

All the vectors in the V base play a role in the regularized solution mε since the coordinates that
originally resided in the kernel of F are now informed by the reference model mref

V . Also, the coordinates
in the r first vectors of the V base are linear combinations of the reference model coordinates mref

V k and
the data dUk. The weights of the linear combination are respectively ε2 and µk. Thus, the reference model
serves to incorporate information from the kernel. The hyper-quadric in the regularized case is

r∑
k=1

(√
µ2
k + ε2mV k −

ε2mref
V k + µkd

obs
Uk√

µ2
k + ε2

)2

+ ε2
n∑

k=r+1

(
mV k −mref

V k

)2
=

= tol2 +

r∑
k=1

ε2mref
V k + µkd

obs
Uk√

µ2
k + ε2

−
∥∥dobsU ∥∥2

2
− ε2

n∑
k=1

mref
V k

2
(15)

The regularization also deforms the topography of the cost function with respect to the unregularized
case acording to the expression

tol∗i =

√√√√tol2 +
ε2

µ2
i

(
tol2 −

s∑
k=r+1

dobsUk
2

)
+

r∑
k=1

ε2

µ2
k + ε2

(
dobsUk − µkm

ref
V k

)2
. (16)

In this case the value tol∗i depends on the axe-index i, that is, this deformation is different for each axe
of the hyper-quadric. The regions with error tolerance tol > tolci (µi)

tolci (µi) =

√√√√ s∑
k=r+1

dobsUk
2 − µ2

i

r∑
k=1

1

µ2
k + ε2

(
dobsUk − µkm

ref
V k

)2
, (17)

decrease in size due to the effect of the regularization. The values of tolci (µi) depend on each singular
value, and thus, the axes of the hyper-quadric associated to the biggest singular values (the directions of
smaller uncertainty) might keep unchanged by the regularization, since tolci (µi) might not exist, being a
complex number. In conclusion, in linear inverse problems the regularization deforms homogeneously (it
does not depend on the model that has been considered) and anisotropically (depends on the axes of the
region of equivalence) the region of equivalence.

Fig. 1 (right) shows the effect of the regularization in the previous linear regression synthetic case.
The regularization parameter was set to ε2 = 0.5. The regularized least squares solution found was
(α = 3.84, β = 2.23). According to our analysis it is possible to observe that the 9% equivalent region
decreases in size with respect to the unregularized case, mainly on the directions of maximum uncertainty
that are associated to the smallest singular values of the forward operator. Using Eq. (16) this anisotropic
deformation can be computed, obtaining the values tol∗min = 9.01% and tol∗max = 9.46%.
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Fig. 1. Cost functions in linear problems. Left : effect of different levels of noise. Right : effect of the
regularization parameter.

3. The effect of the noise in nonlinear inverse problems
To explore how the noise affects the cost function landscape, let us denote cp(m) =

∥∥F(m)− dobs
∥∥2
2

the perturbed cost function under the presence of noise. We have

cp(m) =
∥∥F(m)−

(
dtrue − δd

)∥∥2
2

=

=
∥∥F(m)− dtrue

∥∥2
2

+ ‖δd‖22 − 2δdT
[
F(m)− dtrue

]
= (18)

= c(m)− 2δdT
[
F(m)− dtrue

]
+ ‖δd‖22 .

The necessary condition to find the solution model msol where the minimum of cp(m) is achieved is
∇cp(msol) = 0. Taking into account that ∇cp(m) = ∇c(m) − 2JFTmδd, then, the necessary stationary
condition implies ∇c(msol) = 2JFTmsol

δd, instead of ∇c(msol) = 0 for the free-noise case. This simple
analysis shows that in presence of noise the minimum of the perturbed cost function will never coincide
with the minimum in the free-noise case, which is the model that is supossed to have generated the observed
data. Also, the linearized equivalent region of value tol in a model m0 is the hyper-quadric

∆mTJFTm0
JFm0

∆m + 2 (∆d− δd)
T

JFm0
∆m + (∆d− δd)

T
(∆d− δd) ≤ tol2, (19)

with ∆d = F(m0) − dtrue and ∆m = m −m0. The center of the linearized hyper-quadric coincides
with the Gauss-Newton solution of the nonlinear inverse problem in m0 ([1])

∆mGN = −
(
JFTm0

JFm0

)†
JFTm0

(∆d− δd) = ∆mtrue
GN +

(
JFTm0

JFm0

)†
JFTm0

δd. (20)

The true solution mtrue
GN found by the Gauss-Newton method for the free-noise case is perturbed by the

noise δd through the Gauss-Newton pseudo inverse operator
(
JFTm0

JFm0

)†
JFTm0

. Now, considering the

singular value decomposition of JFm0 = UΣm0V
T we have

(
JFTm0

JFm0

)†
JFTm0

δd = V
(
ΣT

m0
Σm0

)†
ΣT

m0
UT δd =

r∑
k=1

δdUk
µk

vk, (21)

and the noise in data is amplified due to the action of the smallest singular values µk of the Jacobian JFm0
.

This effect is similar to the ill-conditioning effect shown for linear inverse problems, but in this case the

6
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amplification depends on the model m0 that is considered to perform the linearization. As in the linear
case, the noise does not affect the conditioning of the matrix of the linearized hyper-quadric, but deforms
the topography of the cost function in a non-homogeneous way. To prove this fact, let us reasoning using
the linearized region of equivalence calculated in the model m0. Referred to the U and V bases provided
by the singular value decomposition of the Jacobian JFm0

, the linearized region of equivalence of value
tol∗ is

∆mT
V ΣT

m0
Σm0

∆mV + 2∆bTUΣm0
∆mV + ‖∆bU‖22 < tol∗2, (22)

with ∆mV = VT∆m, ∆bU = UT (∆d− δd). Then, the linearized equivalent region of value tol in the
model m0 for the free-noise case is
r∑

k=1

(µk∆mV k + ∆dUk)
2

= tol2 −
s∑

k=r+1

∆d2Uk. (23)

Reasoning in a similar way to the linear case, the tol equivalent region in the noise-free case will have
the same size that the tol∗ region under the effect of noise and the relation of both tolerances is

tol∗ (m0; δd) =

√√√√tol2 +

s∑
k=r+1

(∆b2Uk −∆d2Uk). (24)

Now, denoting ∆ =
∑s
k=r+1

(
∆b2Uk −∆d2Uk

)
, we have

1. If ∆ > 0 then tol∗ (m0; δd) > tol. Thus the models have to be found in a region with higher misfit.
This case will generally apply for models with very small data misfits since ∆d2Uk → 0. Relatively,
the regions of lower misfits decrease in size with respect to the free of noise case.

2. If ∆ < 0 then tol∗ (m0; δd) < tol. This will happen for models with medium-high misfits if∑s
k=r+1

(
∆b2Uk −∆d2Uk

)
< 0. Thus, in presence of noise the models of medium-high misfits will

eventually increase in size.
3. This analysis depends on the model m0 that has been considered. These features will also explain

why global search methods perform well under the presence of noise for inverse problems where the
dimension is moderate and the forward problem is fast to be computed.

Finally, this analysis is only approximative since the higher order terms of the Taylor expansion have
not been taken into account. These terms will cause that the deformation has even more non-homogeneous
character depending how the noise project into these terms.

To show the effect of the noise in the nonlinear case we have analyzed a simple nonlinear regression
problem y = α

(
1− e−βx

)
+ δ, generating synthetically a dataset of 100 points. In addition to the true

noise-free solution (αt = 20, βt = 0.1), the problem was solved also adding a level of white noise of
δ → N(0, 0.05). The model (α0 = 19.0, β0 = 0.15) was set as initial model for the nonlinear least
squares optimization. Fig. 2 (left) shows the 9% linearized and full nonlinear contour lines of relative misfit
for these two cases. The background of the figure shows the contour lines of the corresponding noise-free
linearized problem. The nonlinear equivalence regions exhibit the croissant-shape which is typical from
nonlinear inverse problems ([1]). The hyper-quadric represents the linearized region of equivalence around
the solution that has been adopted. It is possible to observe that the linearized region of equivalence only
spans locally the region of nonlinear uncertainty. It can be also observed that both regions of equivalence
decrease in size when the level of noise increases.

4. The effect of the regularization in nonlinear inverse problems
Let us denote crp(m) =

∥∥F(m)− dobs
∥∥2
2

+ ε2
∥∥m−mref

∥∥2
2

the cost function with zero order regu-
larization, where the indexes p and r stand respectively for perturbed and regularized cost function. We
have

crp(m) = cr(m)− 2δdT
[
F(m)− dtrue

]
+ ‖δd‖22 , (25)

7
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where cr(m) = ‖F(m)− dtrue‖22 + ε2
∥∥m−mref

∥∥2
2

is the regularized cost function for the free-noise
case.

Imposing the stationary condition ∇crp(msol) = ∇cr(msol)− 2JFTmsol
δd = 0, that is, ∇cr(msol) =

2JFTmsol
δd. Thus, the noise affect the solution found also in the regularized case.

The nonlinear equivalent region fulfills

crp(m) ≤ tol2 ⇔ cr(m)− 2δdT
[
F(m)− dtrue

]
+ ‖δd‖22 ≤ tol

2. (26)

Now, adopting a linearization of cr(m) in a model m0 located on the nonlinear equivalent region, it is
possible to obtain the linearized region of equivalence for the regularized case

∆mTJFTm0
JFm0

∆m + 2(∆d− δd)TJFm0
∆m+

+ ε2
(
∆m−∆mref

)T (
∆m−∆mref

)
+ (∆d− δd)T (∆d− δd) < tol2. (27)

Considering the singular value decomposition of the jacobian JFm0
= UΣm0

VT , the equation of the
hyper-quadric referred to the U, V bases is

∆mT
V ΣT

m0
Σm0∆mV + 2∆bTUΣm0∆mV +

+ ε2
(

∆mV −∆mref
V

)T (
∆mV −∆mref

V

)
+ ‖∆bU‖22 < tol2, (28)

that is
r∑

k=1

(√
µ2
k + ε2∆mV k −

ε2∆mref
V k − µk∆bUk√
µ2
k + ε2

)2

+ ε2
n∑

k=r+1

(
∆mV k −∆mref

V k

)2
=

= tol2 +

r∑
k=1

(
ε2∆mref

V k − µk∆bUk

)2
µ2
k + ε2

− ‖∆bU‖22 − ε
2

r∑
k=1

∆mref
V k

2
(29)

Performing a similar analysis to the linear case, for the linearized equivalent regions with and without
regularizarion we arrive at a similar relationship to the linear case

tol∗i (m0) =

√√√√tol2 +
ε2

µ2
i

(
tol2 −

n∑
k=r+1

∆b2Uk

)
+

r∑
k=1

ε2

µ2
k + ε2

(
∆bUk + µk∆mref

V k

)2
, (30)

where tol∗i is the tolerance of the equivalent region in presence of regularization, and tol without it. In this
case, tol∗i (m0) depends on the model m0 that has been considered to perform this analysis.

The conclusions of this analysis are the following
1. The center of the linearized hyper-quadric provides the regularized solution of the linearized inverse

problem in m0.
2. The noise and the regularization deform nonlinearly the cost function topography in the neighbo-

rhood of m0 acting differently in each model component. Thus, the regularization and the noise in
data have similar effects on the cost function landscape, although some differences exist, since the
regularization also acts in an anisotropic fashion, deforming differently each axe of the linearized
region of the equivalence.

3. The nonlinear and linearized equivalent regions are completely different. It has been analytically
proved that the nonlinear equivalent region has a meandering valley shape. Also, there could be
other low misfit basins in the cost function landscape if the forward operator is not injective ([1]).
This is one of the main differences between the linear and nonlinear inverse problems. It can be
easily understood that in the non-injective case the regularization might provide different solutions
located in different basins of the nonlinear equivalent region, depending on the reference model that
has been adopted. These solutions might not coincide with the model parameters that have generated
the observed data.
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Fig. 2 (right) shows the effect of the regularization in the previous nonlinear regression synthetic case.
In this numerical example, the level of white noise was δ → N(0, 0.05), the regularization parameter was
set to ε2 = 0.5, the reference model mref was (αr = 15, βr = 0.07), and the initial model to perform
the nonlinear least squares optimization was (α0 = 19.0, β0 = 0.15). The figure shows the contour lines
of 9% relative misfit regions for the linearized and full nonlinear problems. It can be observed that the
linearized regions of equivalence decrease in size anisotropically as the regularization parameter increases.
The size of the nonlinear equivalent region also decreases in size less rapidly than the linearized equivalent
region.
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Fig. 2. Cost functions in nonlinear problems. Left : effect of noise.Right : effect of the regularization
parameter.

5. Conclusions
Anyone working on inverse problems is aware of their ill-posed character. In the case of inverse pro-

blems this concept, proposed by J. Hadamard in 1902 ([4]), admits revision since it is somehow related
to the use of local optimization methods. A more general definition would be to analyze the existence of
families of model parameters that are compatible with the prior information that predict the observed data
within the same error bounds. These models are called equivalent. Otherwise said, the ill-posed character
of discrete inverse problems (ill-conditioning) originates that their solution is uncertain. Traditionally non-
linear inverse problems in discrete form have been solved via local optimization methods with Tikhonov’s
regularization, but linear analysis techniques failed to account for the uncertainty in the solution that has
been adopted. As a result of this fact, uncertainty analysis in nonlinear inverse problems has been approa-
ched in a probabilistic framework (Bayesian approach), but these methods are hindered by the curse of
dimensionality and by the high computational cost needed to solve the corresponding forward problems.
Global optimization techniques are very attractive, but most of the times are heuristic and have the same
limitations than Monte Carlo methods. After the discredit of deterministic methods and some initial years
of Bayesian fever, now the pendulum seems to return back, because practitioners seem to be aware that
the uncertainty analysis in high dimensional nonlinear inverse problems cannot (and should not be) solved
via random sampling methodologies. The main reason is that the uncertainty space in nonlinear inverse
problems has a certain geometrical structure that is embedded in the forward physics and also in the obser-
ved data. Thus, problems with structure should be approached with techniques coming from linear algebra
and optimization theory. This research provides new insights to understand uncertainty from deterministic
point of view, particularly the role of noise and that of the regulrization in linear and nonlinear inverse pro-
blems. This understanding is a necessary step to design more efficient methods of sampling the uncertainty
space taking into account the geometric structure of the space of solutions, especially for high dimensio-
nal nonlinear inverse problems with very costly forward problems, as in the geometric sampling approach
([5]).
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Abstract The solution of geophysical inverse problems has an intrinsic uncertainty
that is mainly caused by noise in data, incomplete data sampling and simplified
physics. This paper analyzes the roles of noise in data and that of the regularization
for nonlinear inverse problems. We prove that noise deforms the topography of the
cost function non-homogeneously, generally decreasing the regions of low misfits.
As a result of this deformation, finding the global optimum by direct search methods
becomes a more difficult task. Nevertheless, noise acts similarly to a regularization
when local optimization methods are used. Tikhonov’s regularization transforms the
linearized hyper-quadric of equivalence from an elliptical cylinder to a very oblong
ellipsoid in the directions that originally spanned the kernel of the linearized forward
operator in absence of regularization, and also deforms anisotropically the regions
of equivalence. Prior models in the regularization term serves to inform the compo-
nents of the solution that locally belongs to the kernel of the Jacobian. Unfortunately
regularization does not cause the disappearance of the nonlinear equivalent models.
Thus a full nonlinear uncertainty analysis is still needed.
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Departamento de Matemáticas, Universidad de Oviedo, Oviedo, Spain, e-mail: mari-
anopg@educastur.princast.es

1

4.2. Publication 2 149



2 Pallero et al.

1 Effect of the noise in nonlinear inverse problems

It has been shown in [2] that in the case of nonlinear inverse problems the nonlinear
region of equivalence has a curvilinear valley shape, and depending on the injectivity
of the forward operator several basins of low misfit can coexist in the cost function
landscape. To explore in detail how the noise affects the cost function landscape for
this kind of problems, let us adopt a linearization of the forward operator F in a
model m0 that belongs to the nonlinear equivalent region of value tol:

Vtol =
{

m : cp (m) = ‖F(m)−dobs‖2
2 ≤ tol2

}
, (1)

where F : Rn → Rs, m ∈ Rn, dobs = dtrue + δd ∈ Rs, and δd represents the noise.
We have

F(m) = F(m0)+JFm0 (m−m0)+o(‖m−m0‖2) . (2)

Substituting Eq. (2) into Eq. (1) the linearized hyper-quadric Ltol of value tol in m0
is

∆mT JFT
m0

JFm0∆m+2(∆d−δd)T JFm0∆m+‖∆d−δd‖2
2 < tol2, (3)

where ∆m = m−m0, JFm0 is the Jacobian of F in m0, and ∆d = F(m0)−dtrue.
Taking into account ([1]) the singular value decomposition JFm0 =UΣm0VT , Eq.

(3) can be written as

∆mT
V Σ T

m0
Σm0∆mV +2∆bT

U Σm0∆mV +‖∆bU‖2
2 < tol2, (4)

where ∆bU = ∆dU −δdU = UT [F(m0)−dtrue−δd] and ∆mV = VT ∆m.
Calling r = rank

(
Σm0

)
and µk the corresponding singular values of Σm0 , the

linearized equivalent region of value tol in model m0 is then

r

∑
k=1

(µk∆mV k +∆bUk)
2 = tol2−

s

∑
k=r+1

∆b2
Uk, (5)

and for the free-noise case δd = 0
r

∑
k=1

(µk∆mV k +∆dUk)
2 = tol2−

s

∑
k=r+1

∆d2
Uk. (6)

The tol equivalent region in the noisy case, called now tol∗ (m0), will have the
same size as the tol region for the free-noise case under the condition

tol∗2 (m0)−
s

∑
k=r+1

∆b2
Uk = tol2−

s

∑
k=r+1

∆d2
Uk, (7)

then

tol∗ (m0) =

√
tol2 +

s

∑
k=r+1

(
δd2

Uk−2∆dUkδdUk
)
. (8)
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This analysis depends on the level of the noise and on the model m0 that is
considered. By continuity of the cost function there might exist a neutral line where
tol∗ (m0;δd) = tol (m0), so along it no deformation takes place. Inside the region
limited by this line we will have tol∗ (m0;δd) > tol (m0), and regions decrease
in size; and outside tol∗ (m0;δd) < tol (m0), that is, regions increase in size. In
conclusion, noise deforms the topography of the cost function non-homogeneously,
decreasing regions of low misfits and eventually increasing the regions of medium-
high misfits. The higher order terms (particularly the Hessian) that have not been
taken into account in Eq. (2) also induce a non-homogeneous deformation of the
nonlinear equivalence region.

In the case of linear inverse problems the deformation due to noise is homoge-
neous, and tol∗ does not depend on any model m0. Eq. (8) becomes

tol∗ =

√
tol2 +

s

∑
k=r+1

(
δd2

Uk +2dobs
Uk δdUk

)
, (9)

2 Effect of the regularization in nonlinear inverse problems

The nonlinear equivalent region of value tol for the zero-order Tikhonov regularized
inverse problem is

Vtol =
{

m : cp (m) = ‖F(m)−dobs‖2
2 + ε2‖m−mre f ‖2

2 ≤ tol2
}
, (10)

where ε2 is the regularization parameter, and mre f is a reference model. Performing
a similar analysis as in Sect. 1, we arrive to the expression for the linearized hyper-
quadric Ltol

r

∑
k=1



√

µ2
k + ε2∆mV k−

ε2∆mre f
V k −µk∆bUk√
µ2

k + ε2




2

+ ε2
s

∑
k=r+1

(
∆mV k−∆mre f

V k

)2
=

= tol2 +
r

∑
k=1

(
ε2∆mre f

V k −µk∆bUk

)2

µ2
k + ε2 −‖∆bU‖2

2− ε2
r

∑
k=1

∆mre f
V k

2
. (11)

Taking into account that the hyper-quadric for the non-regularized problem cor-
responds to Eq. (5), the tol equivalent region in the regularized case, called now
tol∗ (m0), will have the same size than the tol region for the non-regularized case
under the condition

√
tol∗2 (m0)+∆√

µ2
i + ε2

=

√
tol2−∑s

k=r+1 ∆b2
Uk

µi
, (12)
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where

∆ =
r

∑
k=1

(
ε2∆mre f

V k −µk∆bUk

)2

µ2
k + ε2 −‖∆bU‖2

2− ε2
r

∑
k=1

∆mre f
V k

2
. (13)

Then we arrive to

tol∗ (m0)i =

√√√√tol2 +
ε2

µ2
i

(
tol2−

s

∑
k=r+1

∆b2
Uk

)
+

r

∑
k=1

ε2

µ2
k + ε2

(
∆bUk +µk∆mre f

V k

)2
,

(14)
showing that the deformation of the linearized region of equivalence for the regular-
ized problem is non-homogeneous and anisotropic, depending on the values of each
principal axis stated by µi, and also on the selected model m0. Tikhonov’s regular-
ization might also be responsible for the introduction of local minima in the cost
function landscape ([2]).

3 Implications in applied geophysics and conclusions

The typical situation in geophysical inversion is to deal with data that has finite
dimension, is insufficient in number, and always inaccurate due to the effect of noise.
These features together with the modelling and numerical errors cause the inverse
solution to be uncertain, and the geophysical inverse problem has to be solved in two
different stages: solution optimization/search and appraisal. The appraisal stage (or
uncertainty analysis of the solution) is motivated by the fact that the observed data
does not contain enough information to determine a geophysical plausible unique
solution. Practitioners tend to underestimate the uncertainty of inverse problems
solutions relying on the fact that: 1) Uncertainty has in any case a random structure
impossible to be known. 2) Regularization techniques are the panacea and cause the
disappearance of the equivalent solutions. 3) Linearization techniques can provide
a precise idea about the solution that has been adopted. All these three assumptions
are not very precise, motivating in some cases the decisions that are taken based on
these solutions are also incorrect, inducing big economic loses.

This paper provides new insights to understand uncertainty in the solution of
inverse problem from a deterministic point of view. Further research is needed to
improve the understanding about the uncertainty of the solution in inverse problems.
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Capítulo 5

Conclusiones y líneas futuras

5.1 Conclusiones
Las principales conclusiones de esta Tesis Doctoral son:

1. Esta Tesis proporciona nuevos conocimientos que permiten la comprensión desde un punto
de vista determinista de la incertidumbre, paso necesario para el diseño posterior de méto-
dos eficientes de muestreo de las regiones de equivalencia en problemas inversos no lineales
de alta dimensión. Se propone una definición general del concepto de mal condicionamien-
to, basada en la estructura de las regiones de equivalencia. En esencia, la incertidumbre en
los problemas inversos no lineales no necesita ser tratada como un proceso aleatorio, ya que
las regiones de equivalencia tienen una interpretación algebraica natural. Los métodos de
optimización local pueden ser rediseñados para que realicen muestreo mientras optimizan,
para lo cual su carácter explorativo debe ser optimizado y sostenido.

2. En los problemas inversos lineales el ruido desplaza la solución estimada por los métodos
de mínimos cuadrados (solución que se corresponde con el centro de la hipercuádrica de
equivalencia) y deforma de manera homogénea la topografía de la función de coste. Se
proporciona también una interpretación geométrica del efecto de la regularización, la cual
actúa como limitación al tamaño de los ejes de la hipercuádrica de equivalencia en las
direcciones del núcleo del operador directo. Geométricamente, la hipercuádrica original,
que es un hipercilindro elíptico, se transforma en un hiperelipsoide cuyo centro coincide con
la solución regularizada del problema. Se ha evaluado cuantitativamente la deformación
de la función de coste en ambos casos, debido al ruido y debido a la regularización, y se
proporcionan las correspondientes ecuaciones para su cuantificación.

3. El ruido desplaza la solución estimada por los métodos clásicos de optimización no lineal
y deforma la topografía de la función de coste de manera no homogenea, en el sentido
de que dicha deformación depende del modelo inicial m0 elegido para la resolución del
problema. Bajo ciertas condiciones, el ruido hace que las regiones de equivalencia de buen
ajuste decrezcan en extensión y, al mismo tiempo, que las de ajuste medio aumenten en
tamaño. Esto dificulta la solución del problema inverso para los métodos de búsqueda
global, mientras que la detección de las zonas de ajuste medio se vuelve más fácil. El
papel de la regularización en las regiones de equivalencia linealizadas es similar al caso
de los problemas inversos lineales, deformándolas de manera no homogénea, actuando de
forma diferente en cada componente del modelo. La diferencia estriba en que en el caso
no lineal dicha deformación depende del modelo inicial m0. La regularización no causa la
desaparición de los modelos equivalentes, sino que sólo sirve para mejorar localmente el
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mal condicionamiento del jacobiano del operador directo. Además, las regiones de equiva-
lencia de los problemas no lineal original y linealizado son muy distintas. La linealización
aproxima únicamente de forma local dichas regiones de equivalencia y, para un nivel de
error dado, puede contener modelos con un error mayor que el especificado a la vez que
ignora otros modelos que sí entrarían en tolerancia. Aunque la regularización sirve para
estabilizar la inversión ante la presencia de ruido, la solución regularizada puede estar lejos
de la real, ya que pueden existir otras soluciones equivalentes en otras cuencas de la función
de coste. Debido a estos hechos, se puede afirmar que siempre es necesario un análisis no
lineal completo del problema en geofísica aplicada a fin de evaluar los posibles riesgos en
todo proceso de toma de decisiones.

4. Este análisis teórico de los efectos del ruido y la regularización abre nuevas posibilidades
para el diseño de algoritmos más eficientes de optimización y muestreo.

5. Se ha diseñado una aplicación práctica del algoritmo Particle Swarm Optimization (PSO)
para la resolución del problema gravimétrico inverso 2D y 3D en cuencas sedimentarias,
en su modalidad no lineal de determinación de la interfase de separación sedimentos-
basamento. Se detalla el método de diseño del espacio de búsqueda, así como la posibilidad
de uso de constreñimientos y su comparación con sus equivalentes en los métodos de
optimización local. Se han testeado los miembros GPSO, CC-PSO, CP-PSO, PP-PSO y
RR-PSO de la familia PSO, mostrando que se obtienen resultados realistas en cuanto a
la estimación del mejor modelo y el análisis de su incertidumbre, especialmente con el
miembro PP-PSO. Se ha aplicado el método a dos entornos reales, uno en 2D en Atacama
(Chile) y otro en un entorno 3D en la cuenca de Argelès-Gazost (Francia), obteniéndose
resultados compatibles con los obtenidos por otros métodos, pero añadiendo además una
estimación realista de su incertidumbre.

5.2 Líneas futuras de investigación

El desarrollo de esta Tesis Doctoral ha abierto varias líneas de trabajo que serán abordadas en
el futuro, las principales de las cuales son:

1. En esta Tesis sólo se han analizado los efectos del ruido y la regularización, pero otra
fuente importante del mal planteamiento de los problemas inversos es el hecho de que el
operador F, debido a los errores de modelado, es sólo una aproximación de la realidad. Una
importante línea futura de investigación es el estudio detallado del efecto de los errores
del operador F en los problemas inversos lineales y no lineales. Por otro lado, otra línea
de investigación consiste en el análisis del ruido y la regularización en problemas inversos
considerando funciones obletivo basadas en normas distintas a la L2.

2. Una línea inmediata de trabajo es la creación de un paquete de software para la solución
y el análisis de incertidumbre del problema gravimétrico inverso en cuencas sedimenta-
rias en 2D y 3D usando el algoritmo Particle Swarm Optimization. Los artículos 4 y 5
han demostrado en la práctica, mediante ejemplos sintéticos y reales, que el método es
una herramienta potente para la determinación de la interfase de separación sedimentos-
basamento y el análisis de su incertidumbre. El objetivo consiste en crear un software que
permita la utilización de los modelos 2D y 3D, proporcionando al usuario la posibilidad
de selección de parámetros como la resolución espacial del modelo, el modelo de variación
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vertical y horizontal de densidad a utilizar, funciones avanzadas de representación gráfica
de resultados y otras características relacionadas. Esta línea ha sido sugerida por Syl-
vain Bonvalot (Laboratoire GET (Université de Toulouse, CNRS, IRD, CNES) - Bureau
Gravimétrique International, Toulouse, France).

3. Una línea futura importante será la integración en el método gravimétrico propuesto (espe-
cialmente en 3D) de las técnicas de reducción de la dimensión desarrolladas en Fernández
Muñiz (2012). Aunque para problemas de tanmaño medio (el problema real resuelto en
el artículo 5 tiene 300 incógnitas, lo cual es un número de parámetros bastante común)
el tiempo de procesado es bajo, si la cuenca en estudio comprende un área muy grande
las dimensiones del problema se incrementan de manera rápida (para un área y prismas
cuadrados el número total de incógnitas es N2), lo que podría dar lugar a un problema
inabordable por métodos de búsqueda global si la capacidad de cómputo es limitada. La
aceleración del tiempo de cómputo es uno de los beneficios de las técnicas de reducción
de la dimensión. Por otro lado, se estudiará cómo las citadas técnicas mejoran el condi-
cionamiento del problema gravimétrico inverso, así como el modo en que la solución se ve
afectada por el efecto del ruido en los datos. Fernández-Martínez (2015) muestra avances
preliminares en este sentido.

4. Otra futura línea de investigación importante es la aplicación del algoritmo Particle Swarm
Optimization y de las técnicas de reducción de la dimensión a otros problemas geofísicos.
Una técnica interesante es el problema magnetotelúrico inverso, método mediante el cual se
puede determinar la estructura eléctrica y magnética del subsuelo a partir de mediciones
en superficie de los campos geomagnéticos y geoeléctricos naturales de la Tierra. Este
problema presenta, desde el punto de vista de esta Tesis, tres características importantes:
(i) un alto nivel de ruido en los datos observados, (ii) alto número de parámetros modelo,
y (iii) alto coste computacional del problema directo. Estas particularidades convierten al
método magnetotelúrico en un reto a la hora de ser abordado mediante el algoritmo PSO,
pero los buenos resultados obtenidos en la inversión gravimétrica indican que el problema
puede ser resuelto con garantías.

5. Finalmente, una línea por explorar es el diseño y análisis de otros algoritmos de muestreo y
optimización, como los de evolución diferencial y su combinación con técnicas de reducción
de la dimensión.





Chapter 6

Conclusions and future research

6.1 Conclusions
The main conclusions of this PhD Thesis are:

1. This PhD Thesis provides new insights to understand uncertainty from a deterministic
point of view, which is a necessary step to design more efficient methods to sample the
uncertainty region(s) of equivalent solutions in high dimensional nonlinear inverse prob-
lems. A more general definition of the ill-condition character of inverse problems, that
is related to the structure of the regions of equivalence, has been proposed. In essence,
uncertainty in nonlinear inverse problems needs not be treated as a random process, since
the equivalences have a natural algebraic interpretation. Local optimization methods can
be redesigned to perform sampling while optimizing. For that purpose, the explorative
character of these algorithms should be improved and maintained.

2. For linear inverse problems, noise in data shifts the solution found by least squares meth-
ods, which is the center of the hyper-quadric of equivalence, and deforms homogeneously
the topography of the cost function, in the sense that all the regions of equivalence either
increase or decrease in size for different values of the error tolerance. It has been also
provided a geometrical interpretation of the role of the regularization. The regularization
serves to limit the sizes of the axes of the hyper-quadric in the directions corresponding to
the null space of the forward operator. Geometrically, the original hyper-quadric, which
is an elliptical hyper-cylinder, becomes a hyper-ellipsoid, whose center coincides with the
regularized solution of the problem. The deformation of the cost function in both cases,
due to noise and due to Tikhonov regularization, has been evaluated and the corresponding
equations are provided.

3. Noise shifts the solution found by the typical nonlinear optimization methods, and deforms
the topography of the cost function non-homogeneously in the sense that the deformation
depends on the initial model m0 selected to solve the problem. Under certain conditions,
the noise might decrease the size of the regions of very low misfits and at the same time
increase the size of the regions of medium misfits. The inverse problem solution becomes
very difficult to find using search methods, but locating the regions of medium misfits is
easier. The role of the regularization in the linearized region of equivalence is similar to
that shown for the linear case, deforming the linearized regions of equivalence in a non-
homogeneous way, acting different in each model component. The difference is that in the
nonlinear case the deformation depends on the initial model m0. The regularization does
not cause the disappearance of the nonlinear equivalent models: regularization only serves
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at improving locally the ill-conditioning of the Jacobian of the forward operator. Besides,
the linearized and the nonlinear problem have very different equivalence regions. The
linearization only approximates locally the equivalence regions of the original nonlinear
problem: for a given error level, the linearized equivalence region contain models with a
higher error level than the specified level, while other models which are in the tolerance
level remain outside. Although the regularization serves to stabilize the inversion under
the presence of noise, the regularized solution can be relatively far from the real one since
other equivalent solutions might exist in different basins of the cost function topography.
Due to these facts, it can be affirmed that a full-nonlinear uncertainty analysis is always
needed in applied geophysics in order to quantify risk in decision-making approaches.

4. The theoretical analysis of the effect of noise and that of the regularization opens the
possibility of designing more efficient optimization and sampling algorithms.

5. A Particle Swarm Optimization application has been designed for the basement relief de-
termination in sedimentary basins via a nonlinear gravity inversion problem schema in 2D
and 3D. The search space determination was detailed, as well as the possibility of using
constraints and its comparison with their counterparts in local optimization techniques.
The GPSO, CC-PSO, CP-PSO, PP-PSO and RR-PSO family members were employed,
showing that the PSO method gives realistic results (best model estimation and uncer-
tainty analysis) for the proposed problem, especially the PP-PSO. Two real problems (2D
in Atacama, Chile, and 3D in the Argelès-Gazost basin, France) have been solved, showing
that the PSO algorithm produces compatible results with regard to the best model esti-
mation, and, additionally, gives realistic uncertainty analysis based on the cost function
sampling generated in the PSO process.

6.2 Future research
This PhD Thesis has opened several lines of work and research that will be addressed in the
near future. The main ones are:

1. In this PhD Thesis only the effect of noise in data and regularization was analyzed, but
another important source of ill-conditioning in inverse problems is the fact that the op-
erator F is only an approximation of the reality due to modelling errors. An important
future line of research will be the detailed study of the errors effect of F in linear and non-
linear inverse problem solutions. On the other hand, another future research line consists
in analyzing the effects of noise and regularization in inverse problems using other norms
than the Euclidean for the cost function definition.

2. An immediate line of work consists in creating a distributable software package for the so-
lution and uncertainty analysis of the 2D and 3D gravity inversion problem in sedimentary
basins using the Particle Swarm Optimization algorithm. Articles 4 and 5 have demon-
strated in practice, using synthetic as well as real examples, that the method is a powerful
tool for the basement relief determination and its uncertainty analysis. The goal is to
create a software package that integrates the 2D and 3D models, providing the user the
possibility of selection parameters such as model resolution, horizontal and vertical density
variation models, advanced plotting capabilities and other related options in an easy way.
This solution has been suggested by Sylvain Bonvalot (Laboratoire GET (Université de
Toulouse, CNRS, IRD, CNES) - Bureau Gravimétrique International, Toulouse, France).
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3. An important research line will be the integration of the dimension reduction techniques
developed in Fernández Muñiz (2012) in the proposed gravity inversion method, specially
for the 3D version. Although for medium-sized problems (in the article 5 the real problem
has 300 unknowns, which is a common number of parameters) the processing time is low,
if the basin under study covers a large area the dimensions of the problem will increase
rapidly (for a square area and prisms, the total number of unknowns is N2), which could
lead to an unapproachable inversion using global search algorithms if the computing power
at disposal is not too high. So the speed-up of the problem solution is one of the benefits
that the dimension reduction techniques can provide. On the other hand, it will be studied
how the dimension reduction techniques serve to improve the conditioning of the gravity
inverse problem, as well as how the solution if affected by the effect of noise in data. A
preliminary approach has been given in Fernández-Martínez (2015).

4. Other important line of research is the application of the Particle Swarm Optimization
algorithm and dimension reduction techniques to other higher dimensional geophysical in-
verse problems solution and its uncertainty analysis is proposed. An interesting problem
to address is the magnetotelluric inverse problem, which is a method for inferring the
Earth’s subsurface electrical structure from natural geomagnetic and geoelectric measure-
ments at the Earth’s surface. This problem has three main issues from the point of view
of this PhD Thesis: (i) high level of noise in data, (ii) high number of model parameters,
and (iii) high computational cost of the forward problem. These issues make the problem
a challenge in order to be treated with the Particle Swarm Optimization algorithm, but
the promising results obtained with the inverse gravity problem indicate that the problem
might be successfully solved.

5. Finally, the design and analysis of other sampling while optimizing algorithms, such as
differential evolution combined with model reduction techniques.
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